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The geometry behind the equations

Algebraic geometry begins with a simple act: write down polynomial
equations and look at their solutions. A line, a circle, a cusp, a pair
of intersecting curves, a surface in three-dimensional space—all of these
can be described by equations. The subject asks how much geometry is
contained in those equations, and how algebra can help us recover it.

At first the questions are very concrete.

e How many points should two curves have in common?

e Why do parallel lines meet after we add points at infinity?
e What is the difference between crossing and touching?

e When can a curve be parametrized by rational functions?
e What does a singular point remember?

These questions guide the book. We begin with pictures and examples,
and introduce algebraic language when a naive answer to one of them
breaks. The aim is not to replace geometry by algebra, but to make
the geometry precise. The table records which classical difficulty forces
which notion.

it

Classical pressure Algebraic

forces

language

Parallel lines and missing inter-
sections

Crossing versus touching
Same point set, different thick-
ness

Counting equations degree by
degree

Singular points with several
branches

Parametrizations with denomi-
nators

Zeros and poles of rational
functions

Counting rational functions
with prescribed poles

projective space

local intersection multiplicity
non-reduced varieties

Hilbert functions and Hilbert
polynomials
local rings and normalization

rational maps and function
fields

divisors and Picard groups

Riemann—Roch

The table is an overview, not a list of prerequisites. The examples

can be studied before these names are needed: counting coefficients,
for instance, is simply linear algebra. When a general concept arrives,
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we look back at the calculations it explains, and when a result uses a
theorem proved later, the dependency is stated where it is used.

A first example: the circle

For real ¢, the line of slope ¢ through the point (—1,0) of the circle
2% + y? = 1 meets the circle in one further point,

1—t* 2t
(1+t2’ 1+t2>’

so the circle is parametrized by rational functions of ¢; the calculation is
carried out in Chapter 1. Already here the line meets the conic in two
points, if we count correctly, and the parametrization is not polynomial,
so polynomial maps are not enough. The point (—1,0) itself is reached
by no finite value of ¢, only as the slope tends to infinity: the parameter
line is missing a point at infinity, which projective coordinates supply
in Chapter 3.

The same questions become harder for other curves. A nodal cubic
can also be parametrized by lines through its singular point. A smooth
cubic cannot. The difference between these two cases leads to local
rings, singularities, function fields, divisors, and the genus of a curve.

The spiral of the course

We return to the same examples several times. A handful of them
act as recurring characters: the circle, the cuspidal cubic 3% = 23, the
nodal cubic y? = 2?(x + 1), the Fermat curves 2" + y" = 1, the Trott
quartic and its dual curve, and, much later, the cubic surface with its
twenty-seven lines. The first time we meet a curve, we draw it, compute
tangents, and try to parametrize it. Later we attach a coordinate ring to
it; later still we projectivize it, inspect its local rings, count intersections
with multiplicity, and study the rational functions on it. Each return
gives a sharper answer to an earlier question.

The chapters take up the questions in this order.

e Plane curves (Chapter 1). Explicit equations in two variables:
lines, conics, cubics, tangents, singularities, branches, and
parametrizations, all in the affine plane.

e Affine varieties (Chapter 2). The dictionary between al-
gebra and geometry: ideals, algebraic sets, coordinate rings,
irreducibility, dimension, and polynomial maps, and why non-
radical ideals record multiplicities and embedded structure.

e Plane curves and their intersections (Chapter 3). Points
at infinity, the group law on a cubic, resultants and Bézout’s
theorem, inflection points, Harnack’s bound, dual curves, and
the twenty-eight bitangents of a smooth quartic.

e Projective varieties (Chapter 4). Homogeneous coordinates,
Hilbert polynomials, and degree in arbitrary dimension.
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e Morphisms and rational maps (Chapter 5). Parametriza-
tions, projections, and birational equivalences, which force us
to allow maps defined only on dense open subsets.

e Local geometry (Chapter 6). Local rings and tangent spaces,
which distinguish crossing from tangency and define intersection
multiplicity in general.

e Curves and Riemann—Roch (Chapter 7). Rational functions
on smooth projective curves, studied through their zeros and
poles: divisors, differentials, genus, and the Riemann—Roch
theorem.

e Surfaces (Chapter 8). On a surface, divisors are curves:
blow-ups, exceptional divisors, linear systems, adjunction, the
twenty-seven lines on a cubic surface, and the Weil bound for
curves over finite fields.

e Computation (Appendix A). Grobner bases, elimination,
saturation, and computer algebra systems, which make the
constructions executable. The appendix has guided computer
labs, meant to be used alongside the chapters.

The main theorem of the book is Riemann—Roch for smooth pro-
jective curves (Theorem 7.14). It answers a question present since the
circle: how many rational functions can a curve have once we prescribe
their allowed poles? The classical results proved along the way — the
cubic group law, Bézout’s theorem, the twenty-eight bitangents, the
twenty-seven lines — stand on their own, and the Weil bound at the end
uses the same language of divisors and intersections to count points on
curves over finite fields.

Origin of these notes

These notes are based on earlier lecture notes by Jan Stevens, who
gave previous versions of this course at Chalmers and the University of
Gothenburg. The present text grew out of his notes; it has since been
reorganized and extended, and any errors are the current author’s.

Prerequisites and point of view

These notes are written for students who have already studied
commutative algebra at the master’s level. We will use rings, ideals,
prime ideals, localization, integral extensions, and Noetherian arguments.
Some results are reviewed in the appendix (Appendices B-D), but the
appendix is meant as a reference rather than as a replacement for a
course in commutative algebra.

The guiding point of view is classical but algebraic. Unless a different
field is named, k is algebraically closed: this is the setting in which
the geometry is most visible and the Nullstellensatz (Theorem 2.14)
turns equations into point sets. Curves over R, Q, finite fields, or
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fields of positive characteristic appear when they illuminate a particular
question, and the field is then named where it is used. Chapter 2
explains how equations and their coordinate algebras behave when one
passes to an algebraic closure.

One convention is worth flagging for readers who already know
some algebraic geometry. A k-variety in these notes is allowed to be
non-reduced and to have embedded components: it is carried by its full
coordinate algebra, not merely by its visible points. We use algebraic
set for that visible zero set, and add the adjectives reduced, irreducible,
or integral when they matter. This keeps multiplicities and nilpotents
in the geometry without making scheme language part of the working
vocabulary; Chapter 2 sets it up.

How to read these notes

The examples are part of the theory. When a definition appears,
ask which earlier example forced it into existence; when a theorem
is proved, return to the simplest curves and check what it says there.
Algebraic geometry is learned by moving back and forth: from equations
to pictures, from pictures to rings, and from rings back to geometry.

Each chapter ends with exercises. Those marked (x) are harder than
the rest; (s*) marks genuine challenges. Unmarked exercises are meant
to be within reach after a careful reading of the chapter. The reading
guide that follows suggests companions to these notes and routes beyond
them.

Further reading

Different books make different parts of algebraic geometry come
alive. The following are companions to this course and suggestions for
where to go next, not an additional list of prerequisites.

Companions to this course.

e William Fulton, Algebraic Curves: An Introduction to Algebraic
Geometry. Freely available online (third edition, 2008). A classic
text to read alongside our study of curves.

e Miles Reid, Undergraduate Algebraic Geometry. Cambridge Univer-
sity Press, 1988. See also the TeX edition. A lively introduction
with a distinctive choice of examples and topics.

e Klaus Hulek, Flementary Algebraic Geometry. Student Mathemat-
ical Library 20, American Mathematical Society, 2003. Another
introductory account, useful for a second view of the basic geometry.

e Andreas Gathmann, Algebraic Geometry. Lecture notes, freely avail-
able online (2021). A useful parallel account of the foundations.


https://www.math.lsa.umich.edu/~wfulton/CurveBook.pdf
https://www.math.lsa.umich.edu/~wfulton/CurveBook.pdf
https://doi.org/10.1017/CBO9781139163699
https://homepages.warwick.ac.uk/staff/Miles.Reid/MA4A5/UAG.pdf
https://doi.org/10.1090/stml/020
https://agag-gathmann.math.rptu.de/class/alggeom-2021/alggeom-2021.pdf
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e Egbert Brieskorn and Horst Knorrer, Ebene algebraische Kurven.
Birkhauser, 1981; also available in English as Plane Algebraic Curves
(Modern Birkhéuser Classics, 2012). For readers who would like to
spend longer with plane curves and their singularities, from both
algebraic and topological points of view.

e J.S. Milne, Algebraic Geometry. Course notes, freely available online.
An account of varieties that goes beyond a fixed affine or projective
embedding. The separate chapters on further topics include surfaces
and intersection theory.

e David A. Cox, John B. Little and Don O’Shea, Ideals, Varieties,
and Algorithms. Springer, 4th ed., 2015; see the book’s website
for later editions and accompanying material. A companion to the
computational appendix: polynomial equations, their solution sets,
and algorithms for passing between the two.

Commutative algebra within reach. The foundations of alge-
braic geometry require a good deal of commutative algebra. Zariski
and Samuel’s Commutative Algebra began as preparation for algebraic
geometry and grew to two volumes. Our own commutative-algebra
appendix is doing its best to uphold the tradition. It is meant as a
reference; for a fuller account, the following are useful.

e Miles Reid, Undergraduate Commutative Algebra. LMS Student
Texts 29, Cambridge University Press, 1995.

e Ernst Kunz, Fine Einfihrung in die kommutative Algebra und alge-
braische Geometrie. Vieweg, 1978; an English translation, Introduc-
tion to Commutative Algebra and Algebraic Geometry, is available
(Modern Birkhduser Classics, 2013). Despite the breadth of the title,
the emphasis is on commutative algebra.

Michael Atiyah and Ian Macdonald, Introduction to Commutative
Algebra. Addison-Wesley, 1969; reissued by CRC Press, 2018. A

compact classic, well suited to keeping at hand during this course.

Allen Altman and Steven Kleiman, A Term of Commutative Algebra.
Grew out of years of teaching from Atiyah—Macdonald.

Gert-Martin Greuel and Gerhard Pfister, A Singular Introduction to
Commutative Algebra. Springer, 2nd ed., 2008.

David Eisenbud, Commutative Algebra, with a View Toward Algebraic
Geometry. Graduate Texts in Mathematics 150, Springer, 1995. A
more extensive reference for the algebra behind the geometry.

Beyond this course: schemes and arithmetic geometry. For
a systematic development of schemes, sheaves, and cohomology, three
particularly useful directions are Vakil, Hartshorne, and Liu. They
overlap in foundations but differ in pace and destination.


https://doi.org/10.1007/978-3-0348-0493-6
https://www.jmilne.org/math/CourseNotes/ag.html
https://doi.org/10.1007/978-3-319-16721-3
https://doi.org/10.1007/978-3-319-16721-3
https://www.idealsvarietiesalgorithms.org/
https://doi.org/10.1017/CBO9781139172721
https://doi.org/10.1007/978-1-4614-5987-3
https://doi.org/10.1007/978-1-4614-5987-3
https://doi.org/10.1201/9780429493621
https://doi.org/10.1201/9780429493621
https://web.mit.edu/18.705/www/13Ed.pdf
https://doi.org/10.1007/978-3-540-73542-7
https://doi.org/10.1007/978-3-540-73542-7
https://doi.org/10.1007/978-1-4612-5350-1
https://doi.org/10.1007/978-1-4612-5350-1
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e Ravi Vakil, The Rising Sea: Foundations of Algebraic Geometry.
Princeton University Press, 2025; the author’s course website also
provides a freely available prepublication version and errata. These
notes develop the foundations patiently, with extensive explanations
and exercises. They are a natural next step for a reader who wants
time to become comfortable with the language of schemes.

e Robin Hartshorne, Algebraic Geometry. Graduate Texts in Mathe-
matics 52, Springer, 1977. A standard reference for scheme-theoretic
algebraic geometry: varieties lead to schemes and cohomology, fol-
lowed by curves and surfaces. The exposition is compact and the
exercises are a substantial part of the learning. Our geometric
examples give useful bearings for this more systematic treatment.

e Qing Liu, Algebraic Geometry and Arithmetic Curves. Oxford Grad-
uate Texts in Mathematics, 2002. A route from the foundations of
schemes to arithmetic geometry, especially arithmetic surfaces and
the reduction of curves. This is a good direction for readers who
want to understand what happens when the base is no longer an
algebraically closed field, and how curves vary in arithmetic families.

e David Eisenbud and Joe Harris, The Geometry of Schemes. Graduate
Texts in Mathematics 197, Springer, 2000. A geometric companion
to the scheme-theoretic language.

e Phillip Griffiths and Joe Harris, Principles of Algebraic Geometry.
Wiley, 1978; Wiley Classics Library, 1994. A different direction:
complex varieties and transcendental methods.

e J.G. Semple and L. Roth, Introduction to Algebraic Geometry. Oxford,
1949. An older language, but a wealth of classical examples.


https://press.princeton.edu/books/hardcover/9780691268668/the-rising-sea
https://math216.wordpress.com/
https://link.springer.com/book/10.1007/978-1-4757-3849-0
https://doi.org/10.1093/oso/9780198502845.001.0001
https://doi.org/10.1007/b97680
https://doi.org/10.1002/9781118032527

CHAPTER 1

Plane curves: first examples

FEquations, parametrizations, and singularities

A plane curve is the simplest meeting of algebra and geometry:
one equation, two variables, and a picture. Lines and conics — ellipses,
hyperbolas, parabolas — were understood in essentially complete detail
by the Greek geometers, as geometric objects first, with equations
arriving later as bookkeeping. The modern subject turns this around.
We start from an arbitrary polynomial equation f(x,y) = 0 in the affine
plane and ask what geometry it contains: can its points be listed by one
parameter, where are its tangent lines, and how does a crossing differ
from a cusp? Lines, conics, and a few cubics let us try these questions
directly. Their equations are simple, but they already separate local
behaviour from global geometry: a curve can be smooth at every point
and still admit no rational parametrization.

1.1. Plane curves and their equations
Components, coefficient counts, and conics

Throughout the chapter, as in the main geometric development
of the book, k is algebraically closed unless another field is explicitly
named. We let A? denote the affine plane over k. Concretely,

A = | = {(z,y) | 2,y € k}.

Definition 1.1 (Plane Affine Curve). A plane affine curve C' C A?
over k is the zero set of a single non-constant polynomial

flz,y) € klz,yl.
We write
C = V(f) = {(z,y) € A’ | f(z,y) =0}

If we do not require f to be irreducible, then C' may decompose into
several irreducible components; each component is itself cut out by an
irreducible factor of f.

At this early stage, “plane curve” means an equation in the affine
plane; it may have several components. Later, when curves are studied
intrinsically, an unqualified curve will normally be an irreducible variety
of dimension one. Keeping the adjective “plane” here lets the equation
remain visible while leaving room for that later, more general notion.

7
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Definition 1.2 (Irreducible Polynomial and Irreducible Curve). A
polynomial f € k[z,y] is said to be irreducible over k if it cannot be
written as a product of two non-constant polynomials in k[x, y].

A plane affine curve C is called irreducible if it cannot be written as
a union of two proper algebraic subsets. Equivalently, after removing
repeated factors from its equation, that equation is irreducible in k[z, y).

Repeated factors do not change the zero set, but they will matter
when we count multiplicities. We retain them when they are specified,
as in the double line y? = 0 below, rather than treating that equation
as y = 0.

How many curves of degree d are there? The question sounds vague,
but it has a precise and useful answer: a curve of degree d is given by
finitely many coefficients, so the curves of degree d themselves form a
parameter space. We count coefficients, then ask what happens when
we require the curve to pass through chosen points.

Proposition 1.3. Polynomials in two variables of degree at most d
form a vector space of dimension (d+ 1)(d + 2)/2.

PROOF. There are (d;’z) monomials of degree at most d, so a general

polynomial of degree at most d is given by that many coefficients. [

For d =1 the count gives 3: a line
L:ar+by+c=0

is described by three coefficients a, b, c. But the equation and the curve
are not quite the same thing: multiplying a, b, ¢ by a common nonzero
scalar does not change the line, so the honest count of lines is 3—1 =2
parameters — matching the familiar fact that a line is determined by
slope and intercept. The same correction applies in every degree, and
it explains the “—1” in the following corollary, which generalizes the
elementary fact that there is a line through any two distinct points.

Corollary 1.4. Let d > 1, and suppose that we are given N = (d +
1)(d +2)/2 — 1 distinct points in A*. Then there is a plane curve of
degree at most d passing through these points.

PROOF. Let Py,..., Py be the points. Requiring a polynomial f of
degree at most d to satisfy f(P;) =--- = f(Py) = 0 imposes N linear
conditions on its N + 1 coefficients. A homogeneous linear system with
more unknowns than equations has a non-zero solution, and any such
solution is the equation of a curve through all the points. U

Note what the argument does not say: it gives no control over which
curve we get, and for special configurations of points the curve may
be forced to be degenerate (for instance a union of lines). Making
statements like this precise means asking when the conditions imposed
by the points are independent. Five points, for example, lie on a conic,
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but the count alone does not tell us whether that conic is unique or
whether it is a pair of lines.

After lines, the next simplest plane curves are the conic sections
(or simply conics): the sets of solutions (z,y) € A%(k) to a quadratic
equation of the form

Az® + Bay +Cy* + Dx + Ey + F = 0,

where A, B,C, D, E, F' € k and at least one of A, B, C'is nonzero. When
char(k) # 2, the quadratic part is x? Mx with

x:(z), M:(B‘j2 BC/2>, A= B>~ 4AC = —4det(M).

(When char(k) = 2, the term Bzy behaves differently and one needs a
slightly modified discussion.) Over R, a change of coordinates brings
every conic to a normal form from which its type can be read off; besides
ellipses, hyperbolas, and parabolas, the list contains pairs of lines, a
single point, and an empty real locus.

Proposition 1.5 (Classification of affine conics over R). Let k = R,
and let

C: A*+Bay+Cy*+Dx+Ey+F=0
be a conic with (A, B,C) # (0,0,0) and discriminant A = B* — 4AC.
After an affine change of coordinates, the equation can be brought into
one of the following normal forms:
(1) Full-rank quadratic part (A #0):
(a) If A > 0, then the quadratic part is indefinite. The curve
15 a hyperbola

.7)2 y2

a’>  b?
up to changing signs and scaling, unless the translated
constant is zero; in that exceptional case it is a pair of
intersecting real lines.
(b) If A <0, then the quadratic part is definite. According to
the translated constant, the real locus is an ellipse
72 2
§+‘Z—2:1 (a,b > 0),
with the special case a = b giving a circle, a single point,
or the empty set.
(2) Rank-one quadratic part (A =0 and rank M =1): after a
rotation and translation the equation has the form

\u? 4+ Bu+v =0, A#£0.
If B #£ 0, this is a parabola, affinely equivalent to

=1 (a,b>0),

y=a> (ory=—1°)
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If B =0, it is instead a pair of parallel lines, a double line, or
the empty set.
In particular, among smooth nonempty irreducible real conics, the sign
of A distinguishes the three familiar types: hyperbola (A > 0), ellipse
(A < 0), and parabola (A =0). The extra cases above explain why the
discriminant of the quadratic part alone does not detect degeneracy of
the whole affine equation.

The proof is linear algebra: diagonalize M by a rotation, complete
squares, and read off the signs. It is Exercise 1.4, “Classification of
affine conics: the proof”, at the end of the chapter.

Cizcle Hyperbola (A > 0)

N

Ellipse (A < 0)

AN
}/\J\

T4
a2+bz Pt =1 oy =1

F1GURE 1. Non-degenerate affine conics.

Parabola (rank M + 1 Two lines Doubje line

=2
Y xy =0 y* =0

FIGURE 2. A parabola, a pair of lines, and a double line.
The last two equations are degenerate conics.

Remark 1.6 (Conics over an algebraically closed field). The real
shapes are not intrinsic to the equations. Over C the coordinates
u=1x+ 1y, v =x — iy turn the circle 22 + y> = 1 into the hyperbola
uv = 1. In general, over a field k of characteristic # 2 an affine
conic is determined up to affine change of coordinates by the quadratic
form Q(z,y) = Az? + Bxy + Cy? together with how the linear terms
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complete the square. When £k is algebraically closed this leaves only two
irreducible affine conics. If A # 0, translate away the linear terms; the
constant term is then nonzero (otherwise the conic is two lines), and
factoring () as a product of two independent linear forms gives xy = 1.
If A =0, then @ is a nonzero multiple of the square of a linear form
u, irreducibility forces a nonzero linear term in a second coordinate v,
and one reaches y = 22. Affine changes of coordinates do not change
the rank of M, so these two are not equivalent. Chapter 3 explains the
difference by how the two curves meet the line at infinity.

1.2. Parametrizations of curves and tangents
Sweeping out curves with lines

An equation f(z,y) = 0 describes a curve implicitly: it is a test that
a point either passes or fails. A parametrization describes the same curve
explicitly: it is a formula that lists the points. The difference matters
in practice — an implicit equation makes it easy to check whether a
point lies on the curve, while a parametrization makes it easy to produce
points, to integrate along the curve, or to find its rational points. Conics
with a rational point can always be parametrized; the question is which
curves admit such a description, and which do not?

Before parametrizing globally, note what happens locally. Multi-
variable calculus tells us that if 9f/0y(P) # 0, then in a neighborhood
of P in R? the curve C' = V/(f) is the graph y = ¢(z) of a smooth
function ¢: near P, one coordinate serves as a parameter for the other.
So the curve locally looks like a (bent) line, which is why we call it
one-dimensional — a curve. Dimension is defined in Chapter 2.

If instead both partial derivatives vanish at P, the implicit function
theorem no longer applies. The curve may cross itself, form a sharp
point, or behave in more complicated ways. These are the singular
points, and they will occupy us in the second half of the chapter. The
dividing line between the two behaviours is the gradient

of of
Vf= a9 949 |
I (ax ay)
which over a general field we interpret formally — harmless, since we
only differentiate polynomials. The gradient also hands us the tangent

line for free: at a point where it does not vanish, the linear part of f is
the best linear approximation of the curve.

Definition 1.7 (Tangent line). Let C'= V(f) C A? be a plane affine
curve, with f € k[z,y|, and let p = (a,b) € C.
e If Vf(a,b) # (0,0), then the tangent line to C" at p is the affine
line defined by the linear equation

of of
%(a,b) (x —a) + 8_y(a’b) (y—>) = 0.
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In this case, the point p is called a smooth (or nonsingular)
point of C.

e If Vf(a,b) = (0,0), then no tangent line is defined by the linear
part of f at p. In this case, p is called a singular point of C.

There is also a root test for tangency. Parametrize a line through a
smooth point p by ¢(t) = p+tv, and suppose the line is not a component
of C. Then f(¢(t)) is a nonzero polynomial vanishing at ¢t = 0. Its
linear coefficient is Vf(p) - v: a line with a different direction from the
tangent gives a simple root, while the tangent gives a root of order
at least two. This is how tangency becomes visible in a one-variable
calculation.

1.2.1. Parametrization by lines through a point. Let C' C A?
be a conic whose degree-two defining polynomial remains irreducible over
an algebraic closure of k. Thus the conic is reduced and geometrically
irreducible; a double line is excluded. Suppose that C' contains a point
P with coordinates in k. Consider the family of lines passing through
P. Each such line is determined by its slope ¢ € k (together with the
vertical line, which can be treated separately).

The key observation is this: a general line through P meets the
conic in one further point. The reason is algebraic: restricting the
degree-two equation of C' to a general line gives a quadratic polynomial
in one variable, and we already know one of its roots, namely the one
corresponding to P. A quadratic with one known root has its other
root given by rational operations — no square roots required. Solving
for this second intersection point as t varies therefore sweeps out the
conic by rational formulas.

We illustrate this construction in the simplest case.

1.2.1.1. The circle. Over R, consider the circle

C: 22+ =1.
The point P = (—1,0) lies on C. A line through P with slope ¢ has
equation
y=t(x+1).
Substituting into the equation of C' gives
Pz +1)?2=1.
Expanding and simplifying, one finds that * = —1 is one solution,
corresponding to P, and the second solution is
1— ¢
xr = :
1+t

Substituting back yields
2t

1+t

y:
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Thus the circle admits the parametrization
1—¢? 2t
Tire VT ige

Notice that the parametrization is incomplete in a curious way: the
point (—1,0) — the very point we built the construction on — corresponds
to no value of t. Chasing the formulas, one sees why: as ¢ grows, the line
through P steepens towards the vertical, and the second intersection
point travels around the circle back towards P itself. The missing point
“corresponds to t = 00”: it is the parameter line A!, not the circle, that
is missing a point.

FIGURE 3. Parametrizing the unit circle by lines through
P = (—1,0). A line through P with slope ¢ has equation
y = t(x + 1); its second intersection with 2? + y? = 1 is
the point Q(t) = (i—g, %) As t — oo the line through
P approaches the vertical, and the second intersection
point tends back to P — which therefore lies outside the

image of the parametrization.

The circle illustrates a general fact.

Proposition 1.8. Let C C A? be a conic with defining polynomial
wrreducible over an algebraic closure of a field k of characteristic # 2.
If C' contains a k-rational point, then C admits a parametrization by
rational functions in one parameter.

PrOOF. Let P € C(k), and consider the lines through P,
parametrized by their slope t. The point P is smooth: otherwise, after
translating it to the origin, the equation would be a homogeneous
quadratic and would split into linear factors over an algebraic closure.
Substituting the equation of such a line into the degree-two equation of
C produces a quadratic polynomial in one variable whose coefficients
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are polynomials in ¢ over k. One root of this quadratic is known — it
is the coordinate of P — so by Vieta’s formulas the second root is a
rational function of the coefficients, hence of t. Back-substituting into
the line’s equation expresses both coordinates of the second intersection
point @); as rational functions of ¢. For a general slope the line is not
tangent at P, so QQ; # P; recovering t as the slope of P@Q; shows that
these functions are not both constant. O

The degree-two hypothesis did something essential: once one root
was known, only a linear equation remained. For a cubic, a line through
a fixed point usually leaves a quadratic equation instead. Can a different
choice of parameter avoid the square roots? To ask this precisely, we
name the kind of parametrization used for the circle.

1.2.2. Rational parametrizations. The circle was parametrized
by rational functions of one variable — quotients of polynomials. This is
the pattern we now single out and name.

Definition 1.9 (Rational parametrization). Let k be a field, and let
C C A be a plane curve with equation F(x,y) = 0. A rational
parametrization of C' is a pair of rational functions f(¢), g(t) € k(t), not
both constant, such that

F(f(t),9(t)) =0 in k().

Equivalently, after removing the finitely many values of ¢ where the
functions have poles, the rule

t— (f(t),9(t))

gives points of C'. Projective coordinates (Chapter 3) add the missing
value t = 0o, and the parametrization becomes a rational map P! --» C
in the sense of Chapter 5.

The condition F(f(t),g(t)) =0 in k(t) is often turned into a poly-
nomial identity by clearing denominators. This simple observation is
already strong enough to prove that some curves cannot be parametrized
at all. Before that negative result, let us look at two quartics which
show two different lessons: rational parametrizability and real shape
are related, but they are not the same question.

1.2.3. Two quartics: rationality and real shape. The lemnis-
cate of Bernoulli is the curve

(22 +y?)? = 22 — ¢,
It has a double point at the origin and two real loops. Nevertheless it
is rationally parametrized:
t+ 1t t—1t3
r=-—7": = .
[z G
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Indeed,
2t* 4t
2 2 2 .2 — .
S e U (1 +t4)2
Thus (22 + y*)? = 2? — y?. Notice what happens at the singular point:
t =0 and t = oo both map to the origin, but they approach it along
different branches. The parametrization therefore does more than list

points; it separates the two branches above the same singular point.

Cassini family (a =1)

Bernoulli lemniscate

Yy
I
two branches
x
X

—_— b<]l = b=1 = b>1

FiGURE 4. Two classical quartics. The Bernoulli lemnis-
cate is rationally parametrized, even though it is not a
conic. Cassini ovals are included for a different reason:
they show how the real shape of a plane curve can change
inside one algebraic family.

The Cassini ovals form a family
((z—a)? +y*) ((z +a)* +y*) = b".

Geometrically, this says that the product of the distances from (a,0)
and (—a,0) is constant. When b < a the real locus has two ovals; when
b > a it has one oval; and at the transition value a node appears. Over
an algebraically closed field these are members of one algebraic family,
but over the real numbers the visible topology changes. We are not
claiming here that the whole Cassini family is rationally parametrized.
The lemniscate is a special rational member; the general Cassini oval is
better remembered, at this stage, as a warning that real pictures can
change even when the algebraic family varies continuously.

1.2.4. A parametrized curve with a defect: the cuspidal
cubic. Suppose that C is given by the equation y* = x®. This curve
has a particularly simple parametrization — polynomial, not merely
rational:

t—s (£2,1°).
As a map of sets it gives a bijection A! — C. So by the count of points,
the curve is indistinguishable from a line. And yet the picture says
otherwise: at the origin the curve has a sharp point, a cusp, while A!
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is smooth. A parametrization can thus describe the points of a curve
perfectly while flattening out its local geometry. Detecting what the
bijection fails to preserve — and finding algebra that sees it — is exactly
where singularities, and later local rings, enter the story.

FIGURE 5. The parametrization ¢t — (¢2,¢*) maps the
smooth line A! bijectively onto the cuspidal cubic y? = z3.
The smooth origin of A! maps to the cusp at (0,0):
parametrizations can cover singular points without re-

flecting their local geometry.

1.2.5. Local parametrizations near smooth points. Global
rational parametrizations may or may not exist — that is the deep
question. But there is a local version of the problem with a complete
and satisfying answer. Near a smooth point, a curve should look like a
graph: one coordinate serves as the parameter and the other becomes
a function of it. Over the real or complex numbers this is the implicit
function theorem from analysis. Over an arbitrary field, where limits
are unavailable, the formal substitute uses power series: the equation
determines their coefficients without a question of convergence.

Theorem 1.10 (Formal implicit function theorem). Let k be a field
and F(z,y) € k[[z,y]] a formal power series with F(0,0) = 0. If

OF
a_y(o’ 0) 7é 0,
then there ezists a unique ¢(x) € k[[x]] with ¢(0) = 0 such that
Flz, o(x)) =0 in k[[2]].

Moreover,
F(z,y) =Ulz,y)(y — ¢(x)),
U(z,y) € kllz,y]]*,  U(0,0) = F,(0,0).
In particular, the formal germ of the curve ' = 0 at the origin is the
graph of y = ¢(x).

This is the case s = 1 of Weierstrass preparation (Corollary D.18 in
Appendix D); here we prove it directly.
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PrOOF. Put a = F,(0,0) # 0. Starting with ¢y = 0, suppose that
¢n—1 € zk[z] has degree at most n—1 and F(z, ¢,_1) =0 (mod z™). If
the coefficient of 2™ in this substitution is b,,, expansion of the monomials
of F' gives

F(ZL’, ¢n—1 + Cfn) = (bn + CLC)[L‘” (mod :L.n-i-l).

Thus ¢, = ¢p_1 — a 'b,x" solves the equation modulo z"*!. These
compatible polynomials define a series ¢ € xk[[z]]; every coefficient of
F(z,¢) is zero by construction.

To obtain the factorization, write F'(z,y) = Y-, a;(v)y’ and use

F(z,¢(x)) = 0:
F(l’,y) = F(l’,y) —F($,¢($))

j—1
=(y— o) a;(z) Y v Tox).
j>1 =0

The last sum defines a formal series U(x,y): since ¢ € zk[[z]], its
gth summand has total degree at least j — 1. Its constant term is
a1(0) = F,(0,0) = a # 0, so U is a unit. If another ¢ € xk[[z]] satisfies
F(z,v) = 0, substitution gives U(z,¢)(¢) — ¢) = 0. The first factor is
a unit, so ¥ = ¢. Il

At every smooth point we can therefore describe the curve by a
formal parameter. This does not give a single rational parameter for
the whole curve. The Fermat curves let us compare these two questions
on the same equation.

1.2.6. A first obstruction: Fermat curves. Is every plane
curve rational? The answer is no, and the first important family of
counterexamples is already familiar:

" +y"t =1

For n = 2 this is the circle, and the line-through-a-point construction
gives a parametrization. For n > 3 the situation changes completely.

First notice that there is no local problem. Over a field of charac-
teristic 0, the point (1,0) on the Fermat curve is smooth. Translate
x =1+ X and take u = y as a local parameter. Since the partial
derivative with respect to X is n at (X, u) = (0,0), the formal implicit
function theorem (Theorem 1.10) solves X as a power series in u, or
equivalently

Yy=1u,
z=(1—u")'/"
1 n—1 (n—1)2n—-1)
-1-= n__ 0~ 2n 3n
nu 2n? Y 6m3 Y

So the Fermat curve has a perfectly good formal parametrization near
(1,0). Theorem 1.11 below says that, for n > 3, this local parameter
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cannot be promoted to one rational parameter for the whole curve. The
obstruction is therefore global, not a failure of smoothness at this point.
We can establish it using only unique factorization in k[t] and a descent
argument, of the kind Fermat himself pioneered.

Theorem 1.11 (No rational parametrization of ™ + y" = 1). Let
k be an algebraically closed field of characteristic 0, and let n > 3.
Then there do not exist non-constant rational functions f(t),g(t) € k(t)
satisfying

fO)"+gt)" =1 in k(t).
Equivalently, the affine Fermat curve ™ 4+ y™ = 1 admits no rational
parametrization.

PROOF. Assume for contradiction that such f, g exist. By clearing
denominators, there exist polynomials A, B, C' € k[t], not all constant,
with

ged(A, B,C) =1
and
(1) A"+ B"=C".
Among all such counterexamples, choose one for which

d := max{deg A, deg B,deg C'}

is minimal. Note that d > 0. Also, no nonconstant polynomial can
divide two of A, B, C, since then (1) would force it to divide the third.
Fix a primitive n-th root of unity ¢ € k, and choose n € k with
n" = —1. Then the roots of T™ + 1 are n,n¢, ..., n¢" 1. Factor (1) in
k[t]:
n—1
A+ B =[[(A=n¢'B) =C".

i=0
Step 1: Coprimality of the cyclotomic factors. For i # 7,
(A=n¢'B) = (A=n¢’B) = —n(¢" = ') B.
Since —n(¢* —¢?) € k* is a unit, any common divisor in k[t] of A—n¢'B

and A — n¢? B must divide B, hence also divides A. This is impossible
by the preceding paragraph. Therefore

ged(A—n¢'B, A=n¢/B) =1 (i #)).

Step 2: Each factor is an n-th power. Since k[t] is a UFD and the factors
are pairwise coprime, it follows that for each i there exists D; € klt]
and a unit u; € k™ such that

A—n¢'B = u;D}.
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Because k is algebraically closed, we may absorb w; into D;, and hence
assume simply

(2) A—n('B =D} for all 7.
Step 3: A three-term relation. Let E; := A —n('B, so E; = D?. Then

Ei—Ey=-n((—-1)B and Ey—E_;=-n(1-(YB= —ng—ng.

Hence E1 — EO = C(E(] — Efl), i.e.

By + (B = (1 +()Ey.
Substituting E; = D} gives
(3) DY +¢D% = (1+¢) Dg.
Since k is algebraically closed and n > 3, choose constants «, 5,v € k*
with

=1, pf'=¢ =1+

Then (3) becomes a genuine Fermat-type identity

(4) (@Dy)" + (D-1)" = (vDo)".

Thus (A, By, C1) := (aDy, fD_1,vDy) is another solution to X"+Y™" =
Z™ in k[t]. It is not a constant solution: if D_;, Dy, and D; were all
constant, then the relations among F_;, Fy, and E; would force both
A and B to be constant, and then also C' would be constant. By Step 1
the polynomials D_q, Dy, D; are pairwise coprime, so the new triple is
already a coprime nonconstant solution.

Step 4: Degree descent. We claim that
max{deg D_;,deg Dy, deg D} < d,

contradicting the minimality of d.

Since C" = A" + B", we have degC' < max(deg A,deg B), so
d = max(deg A, deg B). At least one of the three polynomials £_; =
A—n('B, Ey = A—nB, E; = A— n(B has degree d. Indeed, if
deg A # deg B, then deg(A — n¢'B) = max(deg A, deg B) = d for all i.
If deg A = deg B = d, write A = at? +--- and B = bt? +---. Then the
leading coefficient of A — n¢'B is a — n¢’b. The equalities a — b = 0
for three distinct ¢ € {—1,0, 1} would force a = b = 0, impossible. So
for at least one i € {—1,0,1} we have deg E; = d.

But E; = D! by (2), hence deg E; = ndeg D;. Therefore

1
max{deg D_;, deg Dy, deg D1} = — max{deg F_1,deg Ey, deg E1}
n

:§<d.
n
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Multiplying by the nonzero constants «, 3, does not change degrees,
so the new triple (4) has strictly smaller maximal degree than (A, B, C).
This contradicts the minimality of d.

We conclude that no non-constant solution f, g € k(t) to f"+g" =1
exists. U

The theorem is not Fermat’s last theorem: it does not say that
the equation has no rational points. It says something more geometric
for our purposes: the points of the curve cannot be swept out by one
rational parameter. The failure of the lines-through-a-point construction
was not just a poor choice of method: no pair of nonconstant rational
functions can parametrize this curve. Formal power series describe its
smooth points locally, but rational functions cannot describe it globally.

1.3. Singularities
Where curves cross, form cusps, and touch themselves

Smooth points of a curve are exactly the points where the tangent
line of Definition 1.7 is defined: those where the gradient V f does not
vanish. The cuspidal cubic y? = 22 is singular at the origin, where
Vf = (—32% 2y) vanishes, although its parametrization ¢t — (¢2,t3)
is a bijection from the smooth line A'. This section finds singular
points from an equation, measures them by their lowest-order terms,
and separates the essentially different ways a curve can approach such
a point, its branches, which Puiseux series parametrize one at a time.

1.3.1. Discriminants of plane curves. How do we find the
singular members of a family of curves? A singular point of V(f) is a
common solution of f = f, = f, = 0: three equations in two unknowns.
Eliminating the two coordinates leaves a condition on the coefficients
of f. Two families show how this works.

First consider

azx® + by* + cry = d,
where £ is algebraically closed of characteristic different from 2 and
(a,b,c) # (0,0,0). Write ¢ = az? + by? + cxy. A singular point must
satisfy ¢ = d and ¢, = ¢, = 0. Euler’s identity

T +Yqy = 2q

then forces d = 0. Conversely, if d = 0, the origin is singular. Thus
the singular members of this affine family are exactly those with d = 0.
This condition is not the discriminant A = ¢ — 4ab of the quadratic
part, which detects the rank of ¢ rather than a singular point: zy =0
is singular although A = 1, whereas y? = 1 is a disjoint pair of smooth
affine lines although A = 0.

Next consider the cubics

y? =2 +axr + b,
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over k algebraically closed of characteristic different from 2 and 3. With
[ =y?—12*—ax—b, the equations f, =2y = 0 and f, = —(32?+a) =0
say that a singular point is (zo,0) with zy a common root of p(z) =
23+ ax + b and p'(z) = 32 + a, that is, a repeated root of p. If
3xf = —a, then p(xo) = 2azo + b. For a # 0 this vanishes only at
ro = —3b/(2a), and then 322 = —a becomes 27b*> = —4a®. For a = 0
the condition 323 = 0 gives xp = 0, and then p(0) = b must vanish.
Reading the computation backwards shows that these values of z( are
indeed repeated roots. So

y? = 23 + ax + b is singular <= 4a® + 276> =0,

and then the singular point is (—3b/(2a),0) if @ # 0, and the cusp at
the origin if a = b = 0. For instance a = —3, b = 2 gives 2® — 3z +2 =
(r — 1)*(z + 2) and a singular point at (1,0).

In both families we eliminated the coordinates of a possible singular
point and obtained a condition on the coefficients alone.

1.3.2. Multiplicity and the tangent cone. The gradient detects
a singular point but does not tell us what happens there. A first
measure looks at the lowest-order terms of the equation at the point.
Let C = V(f) be a plane curve and P = (a,b) € C. Expanding f

around P gives a finite sum

f(a—i—x, b+y) = fm(x7y) +fm+1('r7y> +e +fd(x7y)7

where each f; is homogeneous of degree i and f,, # 0. Since f(P) =0,
there is no constant term, so m > 1.

Definition 1.12 (Multiplicity). The integer m is the multiplicity of C
at P, written mp(C).

The linear part is fi(z,y) = fo(P)x + f,(P)y. So mp(C) =1
exactly when P is a smooth point, and the singular points are those
with mp(C) > 2.

Definition 1.13 (Tangent cone). The tangent cone of C at P is the
curve

fm(x —a,y—1b) =0,
the zero set of the lowest-degree homogeneous part of f at P, moved
back to P.

Since k is algebraically closed, a nonzero homogeneous polynomial
in two variables is a product of linear forms (dehomogenize, factor the
resulting polynomial in one variable, and homogenize again):

fm(l’ay>:H<ﬂlx_a1y)n’ T1+"'—|—Tszm,
i=1
with the points [a; : 5;] distinct. The tangent cone is therefore a union
of s lines through P, the tangent directions of C' at P, and the ith
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line is counted r; times. As with the double line y? = 0, we keep these
repeated factors. At a smooth point the tangent cone is the tangent
line of Definition 1.7. Both notions are unchanged by affine changes of
coordinates: a linear substitution carries homogeneous polynomials of
degree 7 to homogeneous polynomials of degree 1.

Example 1.14 (Node and cusp). For the nodal cubic y* = z*(z + 1)
at the origin,

2 3

f=y*=a2*=2", fa=y’ -2

=(y—z)(y + ).

So mo(C) = 2, and the tangent cone consists of the two lines y = x and
y = —x. For the cuspidal cubic y? = 23, fo = y?: again mo(C) = 2, but
the tangent cone is the single line y = 0 counted twice. The tacnode
y? = 2t in the gallery below (§1.3.3.3) has the same tangent cone y? = 0
as the cusp. So the tangent cone does not determine the singularity:
the cusp has one branch and the tacnode two.

The root test for tangency extends to singular points. For a line
((t) = P+tv not contained in C', expansion gives f(£(t)) = >, t' fi(v).
So f(£(t)) vanishes to order at least mp(C) at t = 0, and to higher order
exactly when f,,(v) = 0, that is, when the line is one of the tangent
directions (Exercise 1.14, “Lines and tangent cones”).

1.3.3. A gallery of plane curve singularities. In the following
real pictures, compare the tangent cone with the number of local pieces
that meet at the point. We will use parametrizations to make the notion
of a local piece, a branch, precise.

1.3.3.1. The node: y* = x*(x + 1). A node (or ordinary double
point) is a singularity where two smooth branches cross transversally.
An example is given by the nodal cubic

y? = 2%(x +1).
Here two “branches”,
y=zvVr+1 and y=-—-azvzr+1,

cross at the origin. The intersection is transversal: the two branches
meet with distinct tangents, the lines y =  and y = —x of the tangent
cone y? — 2% = 0.
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Node: y? = 22(z + 1)

1.3.3.2. The cusp: y* = 3. A cusp is a singularity where a single
branch of the curve has a pointed end. The standard example is

"
Over R, the two arcs y = +2%/2 lie in > 0 and are both tangent to
the z-axis, the double line y? = 0 of the tangent cone. They are the
two halves of the single parametrized branch (z,y) = (¢*,¢%), for t > 0
and t < 0, not two different branches.

Cusp: y? = 23

1.3.3.3. The tacnode: y* = 2* (i.e. y = +2?). A tacnode is a
singularity where two branches of a curve osculate—that is, they touch
with higher order contact. A simple example is given by

which can be written as
y =tz
The tangent cone is the double line y? = 0, exactly as for the cusp, but

now there are two branches, y = 2 and y = —22. Both are tangent to
the z-axis, and they meet with second order contact, forming a tacnode.
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Tacnode: y? = z*

Yy

1.3.3.4. Ramphoid cusp: y*> = x°. A ramphoid cusp has higher
contact with its tangent than the ordinary cusp y? = 3. Its two real
arcs are

5
2

y = *r2,
which exist for z > 0. Both belong to the single branch (z,y) = (3, t°),
and the tangent cone is again the double line y? = 0.

Ramphoid Cusp: y? = 2°

1.3.3.5. Triple point (three lines crossing). An ordinary triple point
is a point where three distinct smooth branches (here, lines) cross. For
example, the three lines

y=0, y=2x, and y=—=x,

all intersect at the origin. The equation y(y* — z*) = 0 is homogeneous
of degree 3, so the multiplicity is 3 and the tangent cone is the curve
itself: three distinct tangent directions, one for each branch.
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Triple Point: y(y? — 22) =0

Y

1.3.3.6. A less ordinary example: y* = 2*+2°. Here f = 3> —a*—2°

has lowest-degree part y3, so the multiplicity at the origin is 3 and the
tangent cone is the x-axis counted three times. The real picture does
not show the multiplicity. The real points form the graph of

y = Vat+ a5,

which near the origin behaves like 2%/3: a single real arc, tangent to
the x-axis and lying above it on both sides. The Puiseux expansion
computed below (§1.3.5.3) shows that the curve has a single branch at
the origin. (The plot shows —1 < x < 1.)

y? = 2% + 2° (real points, —1 <z < 1)

Y

1.3.3.7. Two rates of contact: (y*> — 2°)(y — x?) = 0. This reducible
curve has two components meeting at the origin with the same tangent
direction y = 0, but they peel away at different rates:

y = x? and y = +2°/2.

The component y = 2% exists (over R) for 2 > 0. The lowest-degree

part of the product is y - y? = 33: the multiplicity is 3, and the tangent
cone is the z-axis counted three times, once from y = 2% and twice from

y? = 10,
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Different speeds: (y? — 2°)(y — 2%) =0

Y

T
The gallery at the origin, in summary:
curve name mgo tangent cone branches
vy =2z +1) node 2 y?—22=0 2
y? =23 cusp 2 y? =0 1
y? =2t tacnode 2 y? =0 2
y? = 2° ramphoid cusp 2 y? =0 1
y(y? —2?) =0 triple point 3y —-2%)=0 3
y3 =t 4 28 3 Y3 =0 1
(v —2%)(y—2?%) =0 3 v =0 2

The multiplicity and the tangent cone are read off from the equation;
the number of branches is not, and the rest of this section explains how
to compute it.

1.3.4. Branches, Puiseux expansions, and desingularization.
The gallery suggests that a plane curve may approach a singular point
along several essentially different arcs — two crossing arcs for the node,
two tangent arcs for the tacnode, a single folded arc for the cusp.
These arcs are called branches, and the first task of any local theory
is to count and separate them. The Weierstrass preparation theorem
(Theorem D.17, Appendix D) reduces the equation near the point
to a polynomial in one variable, and fractional-power series, Puiseuz
expansions, parametrize each branch individually.

1.3.4.1. Weierstrass preparation and local equations. Let C' C A%
be a plane curve defined by an equation F'(z,y) =0, and let P € C be
a singular point, taken to be (0,0) for simplicity. After a linear change
of coordinates we may assume F'(0,y) #Z 0: the line z = 0 is not a
component of C'. Let m be the order of vanishing of F'(0,y) at y = 0.
The Weierstrass preparation theorem (Theorem D.17 in Appendix D)
allows us to write, up to a unit factor,

Flz,y) =y" +a(z)y" '+ +am(x),  alz) € 2C[[z]].

Thus, near the origin, the curve is described by a polynomial equation
in y whose coefficients are formal power series in x — one variable has
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been demoted from unknown to coefficient, and we can bring the tools
of one-variable algebra to bear.

Passing to the field of fractions C((x)), we may consider the roots
of this polynomial. Although these roots need not lie in C((z)) itself,
they lie in the Puiseux field

U (™).

n>1

Over C this field is algebraically closed, by the Newton—Puiseux theorem,
which we use here without proof. Consequently, each root «; of the
prepared polynomial can be written as

Qbi(xl/n),

where ¢;(t) € tC[[t]] is a formal power series. Indeed, a root of negative
order would give the monic leading term strictly smaller order than
every other term, which is impossible; a root of order zero would give a
nonzero constant term after reduction to y™ = 0. (This description of
the algebraic closure of k((t)) fails when k has characteristic p, even for
k algebraically closed — a warning that the theory in this subsection is
genuinely a characteristic-zero story.)

1.3.4.2. Branches via Puiseux expansions. Each expression y =
¢(x1/ ") describes a local parametrization, but different Puiseux expres-
sions need not describe different branches. The cusp already warns
us about this: y = +2%?2 gives two expressions but only one branch.
Geometrically, a branch is one irreducible local piece of the curve;
parametrizations that differ only by a change of parameter describe the
same piece. After a generic linear change of coordinates, the projection
to the z-axis is nonconstant on every branch. Newton—Puiseux then
lets us put a primitive parametrization into the normalized form x = ¢".

Definition 1.15 (Branch via parametrizations). Let C' = V(F) C A%
be a plane curve with a singular point at the origin. Choose coordinates
with z 1 F', so that z is nonconstant on every branch; a generic linear
change achieves this. A branch of C' at the origin is an equivalence class
of primitive normalized local parametrizations

r=1t", Yy = Zaktk,
E>1

which satisfy the equation of C. Here primitive means that the
parametrization does not factor through ¢ — ¢" for any » > 1. Equiva-
lently, if y(¢) is not identically zero, then

ged(n, {k | ax #0}) = 1;

if y(t) = 0, primitivity simply forces n = 1.
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Two such normalized parametrizations define the same branch if
one is obtained from the other by

t — (t,

where (" = 1. This is not an arbitrary restriction on changes of param-
eter: an invertible formal change ¢ — u(t) preserving the normalization
x = t" must satisfy u(t)" = t", and hence has the form u(t) = (t. These
substitutions often permute several Puiseux expansions of the same
branch. Thus a branch is an orbit of primitive normalized parametriza-
tions, not an individual fractional-power expression.

Different branches may:

e have different tangent directions,
e share the same tangent but approach it at different rates,
e or even be glued together in a highly singular fashion.

The exponents appearing in the fractional power series measure how

tightly a branch hugs its tangent line and provide a precise algebraic
description of the local geometry.

1.3.5. Examples.
1.3.5.1. The cusp y* = z3. Consider the cusp

y? = o

from the gallery (§1.3.3.2). Formally solving for y gives
Y = +a23/2,

At first sight this suggests the presence of two branches. However, this
interpretation is misleading.

Indeed, introducing the parameter ¢ by x = t? and y = t*, we obtain
a single parametrization

t— (l’,y) = (t27t3)a

which maps A® onto the entire curve. The two formal expressions
+23/2 correspond merely to the reparametrization t — —t; they do not
describe distinct geometric branches.

Two further examples show how the form y = ¢(2'/") records the
number of branches and their geometry.
1.3.5.2. The node. Consider the plane curve

C: oy =2*(z+1).
Solving for y gives
y=tav1+z.
The usual expansion
1 1 5

1
V1 =14 —p— T 3 Tt
R e e T A DT
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is an ordinary power series. Hence each branch can be written with
n=1as

y = d+(x), Qb:t(l’):ﬂ:x<1+%$—%l’2—|—1—16x3_...>'

Thus the node has two distinct Puiseuz ezpansions in Cl[x]], cor-
responding to two branches meeting transversally. The leading terms
y = +x are the two lines of the tangent cone, one for each branch.

1.3.5.3. The example y® = x* + 2°. Now consider the curve

C: y=2'+2"=2'1+2).
Solving for y yields
y =~z 1+ ).
Here fractional powers are unavoidable. Writing
y =231 + )3,
we expand

1 1 5 10
1 3 14 Zp— 224 23— 2 ph L
(1+x) tRT gt g ot t
Over C there are three choices of the cube root. Let w = 2™/3. The

three Puiseux expansions are
y=a@?),  onln) =ob (e 0 g0 ) k=02

Equivalently, after the substitution x = t3, the curve admits the
three parametrizations

_ 43 _ kg4 1,3 146 | 5.9
T =t y—wt<1+§t—§t+8—1t—---).

These do not give three branches. Replacing ¢ by wt fixes x = 3 and
carries the parametrization with index & to the one with index k + 1.
The three Puiseux expansions therefore form one orbit under changes of
parameter and describe a single branch. Its primitive parametrization
begins

e=t, y=t'(1+i-%4"+...),
and its tangent line is y = 0, the tangent cone 3® = 0 with multiplicity
three. Counting Puiseux expressions without identifying conjugate
parametrizations, or counting the lines of the tangent cone with multi-
plicity, would give the wrong number of branches.

1.3.6. Parametrizations as desingularizations. Each primitive
branch parametrization gives a smooth formal parameter line mapping
to the curve. Taking one such parameter line for each branch separates
the branches over a singular point. For the node there are two; for the
cusp there is only one, but its parameter ¢ contains information that
the original coordinates 2, > do not make visible at the origin. This is
the local sense in which parametrization resolves the singularity.
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We have met three different uses of a parameter: rational formulas
on conics, formal graphs near smooth points, and primitive parametriza-
tions of singular branches. The Fermat curves show why these uses
cannot be identified. The cusp leaves a second question: its parametriza-
tion is a bijection of points, so what does the curve retain that the point
set alone does not tell us? The next chapter approaches that question
through the ring of polynomial functions on a curve.

Exercises for Chapter 1

1.1. Singular points and tangent lines. Let f(z,y) € k[z,y] and
let C =V(f) C A%

(1) Show that if f = gh and P € V(g)NV (h), then P is a singular
point of V(f); and that if g divides f, then every point of
V(g) is singular on V(f).

(2) Show that smoothness of P and the tangent line at P do
not change under an affine change of coordinates (z,y) —
A(x,y) + ¢ (use the chain rule), nor when f is replaced by wuf
with v € k*.

(3) Give an example of a polynomial f such that every point of
V(f) is singular.

1.2. Singularities and tangents in examples. Work over C. For
each curve below, find all singular points and the tangent line(s) at
each smooth point listed.

(1) C, = V(y? — 2% — 2?), point (1,/2).

(2) Cy =V (2® +y> — 3zy) (the folium of Descartes), points (0,0)
and (3/2, 3/2) — first decide, for each, whether it is a smooth
point.

(3) C3 = V(y* — 2*(z + 1)?). Show that (0,0) and (—1,0) are
singular, factor the equation, and find the tangent lines of the
two components at these points.

1.3. The implicit function theorem. Let f(z,y) € klx,y] and let
P = (a,b) € V(f).

(1) State which hypothesis on f and P is needed for the (formal)
implicit function theorem (Theorem 1.10) to guarantee the
existence of a power series ¢(t) € k[[t]] with ¢(0) = b and
fla+t,0(t) =0.

(2) Apply this to f = 4> — 23—z and P = (0,0). Which coordinate
can be solved uniquely as a power series in the other? (Check
both partial derivatives at P — the hypothesis from part (1)
may hold only with the roles of  and y swapped, i.e. solving
for x as a power series in y instead.)
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(3) Assume char(k) = 0. For f = y? — 23 — 2* and P = (0,0),
the hypothesis of part (1) fails. Show directly that the two
Puiseux series solutions are y = +a%/2(1 + z)1/? = £(2%?% +
1282 — 12724 ...} "and that they describe one branch, z = ¢?,

y = t3 + %t5 — .-+, after changing the parameter ¢ — —t.

(Compare the chapter’s treatment of the cusp y? = 23, §1.3.3.2.)

1.4. Classification of affine conics: the proof. This exercise proves
the classification Proposition 1.5 stated in the chapter; as promised
there, it is pure linear algebra. Let

C: Ax*+ Bry+Cy>+Dx+Ey+F =0, (A,B,C) #(0,0,0),

B/2 C

(1) (Killing the xy-term.) Using that a real symmetric matrix
is diagonalizable by an orthogonal matrix, show that there
is a rotation of coordinates after which the equation reads
Au? + pv? + au+ Bv + v = 0, and check that A = —4\pu.

(2) (Completing squares.) Assume Ap # 0 (i.e. A # 0). Show that
after a translation the equation becomes Au® + pv? +~' = 0,
and deduce: if 74/ # 0, an ellipse (possibly with empty real
locus) when A < 0 and a hyperbola when A > 0;if 4/ =0, a
single point when A < 0 and two crossing lines when A > 0.

(3) (Degenerate case.) Assume A = 0, so exactly one of A\, pu
vanishes, say © = 0 # X. Show the equation becomes A\u? +
au + fv + v = 0 and deduce: a parabola if 8 # 0; a pair of
parallel lines, a double line, or the empty set if 8 = 0.

(4) Conclude the classification exactly as stated in the chapter.
In particular, explain why rank M = 1 gives a parabola only
when the linear coefficient in the null direction is nonzero.

over R, with A = B? —4AC and M = ( A B/2>.

1.5. Classification of conics over R. For each affine conic Az? +
Bxy + Cy* + Dz + Ey + F = 0 below, compute the discriminant
A = B? —4AC, classify it as ellipse, parabola, hyperbola, or degenerate,
and determine whether it is smooth:

(1) 22 + 2y +9y* —1 =0,

(2) 2 = 2xy+y*> —y =0,

(3) 22% + 3zy — 2y* —x + 3y = 0,
(4) 22 +y*+2x+2y+2=0.

1.6. Rational parametrization of a conic. The chapter
parametrizes the unit circle 22 + 3> = 1 by lines through (—1,0)
(8§1.2.1.1).

(1) Carry out the same construction for the circle 2 + y* = 2 and

. 2_ o4 o442
the point P = (1,1), and show that = = 526+, y = 132555
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(2) Which value of t gives P itself, and which point of this circle is
not in the image? Explain the difference from the unit circle,
where the missing point is the centre of the projection.

(3) Use the chapter’s parametrization of the unit circle to find all
rational points on 22 + y? = 1, and relate this to the classical
formula for Pythagorean triples.

(4) Show that the hyperbola V(22 — y* — 1) is also rational, and
find an explicit parametrization.

1.7. Cassini ovals: where the family becomes singular. Work
over C, fix a # 0, and for b # 0 let

Gy(z,y) = ((z = a)* +°) ((z +a)* +y*) = b".

(1) Show that Gy = (2% + y* + a?)? — 4a®z* — b*. Deduce that
for b* = a* the curve is (2% + y?)? = 2a*(2* — y?), and that
for a® = % this is the lemniscate of Bernoulli of the chapter
(Figure 4).

(2) As in the chapter’s discriminant calculation (§1.3.1), eliminate
the coordinates of a possible singular point: find all b # 0
for which V(Gy) is singular, and all its singular points. (Hint:
0,Gy = 4a(2* + y* — @?) and 0,G), = 4y(a* + y* + a?).)

(3) For the singular member, compute the tangent cone at the
singular point and identify the singularity. For real b > 0,
compare with the real pictures in the chapter: two ovals for
b < a, one for b > a.

1.8. The nodal cubic. Let C' =V (y* — 2*(x + 1)) C A%(k), where k
is algebraically closed and char(k) # 2.

(1) Show that the only singular point of C'is the origin, and identify
its type (node, cusp, or other) by computing the tangent cone
— the zero set of the lowest-degree homogeneous term of f at
that point. (Recall Definitions 1.12 and 1.13; Exercise 1.11
gives further practice.)

(2) Consider the parametrization ¢: A' — C given by t — (t* —
1, t(t* — 1)). Verify that ¢ maps into C.

(3) Show that ¢ is a bijection from A\ {1, -1} onto C"\ {(0,0)}.
What happens at ¢t = 17

(4) (After Chapter 2.) Is ¢ an isomorphism of varieties from
Al to C? (Hint: a polynomial map is an isomorphism of
varieties exactly when the induced map on coordinate rings,
©*: k[C] — k[A'] = K[t], g — g o ¢, is an isomorphism of
k-algebras — this dictionary is developed properly in Chapter 2,
but the definition of ¢* alone is all that is needed here. Compute
©* explicitly on the generators x,y of k[C] and decide whether
it is injective/surjective.)
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1.9. The cuspidal cubic. Let C' = V(y* — 23) C A%(k).

(1) Show that (0,0) is the unique singular point of C, and that it
is a cusp (the tangent cone is a double line).

(2) Show that the map : Al — C, t — (12,13), is a bijection.

(3) (After Chapter 2.) Show that the induced map on coordinate
rings, ¥*: k[C] & Klr,u/(7 — 2) — Klt], g > go b (see
Chapter 2 for this dictionary in general), is injective. Is *
surjective? Conclude whether C' = A! as varieties.

1.10. The Fermat cubic is not rational. (%) Suppose, for a
contradiction, that the Fermat cubic C' = V(2® +y3 — 1) C A*(Q)
admits a rational parametrization z = r(t), y = s(t) with r,s € Q(¢t)
not both constant. Write r = p/w and s = u/w over a common
denominator, with p, u, w € Qt] and ged(p, u,w) = 1.

(1) Substituting into #* + * =1 and clearing denominators, show
that you get a polynomial identity p(¢)® + u(t)? = w(t)? with
p, u,w not all constant.

(2) Explain why this contradicts unique factorization via the same
descent argument used in the chapter’s Theorem 1.11 to show
there is no coprime nonconstant solution of a® + b = ¢ in
polynomials a, b, c € Q[t]. Note that theorem’s descent factors
A™ + B™ using a primitive n-th root of unity, which for n =
3 means w = e*™/3 ¢ Q; so either run the descent in Q]
after adjoining w, or — more simply — observe that a Q(%)-
parametrization is in particular a Q(t)-parametrization, so the
theorem, already proved for algebraically closed fields, applies
directly with k& = Q.

(3) State clearly why the same argument does not immediately
apply to n = 2, i.e., to the unit circle 2% + y? = 1.

1.11. Multiplicity and tangent cones. Work over an algebraically
closed field of characteristic 0. The multiplicity mp(C) of a curve
C =V(f) at a point P is the smallest degree of a nonzero homogeneous
term in the Taylor expansion of f at P. The tangent cone of C at P is
the zero set of this lowest-degree term.

(1) Compute my(C') and the tangent cone for each of the following
curves at the origin:
(a) C; =V (y* — 2®) (cuspidal cubic),
(b) Cy = V(y* — 2*(x + 1)) (nodal cubic),
(©) Cy = V(5 — o)
(d) Ca=V(2®+9?).
(2) Explain the difference between the tangent cone of C; (a double
line) and that of Cy (two distinct lines). How is this reflected
in the branch structure of each curve near the origin?

Y
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1.12. Identifying singularities from the gallery. Work over
C. Decide whether each of the following singular points is a node,
cusp, tacnode, ramphoid cusp, or ordinary triple point, in the sense of
the gallery of §1.3.3 (number of branches, and whether their tangents
agree). Justify your answer by computing the tangent cone and, where
applicable, the Puiseux expansion.

(1) V(y* = 2* = 2°) at (0,0).
(2) V(y* - 4) (0, 0)
(3) V(y Q—wzy—x) (0,0).
(4) V(& —y?) at (0,0).

1.13. Puiseux series. Work over C, except for the real comparison
in part (3). For each curve C' and point P below, find the Puiseux
expansion(s) of y in terms of a fractional power of z, up to and including
the first “distinguishing” term (the first term that tells the two branches
apart, if there are two).

(1) C =V(y*> —2°), P =(0,0). (Three Puiseux expressions; how
many branches?)

(2) C =V((y —2*)(y* — 2°)), P = (0,0), the gallery curve of
§1.3.3.7. (Three Puiseux expressions, two branches; the first
distinguishing term is z2.)

(3) C =V(y* —2*(z*+ 1)), P = (0,0). (How many branches?
Over R vs over C7)

1.14. Lines and tangent cones. Let C' = V(f) be a plane curve
and P a point of multiplicity 7 on C. For a line L through P, choose
an affine parametrization ((t) = P + tv of L and measure the contact
of L with C' at P by the order of vanishing of f({(t)) at ¢t = 0, with
order oo if f({(t)) is identically zero.

(1) Show that this order of contact is at least r for every line
through P.

(2) Show that a line L through P is a component of the tangent
cone at P if and only if the order of contact is strictly greater
than 7.

(3) For the nodal cubic V(y* — 2%(z + 1)), assume char(k) # 2.
Which lines through the origin have contact exactly 2, and
which have contact more than 27

1.15. Curves through prescribed points. Let k£ be algebraically
closed.

(1) Show that through any two distinct points in A? there passes
a unique line (degree-1 curve).

(2) Show that through any five distinct points in A2, no three
collinear, there passes a unique conic, which is irreducible.
(Hint: for each point, pair up the other four points and take
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the product of the equations of the two joining lines. Use these
five quadratics to show that the five evaluation conditions are
independent.)

(3) How many conditions does it take to force a degree-n plane
curve to pass through a given simple point? Through a point
of multiplicity > 2 (i.e., requiring the point to be singular on
the curve)?

1.16. Rational curves of low degree. Work over an algebraically
closed field k of characteristic 0. An irreducible plane curve C' C A2
is rational if it admits a rational parametrization in the sense of the
chapter (Definition 1.9): x = r(t), y = s(t) with r, s € k(t¢) not both
constant.

(1) Show that every smooth irreducible conic in A%(k) is rational.

(2) Show that an irreducible cubic with a node is rational. (Hint:
translate the singular point to 0 and write f = fo + f3; on the
line ¢t — t(1,5) one has f = t2f5(1,s) + 2 f3(1, 5), so the third
intersection is at t = —f2(1, s)/f3(1, 5).)

(3) Show that an irreducible cubic with a cusp is rational.

(4) Give an example of a smooth affine cubic that is not rational,
and justify your answer using Theorem 1.11.

1.17. Pythagorean triples. (x) Continuing directly from the rational
points you found in part (3) of Exercise 1.6, “Rational parametrization
of a conic”, deduce the complete list of Pythagorean triples: up to
swapping a and b and scaling,

(a,b,c) = (m* —n?, 2mn, m* +n?).

Where exactly does the argument use that the slope ¢ is rational?

1.18. A conic with no rational points. (*) Show that 2% +3? = 3
has no solutions with z,y € Q. (Hint: clear denominators to a? + b* =
3c¢? with a, b, ¢ coprime integers and work modulo 3: since squares are
0 or 1 modulo 3, both a and b must be divisible by 3; conclude that
3 divides ¢, contradicting coprimality.) Moral: the line trick needs
one rational point to start from, and here there is none — although
real points abound. Deciding when a conic has a rational point is a
genuinely arithmetic question (the Hasse-Minkowski theorem answers
it; far beyond this book).



CHAPTER 2

Affine algebraic varieties

From equations to coordinate rings

In these notes a ring will always be a commutative ring with unit.
Unless otherwise stated, k denotes an algebraically closed field. Near
the end of the chapter we briefly explain what changes over another
field.

Chapter 1 ran on examples: individual curves, studied one equation
at a time. Along the way we kept borrowing algebra informally —
factoring polynomials to find components, differentiating to find singular
points, clearing denominators to study parametrizations. This chapter
makes the borrowing systematic. The guiding question is:

what is the right algebraic object attached to a geometric set?

At first the answer seems obvious. A system of polynomial equations
defines its common zero set. But a small ambiguity appears immediately:

V(z) =V(z*) C A,

As sets these are the same point. Algebraically, however, the ideals (x)
and (2?) are different, and so are the quotient rings

klz]/(z)  and  kl2]/(2?).

The second ring contains a non-zero element whose square is zero. If
we only look at points, this information disappears.

The first half of the chapter builds the classical dictionary between
algebraic sets and radical ideals: zero sets and the Nullstellensatz
(Theorem 2.14), coordinate rings and polynomial maps, irreducible com-
ponents, and then dimension, told as one story from chains of subsets
to Noether normalization (Theorem 2.45) and Krull’s Hauptidealsatz
(Proposition 2.54). The second half returns to what the dictionary
forgets. Affine k-varieties are ring-first objects in which non-radical
ideals make sense; primary decomposition shows how an ideal records
multiplicities and embedded points; and normalization, our first sub-
stantial application of the coordinate-ring viewpoint, produces a new
variety from a purely algebraic operation. Until affine k-varieties are
defined in Section 2.5, the geometric objects are algebraic sets, that is,
sets of points.

2.1. Algebraic sets
Zero sets, ideals and the Zariski topology

36
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Plane curves were cut out of A2 by one equation. We now allow
any number of variables and any number of equations, and study the
solution sets in that generality.

Definition 2.1. Let k be a field. The affine n-space over k, denoted
by A™(k), or simply A" if the field k is understood, is the set of n-tuples
of elements of k:

A"(k) ={(a1,...,a,) |a; € kfor 1 <i<n}.

As a set, A"(k) is just k". The separate notation signals that
we regard it as a geometric space, whose natural functions are the
polynomials, and that we forget its structure as a vector space: there is
no preferred origin, and the maps we care about are polynomial rather
than linear.

Let k[zq,...,x,] be the ring of polynomials in n variables with
coefficients in k. A point P = (ay,...,a,) € A"(k) is a zero of a
polynomial f € klxy,...,z,] if f(P)= f(ai,...,a,) =0.

Definition 2.2. Given a set S of polynomials in k[xy, ..., z,], the zero
set of S'is

V(S)={P e A™k)| f(P)=0forall feS}cC A"(k).

A subset X C A™(k) is an affine algebraic set if X = V(S) for some
S C k[a:l,...,a:n].

This is the literal point-set notion: an algebraic set records the
common zeros one can see over k, and nothing else. An algebraic set
may be reducible (a union of smaller ones); when irreducibility matters,
we say so explicitly.

Example 2.3. Besides A" = V/(0), the empty set V' (1), points {P} =
V(xi—ay,...,T,—a,), linear subspaces and the plane curves V(f) C A?
of Chapter 1, two examples will recur throughout the chapter:

e the twisted cubic C =V (y—x?, z—2%) C A3, which is exactly
the image of t — (¢, t3) (the two equations say y = x* and
z=27);

e the quadric cone Q = V(zy — 2%) C A3, a cone with vertex at
the origin: since xy — 22 is homogeneous, @) contains with each
of its points the whole line through that point and the origin.

2.1.1. From equations to ideals. Different sets of polynomials
can define the same algebraic set. If I is the ideal generated by S, that
is

I={f€klxry,...,x,] | szizlqihi with h; € S},
then V(I) = V(5), because a point where all the h; vanish is a zero
of every combination ) ¢;h;. Therefore every algebraic set is of the
form V(I) for some ideal I. This innocent-looking replacement of
sets of equations by ideals is the first real step of the chapter: ideals
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are the objects commutative algebra knows how to manipulate. An
algebraic set defined by a single polynomial is called a hypersurface.
By the Hilbert basis theorem (Theorem B.3) the ring k[z1, ..., z,] is
Noetherian, so every ideal is finitely generated, I = (fi,..., f.), and
V() =V(fi)n---nV(f,). In other words:

Proposition 2.4. Fvery algebraic set is the intersection of a finite
number of hypersurfaces.

Notation. We write V/(fi,...,f,) instead of the more correct

VH{A - fad):

2.1.2. The Zariski topology. Zero sets behave well under the
usual operations on ideals.

Lemma 2.5.

(1) V(0) = A™(k), V(k[x1,...,2,]) =V (1) =0
(2) if I C J, then V(J) C V(I)
(4) V(Z/\EA 1)) = ﬂAeA V(1))
PROOF. Only (3) is not immediate. From I1ls C I1NI; C I; and (2)
we get V([1)UV (Iy) C V(I1N1y) C V(I115). Conversely, if P € V(I,15)
but P ¢ V(I,), pick f € I; with f(P) # 0; then f(P)g(P) = 0 forces
g(P) =0 for every g € I, so P € V(I3). O

The properties (1), (3) and (4) are the defining properties of a
topology by means of closed sets, see Lemma E.2.

Definition 2.6. The Zariski topology on A" (k) is the topology whose
closed sets are the algebraic sets. An algebraic set X C A"(k) carries

the induced topology, whose closed sets are the algebraic sets contained
in X.

Figure 1 shows what a typical closed set in the plane looks like.
Closed sets are thin, and their complements are huge: any two nonempty
open subsets of the plane meet. The Zariski topology is very coarse,
and far from Hausdorff.

Remark 2.7. The simplest case shows why. A proper closed subset of
A'(k) consists of finitely many points, since a non-zero polynomial in
one variable has finitely many roots. A nonempty open set is therefore
the complement of finitely many points, and when the field k is infinite,
two non-empty open sets always have a non-empty (in fact infinite)
intersection.

2.1.3. The ideal of a set. We associated to an ideal a zero set by
the operation V' (—). We next ask to what extent the zero set determines
the ideal.
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P, P,

FIGURE 1. A typical Zariski-closed subset of A?: a curve
together with finitely many extra points. The complement
of this thin set is a single huge open set, dense in the
plane.

Definition 2.8. Let X be a subset of A™(k). The ideal of X is

I(X)={f €klxr,...,z,) | f(P)=0forall Pe X}.

Example 2.9. Let X be the subset of A'(R) consisting of all points
with integer coordinates. Then /(X)) = (0), since a non-zero polynomial
has only finitely many roots. In particular V(I(X)) = AY(R): the
operation V(I(—)) fills X up to an algebraic set.

Proposition 2.10.

(1) X CY = I(X) > I(Y),

(2) X C V(I(X)) with equality if and only if X is an algebraic set.
(3) For a set X, the closure is given by V(I(X)).

(4) J C I(V(J)).

PROOF. Parts (1) and (4) and the inclusion in (2) are immediate
from the definitions. If X = V(J) is algebraic, then J C I(X), so
V(I(X)) c V(J) = X by Lemma 2.5; conversely X = V(I(X)) exhibits
X as algebraic. For (3), let V(J) be any closed set containing X. Then
every element of J vanishes on X, so J C I(X) and V(I(X)) C V(J).
Thus the closed set V(1(X)) is contained in every closed set containing
X, which is the definition of the closure (Definition E.10). O

What about equality in (4)? There are two ways in which it can go
wrong.

Example 2.11. Let k =R, J = (X? + 1) C R[X]. Then V(J) = 0,
but J # I(0) = R[X]. So if the field is not algebraically closed, there
might not be enough zeros.

Example 2.12. Let f be a polynomial in k[zy,...,z,]. Then f(P) =
0« f2(P)=0,s0 V(f) =V(f?), but (f?) # (f) unless f is 0 or a

unit.
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The second failure is the V' (x) = V(z?) ambiguity of the introduction.
It is repaired by the following notion.

Definition 2.13. Let J be an ideal in a ring R. The radical of J is
rad(J) = V.J = {f € R| f* € J for some n} .
An ideal J is called radical, if J = /J.

The radical is again an ideal: if f™ ¢g" € J, then every term of
(fHg)mtn=t =3, (™) figmtri=ilies in J. Clearly V(vVJ) = V(J),
so J CVJ C I(VKJ) = I(V(J)). The following foundational
result states that the middle term exactly calculates I(V'(J)) when k is
algebraically closed.

Theorem 2.14 (Hilbert’s Nullstellensatz). Let k be an algebraically
closed field. For every ideal J C klxy,...,x,] one has

V) =VJ.

This is proven and discussed in Theorem B.9. In particular, it sets
up a bijection between radical ideals and algebraic sets — a genuine
dictionary, in which every geometric notion should have an algebraic
translation and vice versa. The first entry to look up is: which ideals
correspond to the smallest interesting algebraic sets, namely single
points? Inclusion-reversal suggests the answer — minimal algebraic sets
should correspond to maximal ideals — and this is exactly right. The
following is Proposition B.22, which we reproduce here.

Corollary 2.15. An ideal J is a mazimal ideal in k[z1, ..., x,] if and
only if J = (xy —ar,...,x, — a,) for some point P = (ay,...,a,) €

A" (k).

ProoOF. Each ideal mp = (21 — aq,..., 7, — a,) is maximal — and
this direction needs no assumption on the field — because the quotient
k[xy,...,z,]/mp is the field k (substitute z; — a;).

Conversely, suppose m is maximal. Maximal ideals are radical, so
the Nullstellensatz (Theorem 2.14) gives I(V(m)) = m # I(0); hence
V(m) contains a point P. Then m C I({P}), and I({P}) is a proper
ideal containing the maximal ideal mp, so I({P}) = mp. Maximality
of m now forces m = mp. O

2.2. Coordinate rings and polynomial maps
The dictionary between maps and ring homomorphisms

So far the dictionary translates objects: algebraic sets into radical
ideals. What does it do with a parametrization such as t — (¢2,¢3)?
To translate a map, we look at how it substitutes polynomials on the
target into polynomials on the source. This gives homomorphisms of
coordinate rings in the opposite direction.
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2.2.1. Polynomial functions. Each polynomial f € k[z1,...,x,]
defines a polynomial function f: A"(k) — k by the formula P
f(P). The polynomial function determines the polynomial. We record
this as a principle; the proof is a straightforward induction on the
number of variables, starting from the one-variable case, where a non-
zero polynomial has only finitely many roots while our field k, being
algebraically closed, is infinite.

Proposition 2.16 (Identity principle). If f,g € k[z1,...,x,] and
f(P)=g(P) for all P € A"(k), then f = g.

In the language of the previous section: I(A"™) = (0).

Definition 2.17. Let V be an algebraic set in A"(k). A polyno-
mial function f:V — k is the restriction of a polynomial function
F:A"(k) = k toV, with F € k[xy, ..., x,)].

Two polynomials F,G € k[z1, ..., x,] define the same function on
V' if and only if (F — G)(P) =0 for all P € V, that is, if and only if
F—-GelIV).

Definition 2.18. The coordinate ring of V' is the k-algebra k[V], which
is the quotient

K[V] = klzy, ...z /I(V) .

Thus k[V] is the k-algebra generated by the coordinate functions,
with two polynomial expressions identified exactly when they agree on
V. Since I(V) is radical, k[V] has no non-zero nilpotent elements.

Example 2.19. For the twisted cubic C = V(y — 22,z — 23), every
polynomial is congruent modulo (y — x2, 2z — 2®) to a polynomial in
x alone, and the surjection klz,vy, z] — k[t], (z,y,2) — (t,t3,t3), has
kernel exactly (y — 22,z — 2®). This ideal is therefore prime, hence
radical, so by the Nullstellensatz (Theorem 2.14) it is I(C'), and

k(O] = k[z,y,2]/(y — 2%, 2z — 2°) = k[t].

If X C V isan algebraic set, then I(V') C I(X) and I(X)/I(V) is an
ideal in k[V] = k[z1,...,2,]/1(V). So on V we again have operations
V(=) and I(—) between ideals of k[V] and subsets of V', and the
Nullstellensatz, applied to the ideals of k[z1, ..., z,] containing I(V'),
gives a bijection between radical ideals of k[V] and algebraic subsets of
V', and between maximal ideals of k[V] and points of V.

2.2.2. Polynomial maps. Now let V' C A"(k) and W C A™(k)
be algebraic sets and write x1, ..., x, for the coordinates on A"(k), and
Y1, - .., Ym for those on A™(k). The next definition is the affine version
of a regular map: each coordinate of the image is given by a polynomial
function on the source.
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Definition 2.20. A map f: V — W is a polynomial map if there are
polynomials Fy,..., F,, € k[xq,...,x,], such that

f(P)=(Fi(P),...,Fn(P)) e W cC A™(k)

for all P € V. The composition of polynomial maps is again a polyno-
mial map: substitute one set of polynomials into the other.

Definition 2.21. A polynomial map f: V — W is an isomorphism, if
f is a bijection with polynomial inverse: if there exists a polynomial
map g: W — V with fog=idy and go f = idy.

Example 2.22. Let V = Al(k), W = V(yi—y5) C A?(k) — the cuspidal
cubic of Chapter 1, with the roles of the coordinates exchanged. The
polynomial map f: V — W, given by (y1,42) = (X3, X?), is a bijection,
but its inverse X = y;/y9 is not a polynomial map. The suspicion raised
in Chapter 1 — that this bijection is not an equivalence of geometric
objects — can now be stated precisely: f is a polynomial map but not
an isomorphism. By contrast, the parametrization ¢ — (¢, %) of the
twisted cubic is an isomorphism A! — C, with inverse the projection
(x,y,2) — .

The algebra behind this construction is substitution in a polynomial
ring.

Lemma 2.23. Let k be a field. A polynomial map F: A" — A™ over k
(i.e. an m-tuple of polynomials in k[xy, ..., x,]) is equivalent to giving
a k-algebra homomorphism

O: klyr, .., Ym| —> klz1,..., 2]

ProOOF. Given F' = (Fi,...,F,,), substitution defines ®(G) =
G(Fy,...,Fy). Conversely, a k-algebra homomorphism out of
Ely1,...,ym) is uniquely determined by the images F; = ®(y;) of
its generators. These constructions are inverse. Over a finite field, the
polynomial tuple is part of the data: its values on k-points alone need
not determine it. O

The same holds for maps between algebraic sets, once polynomials
are replaced by elements of the coordinate rings.

Theorem 2.24. Let V C A™(k) and W C A™(k) be algebraic sets.

(1) A polynomial map f:V — W induces a k-algebra homomor-
phism f*: k[W]| — k[V], given by f*(g) = go f.

(2) Any k-algebra homomorphism ®: k[W] — k[V] is of the form
b = f* for a uniquely determined polynomial map f:V — W.

PROOF. (1) The function g o f is polynomial, and f* respects sums,
products and constants because these are computed pointwise.

(2) Write g; € k[W] for the class of y;, and choose polynomials
F, € klxy,...,x,] representing ®(y;) € k[V]. By Lemma 2.23 the
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F; define a polynomial map F': A"(k) — A™(k) whose substitution
homomorphism F* lifts ®:

Elyi, .., Ym) £, klxy, ..., z,)
kW] ————— K[V]

We check that F(V) C W. Since W = V(I(W)) (Proposition 2.10(2)),
it suffices that g(F(v)) =0 for g € (W) and v € V. But g(F(v)) =
(F*g)(v), and by the commutative square the class of F*g in k[V]
is ®(g) = 0; so F*g € I(V) vanishes at v. Hence F restricts to a
polynomial map f: V — W, and f* = ® since both agree on the
generators y; of k[IV].

As for uniqueness: the lift F' involved choices, but the resulting map
f: V. — W does not depend on them. The coordinates of f(v) are the
values ®(7;)(v), which are determined by ® alone; so any polynomial
map ¢g: V — W with g* = ® has these same coordinate functions,
hence equals f. O

Lemma 2.25.
(1) FU L5V 25 W, then (go f)* = f* o g*.
(2) f: V= W is an isomorphism if and only if f*: k[W] — k[V]

18 an isomorphism.

Part (1) is the identity ho (go f) = (hog)o f, and (2) follows from
(1) and Theorem 2.24; the details are asked for in Exercise 2.24. For
the cusp above, f*: k[W] — k[X] has image k[X?, X3], which misses
X this is the algebraic reason why the bijection is not an isomorphism.

2.3. Irreducible components
FEvery algebraic set is built from irreducible pieces

For R = k[z1,...,z,) we have now two operations V(—) and I(—),

{ideals of R} é {subsets of A"(k)}
I

which for algebraically closed k induce bijections

{radical ideals of R} <= {algebraic subsets of A™(k)}
U U
{maximal ideals of R} <= {points of A™(k)}

Between radical ideals and maximal ideals lie prime ideals. Recall that
a proper ideal [ is prime if ab € I implies that a € [ or b € I. We
discuss what this concept corresponds to on the side of algebraic sets.

Definition 2.26. A nonempty algebraic set X is irreducible if whenever
X = X1 U X2 with Xl, X2 algebraic, then X = X1 or X = XQ.
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Two irreducible components Irreducible, with a cusp
Yy Yy
T T
xy=0 y2 =23

F1GURE 2. Reducible vs. irreducible algebraic sets in
A% Left: V(zxy) = V(z) U V(y) is the union of the
two coordinate axes; I = (xy), which is not prime, and
VI = (x) N (y) records the two components. Right: the
cuspidal cubic V (y* — x?) is irreducible; its ideal (y* — x?)
is prime. A singular point (the cusp at the origin) does
not prevent irreducibility.

Proposition 2.27. An algebraic set X is irreducible if and only if its
ideal I(X) is prime.

PROOF.

(<) Suppose I(X) is prime. Then X # (), since I({)) is the whole ring.
Suppose X = X; U X, is a non-trivial decomposition. As X; # X there
are by Proposition 2.10(2) functions f; € I(X;) \ [(X), i = 1,2. As
fifa € I(X), the ideal I(X) is not prime.

(=) Suppose X is irreducible. Since X is nonempty, /(X) is proper.
If fifo € I(X) but f; ¢ I(X), then X; = V(fi, (X)) is algebraic with
X; G X. At every point z € X, the equality fi(x)fs(z) = 0 implies
that © € Xy or x € X,5. Thus X = X; U X, with both X, proper,
contradicting irreducibility. U

For example, A" is irreducible, since I(A™) = (0) by the identity
principle; the twisted cubic is irreducible, since I(C') is prime (Exam-
ple 2.19); and so is the quadric cone Q = V (zy — 2?), because z? — zy
is irreducible (zy is not a square in k[x,y]), so (zy — 2?) is prime and
equals 7(Q).

Irreducibility of A" says that two nonempty open subsets Uy, Us
always meet: otherwise A" = (A" \ U;) U (A" \ U;) would be a union
of two proper closed subsets. So every nonempty open subset of A" is
dense. A pleasant application — from the point of view of polynomial
equations, a general square matrix behaves like a diagonalizable one —
is developed step by step in Exercise 2.33 at the end of the chapter.
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In terms of the coordinate ring, X is irreducible exactly when k[X]
is an integral domain. We then also call X integral, and call the fraction
field k(X) = Frac k[X] its function field. For algebraic sets the words
“irreducible” and “integral” mean the same thing, because k[X] never
has nilpotents. They come apart for the affine k-varieties of Section 2.5,
whose coordinate algebras may have nilpotents; there integral means
reduced and irreducible, and it is the hypothesis we require whenever a
function field or a domain is needed.

Remark 2.28. We can formulate the concept of irreducibility for any
topological space: X is reducible if X = X; U X, with X7, X5 proper
closed subsets of X. For other topologies than the Zariski topology this
concept is not interesting: a Hausdorff space is always reducible unless
it consists of at most one point.

Definition 2.29. A topological space X is Noetherian if it satisfies the
descending chain condition: every descending chain X D X7 D Xy D ...
of closed subsets is eventually stationary.

If X is Noetherian, it is not difficult to show that any subspace,
with its subspace topology, is also Noetherian. A descending chain
of algebraic sets gives, via I(—), an ascending chain of ideals in the
Noetherian ring k[zy,...,x,], which is eventually stationary; since
X; = V(I(X;)), so is the chain of sets. Hence every algebraic set is a
Noetherian topological space.

Proposition—Definition 2.30. Every Noetherian topological space has
a decomposition

X=XjU---UX,

with the X; irreducible, and satisfying X; ¢ X; for all i # j. The X,
are called the irreducible components of X. The decomposition into
irreducible components is unique (up to permutation).

PROOF. Suppose X does not admit such a decomposition. In partic-
ular X is reducible, say X = X; U X| with both proper and closed, and
at least one of X, X| —say X, — again fails to admit a decomposition
into finitely many irreducible components. Then X; = Xy U X} where,
say, Xo admits no decomposition. Continuing this way we find an
infinite strictly descending chain

X2Xi2X:2 ...

of closed subsets, contradicting the fact that X is Noetherian.
The condition X; ¢ X; can be satisfied by omitting superfluous terms.
Uniqueness is left as Exercise 2.28. O

Remark 2.31. Every algebraic set in this chapter comes as a closed
subset of some affine space. Natural objects such as the complement
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A\ {0} are not of this form as they first appear; Chapter 5 treats such
quasi-affine sets once regular functions on open sets are available.

2.4. Dimension
From chains of subsets to Noether normalization

A point lies on a line, and a line lies in the plane. This gives a chain
of two strict inclusions. On an irreducible curve, we expect only one: a
point inside the curve. Can the length of such chains recover what we
mean by dimension, even at a cusp where smooth local coordinates fail?

This section answers the question in one continuous arc. We define
dimension by chains of irreducible closed subsets, and use the dictionary
to turn these into chains of prime ideals in the coordinate ring. Chains
are hard to count directly, so we then compare an algebraic set with
an affine space by a finite map; Noether normalization (Theorem 2.45)
says such a map always exists, and the algebra of integral extensions
shows that it preserves dimension. The outcome is that dim V' is the
number d of a Noether normalization, equal to the transcendence degree
of the function field; the section ends with Krull’s Hauptidealsatz
(Proposition 2.54), which says how dimension drops when we impose
one more equation.

2.4.1. Krull dimension. The right chains use irreducible closed
subsets. Under the algebra—geometry dictionary these correspond to
prime ideals, so the definition below is the geometric version of the
Krull dimension of a ring.

Definition 2.32. Let X be a topological space. If X = (), then its
dimension is —1. Otherwise, the Krull dimension dim X of X is the
supremum of the lengths n of chains

of non-empty closed irreducible subsets X; of X. (Closedness matters:
allowing arbitrary irreducible subsets would let chains like {P} &
C\{Q} & C inflate the dimension of a curve.)

If Y € X is a non-empty closed irreducible subspace, then the
codimension codimyx Y of Y in X is the supremum of lengths of chains
starting with Xq =Y. The codimension of the empty set is co.

Lemma 2.33.

(1) If {Xx}rea is the family of irreducible components of X, then
dim X = sup,, dim X,.

(2) If Y C X is nonempty, closed and irreducible, then dimY +
codimy Y < dim X.

(3) If Y C X is closed and X is irreducible with dim X < oo, then
dimY < dim X if and only if Y # X.
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FIGURE 3. A chain of irreducible closed subsets witness-
ing dim A2 > 2: a point X; on a curve X, in the plane
Xs. That no longer chain exists — so that the dimension
is exactly 2 — is the substance of the dimension theory
developed in this section and Appendix C.

The proofs are short chain manipulations, written out in Appendix C
(Lemma C.2).

Remark 2.34. Before working out how to compute dim X in general,
it is worth checking the definition against the one class of examples we
already understand well: the plane curves of Chapter 1. A plane curve
C =V(f) C A% for f irreducible, is itself the only nonempty irreducible
closed subset properly containing any of its points, so the longest chain
Xo & X7 has Xog = {P} and X; = C, giving dim C = 1 — agreeing with
the informal sense in which a curve is a “one-dimensional” object. The
points of C' are exactly its codimension-1 irreducible closed subsets,
consistent with part (2) of Lemma 2.33 (dim{ P} +codimco{P} = 0+1 =
1 =dimC).

Already for A? it is not clear from the definition that the dimension
is 2, or even finite: one has to rule out long chains of complicated curves.
We therefore translate the problem into ring theory. By Section 2.3
and the dictionary on V (Section 2.2), irreducible closed subsets of
an algebraic set V' correspond to prime ideals of k[V], with inclusions
reversed, so chains of irreducible closed subsets become chains of prime
ideals. Let R be a ring, as always commutative with unit.

Definition 2.35. The Krull dimension dim R of a ring R is the supre-
mum of the lengths n of chains

Po &P &G hn

of prime ideals of R.

The height ht(p) of a prime ideal p of R is the supremum of lengths
of chains ending with p,, = p.

If I is an ideal, then dim [ is the dimension of the ring R/I.

By the correspondence just described, for an algebraic set V' C
A"(k) the geometric dimension agrees with the Krull dimension of its
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coordinate ring:
dimV = dim k[V].

Under this translation, the codimension of an irreducible closed subset
W of V is the height of its prime ideal in k[V].

Example 2.36. dimk[X,..., X,] > n.

Consider the chain (0) C (z1) C (z1,22) C --- C (21, ...,2,) of prime
ideals; geometrically, the chain of linear subspaces A" D V(x1) D -+ D
{0}.

Example 2.37. dimZ = 1: the prime ideals of Z are (0) and the (p)
for prime numbers p, and the longest chains are (0) C (p).

Showing that dim k[z1, ..., x,] is exactly n, rather than merely at
least n, requires genuine commutative algebra. It is Corollary 2.48
below, and the tool is finiteness.

2.4.2. Finite maps. A projection onto affine space gives a useful
test for dimension when its coordinate-ring extension is finite. The next
two examples show why having finitely many points in each fibre is not
enough.

Definition 2.38. A polynomial map f: V — W of algebraic sets with
dense image is finite if f* : k[W] — k[V] is an integral (and hence finite)
ring extension.

Note that f has dense image if and only if f* is injective. Then we
can consider k[W1] as subring of k[V].

Example 2.39. Let V = V(Y?—X) C A2and W = A!'. The projection
f:V =W, (X,Y)— Xisfinite. Indeed, f*: k[X] = k[X,Y]/(Y?-X)
is injective and k[X,Y]/(Y? — X), which is as k[X]-module generated
by 1 and the class of Y, is as ring generated by the one element Y,
which satisfies the monic equation Y? — X = 0.

Example 2.40. The algebraic set V(Y?X — Y) is the union of a
hyperbola and the X-axis. Projection on the X-axis is a surjective
polynomial map with finite fibres. But it is not a finite map: the class
of Y satisfies no monic equation over k[X], reflecting the fact that one
branch of the hyperbola runs away to infinity over X = 0.

The contrast between the two examples is Figure 4.
The geometric power of finiteness is the following consequence of
the going-up theorem (Theorem C.22 in Appendix C).

Corollary 2.41. Let f: V — W be a finite polynomial map of algebraic
sets. The image of every algebraic subset of V' is an algebraic subset of
W. That is, f is a closed map.

Let W1 D Wy D -+ D W, be a chain of irreducible closed subsets of
W, and Vi D --- DV, (m < n) a chain of irreducible closed subsets of
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Y Y
X X
V(Y2 — X): finite, 2: 1 V(Y2X —Y): not finite

FIGURE 4. Finite versus not finite. Left: the parabola
projects onto the X-axis with all fibres of the same size,
counted properly; Y is monic over k[X]. Right: the union
of the hyperbola and the X-axis also projects with finite
fibres, but one branch runs away to infinity over X = 0,
and Y satisfies no monic equation. Noether normalization
says a linear change of coordinates always repairs this.

V', such that f(V;) = W; for i < m. Then the chain Vy O -+ D'V, can
be extended to a chain Vi D --- DV, over Wy D --- D W,,.

PRrROOF. We first prove the closedness statement, for an arbitrary
(not necessarily irreducible) algebraic subset Y C V. Write Y =
Y1U---UY, as its finitely many irreducible components (Noetherianity);
it suffices to show f(Y;) is algebraic for each i, since then f(Y) =
f(Y1)U---U f(Y;) is a finite union of algebraic sets, hence algebraic.

So assume Y = V/(q) is irreducible, ¢ C k[V] prime. Let p = qNk[W]
and Wy = V(p), an irreducible closed subset of W with f(Y) C Wy; we
show f(Y) = Wy. Let Q € Wy be a point, i.e. p C mg for a maximal
ideal mg C Ek[W]. Since k[V]/q is finite over k[W]/p (as f is finite),
going-up (Theorem C.22) gives a prime n C k[V]/q lying over mg/p; the
domain (k[V]/q)/n is finite over the field k[W]/mg = k, so it is a field
and a finite extension of k. It therefore equals &k (as k is algebraically
closed), so n is maximal, defining a point P € Y with f(P) = Q). Hence
f(Y) = W, is algebraic, proving the first statement in general.

For the second statement, let I(W;) C --- C I(W,,) be the chain
of prime ideals in k[W]. The given primes q;, = I(V;) C k[V], i < m,
contract to I(W;), because f(V;) = W,. Going up extends these primes
to a chain q; C -+ C q, lying over the whole chain in k[W]. Set
Vi = V(q;) for i > m. The closedness argument above gives f(V;) =
V(q; N k[W]) = W,, as required. O

2.4.3. Noether normalization.

Definition 2.42. A Noether normalization of an affine algebra A =
k[X1,...,X,]/J is a finite ring extension k[Y7,...,Yy] C A such that
the Y; € A are algebraically independent over k (meaning that the
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natural map from the polynomial ring &[T}, ..., Ty] to k[Y1,..., Y] is
an isomorphism).

Remark 2.43. Noether normalization should not be confused with the
normalization of a ring — the integral closure construction of Section 2.7;
the clash of names is historical.

Example 2.44 (Noether normalization of the cusp). Let C'= V(y* —
x3) C A?, the cuspidal cubic from Chapter 1. Its coordinate ring is

KIC] = Kl y]/(y* — o).
The inclusion
klz] C k[C]
is finite: as a k[x]-module, the ring k[C] is generated by 1 and y, because

every higher power of y can be reduced using y? = 2. The element z
is algebraically independent over k, so this is a Noether normalization

K[Y] C K[C]

with Y = x.
Geometrically, this is the projection

C — Al (x,y) — x.

If char(k) # 2, most fibres consist of two points, while the fibre over 0 is
the cusp counted with multiplicity. Over any algebraically closed field,
the coordinate-ring computation above is the finiteness statement. The
point of Noether normalization is that even when an algebraic set is
not itself affine space, it is still finite over an affine space of the correct
dimension.

Theorem 2.45 (Noether normalization, geometric form). FEvery
nonzero affine algebra A over an infinite field admits a Noether normal-
ization k[Y1,...,Yy] C A. Geometrically: every nonempty algebraic set
V' over our algebraically closed ground field admits a finite surjective
polynomial map

V — AY,

PROOF. The algebraic statement is proved in Appendix C (Theo-
rem C.31, in a refined version adapted to chains of prime ideals). For
surjectivity of the resulting map V — A% its image is dense, since f*
is injective, and closed, by Corollary 2.41; hence it is all of A?. U

A nonempty algebraic set is thus a finite “branched cover” of an
affine space, and the number d deserves to be the dimension. Figure 5
shows the branching for a smooth cubic curve.

Noether normalization also introduces the field-theoretic measure of
dimension that will recur for function fields.

Definition 2.46. Elements uy,...,u, of a field extension L/k are
algebraically independent over k if no nonzero polynomial in k[T, ..., T,]
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no real points

(SIE
—
. - S

FIGURE 5. Noether normalization for the curve C': y? =
x3 — x, via the projection 7: (z,y) — z. The real points
lie over [—1,0] U [1,00). Green fibres (at z = —3 and
T = g) have 2 real points; red points (at x = 0,41) are
fibres with exactly 1 point, where the two sheets collide:
these are the branch points of the cover. Over x < —1

and 0 < x < 1 (shaded; e.g. the grey fibre at » = %

27
where 23 — 2 = —%) there are no real points, though
over an algebraically closed k every fibre is nonempty.
Algebraically, k[C] = k[z,y]/(y* — 2® + z) is finite over
k[z] = k[A'] with integral generator y (satisfying y* =

r3 — x), making 7 a finite surjection of degree 2.

vanishes at (ug,...,u,). A maximal algebraically independent set is a
transcendence basis; its cardinality is the transcendence degree, written
trdeg;, L.

For a finitely generated field extension, every transcendence basis
is finite and all have the same cardinality. In a Noether normaliza-
tion k[Y1,...,Y;] C A of a domain, the elements Y; are algebraically
independent and

Frac(A)/k(Y1,...,Yy)
is finite, hence algebraic. Therefore trdeg, Frac(A) = d. The next
theorem says that this field-theoretic number also equals the length-
theoretic Krull dimension.

2.4.4. The dimension theorems.

Theorem 2.47. Let k[Y1,...,Yy C A be a Noether normalization of
an affine algebra A. Then dim A = d.

PROOF. We have already seen that dim A = dim k[Y;,...,Y,] > d
(Corollary C.23 and Example C.4 of Appendix C). Let pg & -+ & p,
be a chain of prime ideals in k[Y7, ..., Yy]. We have to show that r < d.
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The case r = 0 is immediate, so assume r > 0. By Theorem C.31 there
exists a Noether normalization k[T}, ..., Ty] C k[Y1,...,Yy] with

DTy T = (Th... Thy)  (L<i<r).

(There are exactly d of the T}: k(Y7,...,Yy) is finite over the fraction
field of the normalization ring, so both have transcendence degree d.)
Contraction along the integral extension k[T1,...,Ty| C k[Y3,...,Yq]
preserves strict inclusions of primes (incomparability, part (2) of Theo-
rem C.18), so

po NE[T] C pi NE[T] S -+ C pr NE[TT],
whence 1 < h(1) < h(2) <--- < h(r). Then r < h(r) < d. O

Corollary 2.48. dim A" = n; more generally, dimV = d for any
algebraic set admitting a finite surjection onto A,

Example 2.49 (Dimensions of the recurring examples). The quadric
cone Q = V(xy — 2%) C A3. In k[Q] = K[z, v, z]/(xy — 2?) the elements
x,y are algebraically independent: a non-zero multiple g-(zy—2?) always
involves z, so no non-zero polynomial in xz,y alone lies in (ry — 2?).
The ring k[Q)] is generated as a k[z,y]-module by 1 and z, because
2? = zy. Thus k[z,y] C k[Q] is a Noether normalization and dim @ = 2.
Geometrically, the projection (x,y,z) — (z,y) is a finite surjection
Q — A% if chark # 2 it is 2 : 1 over the points with zy # 0 (z = £,/zy),
and 1 : 1 over the two axes ry = 0, where the two sheets z = +,/xy
meet.

The twisted cubic C = V(y — 22,z — x®). Here k[C] = k[z] (Ex-
ample 2.19), so the projection to the x-axis is itself a Noether normal-
ization, indeed an isomorphism, and dim C' = 1. Noether normaliza-
tions are far from unique: the projection to the z-axis corresponds to
k[z] = k[x3] C k[z], finite since z satisfies the monic equation 7% —z = 0;
it is a finite map of degree 3, and gives the same d = 1.

Definition 2.50. A chain py & p1 & - -+ & p,, of prime ideals in a ring
R is mazimal if it cannot be extended to a longer chain by inserting a
prime ideal.

Theorem 2.51. Let A be an affine algebra, which is an integral domain.
Then all maximal chains of prime ideals have the same length d = dim A.

The proof, which combines the refined Noether normalization with
the going-down theorem, is in Appendix C (at the end of the section
on Noether normalization). Geometrically the theorem says that an
integral algebraic set has no “short dead ends”: every strictly increasing
chain of irreducible closed subsets can be filled out to pass through
every dimension. Two consequences deserve display.
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Corollary 2.52. Let p be a prime ideal in an affine algebra A, which
15 an integral domain. Then

dim A = ht(p) + dim(A/p) = dim A, + dim(A/p).

PROOF. Start from a chain ending with p of length ht(p) and extend
it to a maximal chain. The maximal chain has length dim A and the
part starting from p gives a maximal chain in A/p. O

In geometric language: for an irreducible closed subset W of an
irreducible algebraic set V,

dimV = codimy W +dim W .

For instance, the line L = V(z,z) lies on the quadric cone @, and
codimg L =dim@ —dimL =2—-1=1.

Remark 2.53. If V is an integral algebraic set with Noether normal-
ization k[Y1,...,Ys C k[V], then dimV = d is also the trdeg, k(V).
This is the classical definition of the dimension of affine and projective
varieties.

2.4.5. Krull’s Hauptidealsatz. Finally, we record how dimension
behaves under passing to a hypersurface section. This is the geometric
form of Krull’s Hauptidealsatz; its proof, a beautiful argument with
norms of field extensions, is in Appendix C.

Proposition 2.54 (Geometric Hauptidealsatz). Let V' be an integral
affine algebraic set of dimension d, and let f € k[V], f # 0. Then all
irreducible components of V(f) have dimension d — 1.

Corollary 2.55. Let V' be an integral affine algebraic set.  Let
fi,-ooy fm € K[V], with non empty zero set W = V(fi,..., fm) C V.
Then dim Z > dim V' — m for every irreducible component Z of W.

ProOF. Induction on m, applying Proposition 2.54 at each step to
an irreducible component of V'(fi,..., f;) containing Z (an irreducible
algebraic set, hence integral; if the next equation vanishes on that
component, the component does not change): each new equation lowers
the dimension of every irreducible component by at most one. U

Note the asymmetry: one equation cuts dimension by ezactly one,
but m equations cut it by at most m — the equations may be redundant.
Both phenomena are visible in our two recurring examples.

Example 2.56 (Plane sections of the quadric cone). The cone @ =
V(zy — 2?) is integral of dimension 2. Cutting it with the plane z = 0
gives

QNV(z) =V(ry 2) =V(z,2) UV(y,2),
the two lines on @) through the vertex lying in the plane z = 0: two
components, each of dimension 1 = 2 — 1. Cutting with the plane z =0
gives Q NV (z) = V(x, z?), which as a set is the single line L = V (z, 2),
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again of dimension 1. Here the ideal (z) C k[Q] is not radical: z ¢ (z)
but 22 = zy € (x). The plane z = 0 is tangent to @ along all of L, and
the square records this tangency. The proposition is a statement about
the components of the zero set, and it is indifferent to such multiplicities
(its proof in Appendix C works with \/m ).

Example 2.57 (The twisted cubic as a surface section). The surface
S =V(y —2*) C A? is isomorphic to A% by the projection (z,y, z)
(x,2), with inverse (z,2) — (z,2?%, 2), so it is integral of dimension 2.
Restrict f = 2z — y? to S: since y = 22 on 9, it becomes rz — 2* =
z(z — 23). Hence

SNV(zz—y?) =V(y—2* 2) UV (y —2°, 2 — 2%),

the z-axis together with the twisted cubic C': two components, each
of dimension 1 = 2 — 1, exactly as Proposition 2.54 predicts. Viewed
in A%, the two equations y — 22 and xzz — y? cut out a set whose
components have dimension 1 > 3 — 2 (Corollary 2.55), but they do
not cut out C' alone. Adding the third equation z — zy removes the
z-axis (on it, z — zy = z vanishes only at the origin, which lies on C'), so
C=V(y—2% rz—y? z—xy). With three equations the corollary only
promises dim C' > 0; the true dimension is 1, because the equations are
redundant: since z — 2y = z — 2% modulo y — 22, already y — 2% and
z — xy generate I(C) = (y — 2%,z — 2%) (Example 2.19), and zz — y?
adds nothing.

The projective versions of these statements are given in Chapter 4,
and the companion result on the dimensions of fibres of a morphism in
Chapter 5.

2.5. Affine k-varieties

Keeping the whole coordinate algebra

The classical dictionary developed so far is deliberately set-theoretic.
It identifies an algebraic set with the radical ideal of all polynomials
vanishing on it. When k is algebraically closed, it consists of the

following bijections, for R = k[z1, ..., x,]:
{radical ideals of R} JELN {algebraic subsets of A"(k)}
U U
{prime ideals of R} RN {irreducible algebraic subsets of A"(k)}
U U

{maximal ideals of R} <+

{points of A"(k)}

This is a powerful and beautiful correspondence, but it forgets
nilpotent information. In many geometric situations we do not want
to forget it. A tangent intersection, a double root, or an embedded
component may have the same underlying point set as something simpler,
while still carrying different algebraic information. We met one instance
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in Example 2.56: the tangent plane x = 0 meets the cone () in the ideal
(z,2?), not (z, z). This is the basic reason for allowing arbitrary ideals,
not only radical ideals.

Example 2.58. Consider the projection of the parabola V(X — Y?) C
A? onto the X-axis.

Y
Ve l

NG

Over the real numbers, there exist two points above each X > 0, one
point above X = 0, and no points above X < 0. In the complex
case, for each ¢ # 0, there are two points over X = ¢, given by (¢, +y)
where y is a root of the equation y?> = c¢. To maintain the principle
that a quadratic equation always has two roots, we count them with
multiplicities, meaning that y*> = 0 has a double root. Geometrically,
we describe this as having a “double point” over the origin, which is
defined by the ideal (Y2) in the Y-axis, or equivalently (X,Y?) in the
plane.

This example suggests the need for a refined notion of space that
records not only the set of solutions but also their multiplicities. The
coordinate ring of an algebraic set only captures information about the
radical of an ideal. If we want to remember the double point above the
origin, we should keep the quotient by (X, Y?) rather than replace it by
the quotient by (X,Y’). The simplest way to do so is to let the algebra
itself be the geometric object.

Definition 2.59. Let k be any field. An affine k-variety X is a
finitely generated k-algebra A, regarded as a geometric object. We
write k[X] = A and call it the coordinate algebra of X. Nothing else
is part of the data: two affine k-varieties are isomorphic exactly when
their coordinate algebras are isomorphic, and maps between them are
defined through their algebras (Definition 2.63 below). A presentation

A=Fk[xy, ... x,)/1

realizes X as an affine k-variety in A™.

The variety is reduced if A is reduced, irreducible if A/+/(0) is a
domain, and integral if A is a domain. Thus an integral variety is both
reduced and irreducible.
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For A = k[xz1,...,2,]/I and an algebraic closure k of k, the geomet-
ric point set of X is

X(k)=Vi(I) C A"(k).
This set is unchanged when I is replaced by \/Ik[z1, ..., x,).

Thus the geometric point set is a visible shadow of the variety. It
remembers neither nilpotents nor the field over which the equations
were originally defined. The double point (X,Y?) and the ordinary
point (X, Y") have the same geometric point set, but different coordinate
algebras; likewise, two conjugate complex points may descend to one
closed point over R. In this book, therefore, the word variety implies
neither reducedness nor irreducibility; when these are needed, we say
SO.

Proposition 2.60. Fvery finitely generated k-algebra A can be written
as

A~ klry, ... x,]/1

for some ideal I. Hence every finitely generated k-algebra defines an
affine k-variety. The variety is reduced if and only if I is radical.
When k is algebraically closed, the reduced variety is recovered from the
classical algebraic set V(I) and its coordinate ring. In the non-reduced

case the same point set V(v/I) carries the additional structure retained
by A.

PRrooOF. Choose algebra generators aq, ..., a, of A over k. The map
klxy,...,z,] = A sending z; to a; is surjective, and its kernel is some
ideal I. Thus A ~ k[xy,...,x,]/1.

The quotient is reduced exactly when it has no non-zero nilpotent
elements. For a quotient of a ring, this is equivalent to the kernel I being
radical. If k is algebraically closed, the Nullstellensatz (Theorem 2.14)
then gives I = I(V(I)), so the quotient is the classical coordinate ring
of V(I). If I is not radical, its geometric point set only sees the radical
after base change, while the variety retains the extra information carried
by I. 0

2.5.1. Algebraic sets as varieties. Let k be algebraically closed.
Every algebraic set V' C A"(k) has a canonical reduced affine k-variety
attached to it, with coordinate algebra k[V] = k[z1,...,x,]/1(V), and
by the proposition every reduced affine k-variety arises this way. We
therefore identify an algebraic set with its reduced variety when no
multiplicity is present. If a non-radical ideal has been specified, however,
the variety retains it and is not replaced by its point set; its underlying
reduced variety is written X,.q, with coordinate algebra k[X]/+/(0).
Under this identification, integral affine k-varieties are exactly the
irreducible algebraic sets of Section 2.3, so the dimension theory of
Section 2.4 — in particular Proposition 2.54 and Corollary 2.55 — applies
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to integral affine k-varieties as stated. For an arbitrary affine k-variety
X the Krull dimension dim k[X] is that of its reduced variety, because
every prime ideal contains the nilpotents; nilpotents are invisible to
dimension.

Definition 2.61. A fat point is the affine k-variety defined by an ideal

I C k[zy,...,z,) whose radical is a maximal ideal mp defining a single
point P,q. Its coordinate ring is
]{?[.Tl, Ce ,.Q?n]/l

If this quotient is finite-dimensional over k, we call
dimy k[z1, ..., z,)/1
the multiplicity or length of the fat point.

Example 2.62. Consider the fat point determined by the ideal (X, Y?)
in k[X,Y]. Then P,q = (0,0), and the multiplicity is 2: the quotient
has k-basis 1, Y. This is the double point over the origin in the parabola
example, and Y is the nilpotent that remembers the double root.

Definition 2.63. A morphism f: X — Y of affine k-varieties is, by
definition and contravariantly, a k-algebra homomorphism

£ kY] — k[X).

After choosing affine presentations, this is represented by polynomial
formulas. If the varieties are reduced, the induced map on geomet-

ric points is exactly the polynomial map of the classical dictionary
(Theorem 2.24).

From this affine perspective, allowing varieties with multiplicity
means allowing all finitely generated k-algebras as coordinate algebras,
not only reduced ones. This is the point at which coordinate-ring
constructions become geometric constructions: if a natural algebra is
finite type over k, it defines an affine k-variety. The first important
example is normalization (Section 2.7). Before it, we look at how the
ideal of a non-reduced variety records its extra structure.

2.6. Primary decomposition
How ideals remember multiplicity

Factoring zy separated the two axes; passing from (3?) to its radical
(y) lost the double structure. We now want to decompose an ideal
without losing such information. Primary decomposition does this:
the minimal associated primes locate the visible components, while
primary ideals retain multiplicities and embedded structure. We recall
the algebra and then examine what an embedded component adds to a
line.

Definition 2.64. A proper ideal I in a ring R is primary if ab € 1
implies that a € I or b™ € [ for some n.



58

Proposition—Definition 2.65. Let I be a primary ideal. The radical
VT of I is the smallest prime ideal containing I. Set p = /I. The ideal
I 1is called p-primary.

PRrROOF. If ab € /I, then (ab)™ € I for some m and therefore
a™ € I or b™ € I for some mn, that is, a € VI or b € VI, showing
that /T is prime. Let p O I be a prime ideal, and a € v/I. Then
a" € I C p for some n, so @ € p, as p is prime. Therefore VI Cp. O

Definition 2.66. Let R be a Noetherian ring. A proper ideal [ is
irreducible if I = I1 N Iy implies I = I or I = I>.

The definition mirrors that of Proposition-Definition 2.30. The same
proof then gives us the following:

Lemma 2.67. In a Noetherian ring every ideal is a finite intersection
of irreducible ideals.

Here the unit ideal is the intersection of the empty family; the same
convention applies to primary decompositions below.

Example 2.68. The ideal (X,Y?) C k[X,Y] is irreducible. The ideal
(X2, XY,Y?) is not irreducible, but it is primary. Its decomposition as
finite intersection of irreducible ideals is not unique.

One can show that in a Noetherian ring every irreducible ideal is
primary (cf. Theorem B.28). It follows that every ideal I has a primary

decomposition, that is, I = ﬂle I;, with I; primary.

Definition 2.69. A primary decomposition I = N I; is minimal if all
V/I; are distinct and I; 2 M, Ij for all .

Theorem 2.70. Let I = N1; be a minimal primary decomposition. Set
p; = VI;. The ideals p; are independent of the particular decomposition.

We omit the proof; the key idea is that the p; can be characterized
intrinsically, without reference to any decomposition, as the prime ideals
among the radicals /(I : r) for r € R.

Definition 2.71. The prime ideals p; of the theorem are associated
with 7. The minimal elements of the set {p1,...,px} are the isolated
prime ideals associated with I. The other ones are called embedded
prime ideals.

The isolated primes can equally well be defined without reference to
the primary decomposition. They are the minimal primes among the
primes containing I.

Example 2.72. Let [ = (X% XY) C k[X,Y]. A primary decompo-
sition is I = (X) N (X2, XY,Y?). The zero set V(I) is obviously the
Y-axis. This is the isolated component, whereas (X,Y") is an embedded
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component. The primary decomposition is not unique: we can also
write I = (X) N (X2,Y).

Geometrically, the embedded component at the origin is not idle
decoration (Figure 6): a function f € I not only vanishes on the Y-axis,
but vanishes to second order in the X-direction at the origin. The
radical VI = (X) forgets this; the primary decomposition remembers
where on the variety the ideal imposes extra infinitesimal conditions.

embedded point
)—> X

FIGURE 6. The affine k-variety defined by (X% XY):
the Y-axis with an embedded point at the origin. Away
from the origin, a function in the ideal only has to vanish
on the line. At the origin it must in addition vanish to
second order in the X-direction (the arrow): its restriction
to the X-axis is divisible by X?2. This is the condition
recorded by the embedded component (X?2,Y), or equally
by (X2, XY, Y?).

Let I be an ideal in k[z1, .. ., z,], with k algebraically closed. Then [
defines a k-variety X. The radical v/T defines its underlying algebraic set
Xied- The minimal primes p; correspond to the irreducible components
of X,eq, and the embedded primes to irreducible closed subsets of these:
subvarieties embedded in irreducible components.

The radical itself is described by the isolated primes alone. This
is sometimes called a formal Nullstellensatz: the geometric statement
I(V(J)) = v/J has the algebraic counterpart that v/.J is the intersection
of the primes containing J.

Theorem 2.73 (The radical as an intersection of primes). Let J C R
be any ideal in a Noetherian ring R. Then the radical of J can be
written as an intersection of prime ideals p containing J:

VI=(le= 1 »

JCp isolated primes p

PROOF. Suppose J =[] J; is a minimal primary decomposition of
J, where each J; is a primary ideal. It follows that the radical of J can
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be expressed as
ﬁ = ﬂ \/j’h

where /J; is the prime ideal associated with J;. Only the isolated
primes appear, which are minimal with respect to inclusion. U

Theorems 2.70 and 2.73 highlight the distinction between affine
k-varieties and affine algebraic sets: varieties retain the whole defining
ideal, including embedded components, whereas algebraic sets see only
the radical.

2.7. Normalization as a coordinate-ring construction
Repairing a variety inside its function field

Section 2.5 expanded the dictionary from radical ideals to arbitrary fi-
nite type k-algebras. This matters immediately. A purely ring-theoretic
operation on a coordinate ring — taking the integral closure — turns
out to produce a new geometric object. For curves, it is the algebraic
operation behind the familiar act of replacing a cusp or node by its
parameter line.

2.7.1. Integral closure and normalization. Let A be an integral
domain with fraction field K. An element o € K is integral over A if it
satisfies a monic polynomial equation

Q"+ a1 P4 ap =0, a; €A

The set of all elements of K that are integral over A is itself a ring,
called the integral closure of A in K, denoted A. A domain is normal
if A= A.

Now let V' be an integral affine variety and set A = k[V]. Then A
is a finitely generated k-algebra and a domain. The integral closure A
of A in its fraction field is again a finitely generated k-algebra; this is
a commutative-algebra theorem, recorded in Lemma C.29. Therefore
A defines an affine k-variety by Proposition 2.60. Since A is a domain,
this variety is integral.

Definition 2.74. The normalization of an integral affine variety V' is
the affine k-variety V whose coordinate ring is the integral closure of
k[V] in its fraction field. The natural inclusion

kE[V] < k[V]

corresponds to a morphism V= V', called the normalization map. It is

a finite morphism, meaning that k[V] is a finite k[V]-module.

Regular varieties are normal, but a singular variety need not be.
Thus normalization is a minimal algebraic repair: it repairs exactly the
failure of the coordinate ring, and of the corresponding local algebra, to
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be integrally closed. In dimension one this is especially concrete: nor-
malization separates branches and smooths the standard cusp examples
we met in Chapter 1.

2.7.2. Example: the cuspidal cubic. Consider the cuspidal
cubic C' =V (y* — 2®) C A% Tts coordinate ring is

k(O] = k[z, 9]/ (y* — 2°).
Inside the function field of C, set ¢t = y/x. This makes sense away from
x = 0, hence as a rational function. Then

2 3
2 Yy T 4 43
t_ﬁ_ﬁ_x’ y=tr=1t".
In particular t satisfies the monic equation
t?—2=0

with = € k[C], so t is integral over k[C].

Thus k[C] identifies with the subring k[t? 3] C k[t]. Since k[t] =
k[t t3][t] and ¢ is integral over k[t?, 3], the extension k[t 3] C k[t] is
integral. The ring k[t] is integrally closed and has the same fraction
field k(¢), so it is the integral closure of k[C].

The normalization map is therefore

C=A"50C,  te (1.
This is precisely the parametrization of the cusp discussed in Chapter 1.
As a map of sets it is a bijection A! — C, sending the smooth origin of
Al to the singular cusp of C. The point of the construction is that this

parametrization is not just a lucky formula: it is forced by enlarging
the coordinate ring from k[t?, t3] to its integral closure k[t].

Remark 2.75. The ring k[t?, 3] C k[t] is missing exactly the element
t of degree one. Geometrically, this means the function y/z is regular
on C'\ {0} but has no value at the origin in the original coordinate ring.
The normalization adds this function by replacing C' with A!, on which
t is simply the coordinate function.

Remark 2.76. For comparison, assume char(k) # 2. The nodal cubic
V(y* — 2%(x + 1)) has coordinate ring k[z,y]/(y* — 2?(x + 1)). Setting
t =y/z givest? = x+1,s0 x = t*—1 and y = ¢(t*—1); the normalization
map sends ¢ — (£ — 1,¢(t* — 1)). Unlike the cusp, the normalization of
the node is not injective: the two values t = +1 both map to the origin
(0,0), reflecting the fact that the node has two distinct branches.

Remark 2.77 (Normalization and blow-up). Normalization repairs the
curve intrinsically, by changing its coordinate ring until the branches
are separated. The blow-up of Chapter 5 repairs the ambient picture
instead: it replaces a point by the set of tangent directions through it.
For a node, the two branches then meet the new exceptional line in
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A (smooth)
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FIGURE 7. The normalization v: ¢t — (t*—1, t(t*—1)) of
the nodal cubic y? = 22(x + 1): enlarging the coordinate
ring k[t> — 1, t(t* —1)] to its integral closure k[t] separates
the two branches, pressing the two smooth points ¢t = +1
onto the node.

two different direction-points; for a cusp, the first blow-up records the
unique tangent direction and makes the singularity simpler.

2.8. Additional topics
Side roads for the curious

2.8.1. Fields of definition. Our default assumption that the
ground field is algebraically closed keeps the geometry visible. Some-
times, however, the equations have coefficients in a smaller field: a curve
drawn over R may even be defined by a polynomial in Q[x, y]. We then
distinguish the field of definition from the field in which we seek points.

Let k C K be a field extension, with K algebraically closed. For an
ideal J C k[z1,...,x,], define its set of geometric points by

Vie(J) = {P € A"(K) | f(P) =0 for all f € J},

I(X)={f €klxy,...,x,] | f(P)=0forall Pe X}.
If X = Vk(J) for equations with coefficients in k, we say that X is

defined over k. The Nullstellensatz (Theorem 2.14) over K, followed by
contraction to k[zy, ..., x,], gives

]k(VK(J>) = \/j

Indeed, one first obtains Ix (Vg (J)) = \/JK|[z1,...,z,]; contracting
this ideal recovers v/.J. For the last step, choose a k-basis of K containing
1: it is also a basis of K|xy,...,z,] as a free k[z1, ..., x,]-module, and
JK|xy,...,x,) consists of the combinations with coefficients in J, so
JK|xy,...,x,) N k[zy,...,2,] = J. Hence if f € k[xq,...,z,] has
f™ e JK|xy,...,x,), then f™ € J. Thus the familiar dictionary
survives, provided the notation records where the points live.
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If an affine k-variety has coordinate algebra A, then after passing
to an algebraic closure its coordinate algebra becomes

Ap = AR k.

Its k-points are the geometric solutions of the original equations. The
Nullstellensatz says that these points recover the radical of the defining
ideal, but not nilpotents. Thus pointwise equality detects regular
functions on a reduced variety, while the full coordinate algebra is
needed in general.

Over a non-algebraically closed field, closed points need not be given
by coordinates in that field. For example, (2% + 1) is a maximal ideal
of R[z|, with residue field C. It defines one closed point over R; after
extending scalars to C, it splits into the two geometric points z = ¢ and
x = —i. Beyond this distinction, questions of descent and arithmetic
geometry lie outside the scope of these notes.

2.8.2. The spectrum of a ring. For completeness, there is an
intrinsic space attached to any ring that gives every prime ideal a
geometric role.

Definition 2.78. The spectrum Spec(R) of a ring R is the set of all
prime ideals p of R, p # R. The maximal spectrum is the set of all
maximal ideals.

For an affine variety with coordinate algebra A, one may attach
Spec A. Its maximal ideals are the closed points; non-maximal prime
ideals supply generic points that remember irreducible subvarieties even
when no single geometric point can play that role.

Definition 2.79. The zero set of an ideal I C R is
V(I)={p € Spec(R) |pDI}.
The ideal of a subset X C Spec R is
I(X)=».
peX
At the point p, an element f € R has a value in the residue field

k(p) = Frac(R/p).

Different points may therefore have different residue fields. This is what
allows (22 +1) C R[z] to be one closed point with residue field C, while
its base change to C consists of two closed points.

Example 2.80. Let R = Z. Its closed points are the ideals (p) for
prime numbers p, and there is also the generic point (0). The element
5 € Z has value 1 in ((2)) = Fy, value 2 in x((3)) = F3, and value 0 at

(5).
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We will not develop the topology and structure sheaf of Spec R in
these notes. This glimpse only explains how prime ideals and residue
fields extend the coordinate-ring viewpoint beyond algebraically closed
fields. All later arguments use the concrete language of varieties and
their local functions.

The coordinate ring has answered the question left by the cusp:
k[t?,t3] and k[t] are different even though the parametrization is a
bijection of points. It has also distinguished a double point from an
ordinary point. We now return to plane curves with these distinctions in
hand, and address the other limitation of the affine picture: intersections
can disappear at infinity.

Exercises for Chapter 2

2.1. Noetherian rings. Is A a Noetherian ring if A[X] is Noetherian?

2.2. Noetherian examples. Which of the following rings are
Noetherian:
(1) The polynomial ring k[ X7, Xs,..., X,,,...] in infinitely many
variables X1, Xo,....
(2) The ring of all power series ag + a1z + agz? + ... with positive
radius of convergence, with all a; € C.

2.3. Quotients and localizations.

(1) Let A be a Noetherian ring and I an ideal. Show that the
quotient ring B = A/I is Noetherian.

(2) Let A be a Noetherian integral domain and K its field of
fractions; let 0 ¢ S C A be a subset and set

a a € A,
B—As—{EGK‘ b =1 or a product of elements of S }

Show that B is Noetherian.

2.4. Real zero sets and radicals. Find I(V(J)) for the following
ideals in R[X, Y] and discuss the geometric meaning in each case:

(1) J=(X—a,Y —0b),a,beR.

(2) J=(X2+Y?).

(3) J=(X*+Y?+1).

(4) J=(X?+Y?—-1,2X?+Y?-2).
(5) J = (X% XY).

(6) J = (X%, XY?)
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2.5. Unions of linear planes. Find an ideal I such that V(I)
consists of the union of the (X, Xs)-plane and the (X3, X4)-plane in
A*(k), for any field k. In the case k = R, find one polynomial with the
same two planes as the zero set.

2.6. Finite fields and algebraic sets. If k is a finite field, show that
every subset of A"(k) is algebraic, in fact a hypersurface (i.e., given by
one equation).

2.7. Countable unions. (x) Give an example of a countable collection
of algebraic sets whose union is not algebraic.

2.8. Lines meeting curves. Suppose C' is an affine plane curve, and
L is a line in A?(k), L not a component of C. Suppose that C' = V(f)
for f € k[X,Y] a polynomial of degree n. Show that L N C is a finite
set of no more than n points. (Hint: Suppose L = V(Y — (aX + b)),
and consider f(X,aX +b) € k[X].)

2.9. Algebraic sets in small dimension.

(1) Show that an algebraic set in A!(k) is finite or the whole of
Al(k).

(2) Let f,g € k[X,Y] be polynomials without common factors.
Show that V(f,g) is finite.

(3) Show that every algebraic set V' C A?(k) is a finite union of
points and curves.

2.10. Hypersurfaces over infinite fields.

(1) Let k be an infinite field and f € k[X, ..., X,,] a non-constant
polynomial. Show that V(f) # A™(k).

(2) Suppose now that k is algebraically closed. Let f as in the first
part, renumbered so that X,, occurs in f, have leading term
(X1, .00, Xpo1) X in X, with m > 1 and a,, # 0. Show
that over every point of the nonempty open set A"\ V(a,,),
the fibre of V(f) — A"! is a nonempty finite set. Conclude
that V'(f) is infinite for n > 2.

2.11. Zariski closure of a sphere. What is the closure of the subset
{(21,22) € C* | |21]* + |22* = 1} in the Zariski topology?

2.12. Vanishing ideals beyond the generators. Let J = (X? +
Y2—1,Y —1). Find an f € [(V(J))\ J.

2.13. Radicals in a concrete ideal. Let J = (X2 +Y?2 + Z%2 XY +
XZ +YZ), over an algebraically closed field of characteristic 0. Deter-
mine V(J) and v/.J.
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2.14. Products of algebraic sets. Let V' C A™(k), W C A™(k) be
algebraic sets. Show that

V><W:{(al,...,an,bl,...,bm)|(al,...,an)EV,(bl,...,bm)GW}

is an algebraic set in A" (k). It is called the product of V and W.
Give an example to show that the Zariski topology on V' x W is not
the product topology of the Zariski topologies on V' and W.

2.15. Vanishing ideals with nilpotents. Find the ideal I(V)
of the algebraic subset of A? defined by the equations X3 = Y3 =
XY (X +Y)=0. Does X +Y belong to J = (X3 Y3 XY(X +Y))?
Find the smallest n with (X +Y)" € J.

2.16. A monomial radical. Find the radical of the ideal in k[X,Y]
generated by the polynomials X2Y and XY?3.

2.17. Ideals of unions and intersections. Let X;, Xo C A" be
algebraic sets. Show that
(i) I(X71 U Xs) = I(Xy) NI(Xy),
(ii) 1(X; N X2) D V/I(X1) + I(X2), with equality if k is algebraically
closed.
Show by example that taking the radical in (ii) is in general necessary,
i.e. find algebraic sets X, X5 such that I(X; N Xy) # I(Xy) + I(Xs),
even if k is algebraically closed. Can you see geometrically what it
means if we have inequality here?

2.18. Continuous versus polynomial maps. Give an example of a
continuous map in the Zariski topology which is not a polynomial map.

2.19. The Frobenius map. Let K be an algebraically closed field of
characteristic p > 0. Consider the Frobenius map F': K" — K" given
by F(x1,...,x,) = («},...,2P). Show that F' is a polynomial map and
bijective, but not an isomorphism.

2.20. Graphs of regular functions. Let f € k[V], V a variety in
A"™(k). Define the graph of f, G(f), as

(ay,...,Gn,apy1) € A"
(a1,...,a,) €V, ani1 = flag, ... a,) [ "
Show that G(f) is an affine variety, and that the map

(a1, ...,an) — (a1, ... ,an, f(a,...,a,)) defines an isomorphism of V'
with G(f). (Projection gives the inverse.)

2.21. Elimination and projection. Let k£ be an algebraically closed
field. Let I be an ideal in k[X7,..., X, Y7, ..., Y,,]. The inclusion

K[X1, . X CRIXL . X Ve, Yl
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defines the projection map p: A"t — A" Let J =T Nk[Xy,..., X,].
Show that V'(J) is the Zariski closure of the image p(V(I)) of V(1)
under the projection p.

2.22. The hyperbola is not the affine line. Prove that the variety
defined by the equation XY — 1 = 0 is not isomorphic to the affine line
A(k).

2.23. Images and inverse images. Let f: A™ — A™ be a polynomial
map. Are the following statements true or false: (i) if V' C A" is an
algebraic set, then the image f(V') C A™ is an algebraic set.

(ii) if W C A™ is an algebraic set, then the inverse image f~'(1W) C A"
is an algebraic set.

2.24. Maps and coordinate rings. Let f: V' — W be a polynomial
map between affine varieties, and let f*: k[W] — k[V] be the corre-
sponding map of k-algebras. Which of the following statements are
true?

(i) If P € V and Q € W, then f(P) = Q if and only if (f*)"}(/(P)) =
1Q).

(i) f* is injective if and only if f is surjective.

(iii) f* is surjective if and only if f is injective.

(iv) f is an isomorphism if and only if f* is an isomorphism.

If a statement is false, is there maybe a weaker form of it which is true?

2.25. Closed embeddings. Prove that a polynomial map f: V — W
between affine varieties V' and W is an isomorphism of V with a
subvariety f(V') of W if and only if the induced map f*: k[W] — k[V]

between coordinate rings is surjective.

2.26. Coordinate axes and generators. Let J = (XY, XZ, Y7) C
k[X,Y,Z]. Find V(J) C A%(k). Is it irreducible? Prove that J cannot
be generated by two elements. Now let J' = (XY, (X —Y)Z). Find

V(J') and compute /.J".

2.27. Components under inclusion. Let V' and W be algebraic
sets in A"(k), with V' C W. Show that each irreducible component of
V' is contained in some irreducible component of W.

2.28. Uniqueness of irreducible components. If V=V, U---U
V, is the decomposition of an algebraic set into irreducible compo-
nents, show that V; ¢ U;;V;. Show uniqueness of the decomposition
(up to permutation).

2.29. Real reducibility. Show that f =Y?+ X?*(X —1)? € R[X,Y]
is an irreducible polynomial, but V(f) C A*(R) is reducible.
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2.30. Gauss lemma and polynomial UFDs. (x) a) Prove Gaufy’
Lemma: if A is a UFD and F, G € A[X] are polynomials with coeffi-
cients in A, then a prime element of A that is a common factor of the
coefficients of the product F'G is a common factor of the coefficients of
ForG@G.

b) Let A be a UFD. Prove that A[X] is a UFD. For this you need to
compare factorizations in A[X] with factorizations in Q(A)[X], where
Q(A) is the field of fractions of A, using Gaufy’ lemma to clear denomi-
nators.
c¢) A field K is a UFD. Prove by induction on n that K[X;, ..., X,] is
a UFD.

2.31. Components and prime ideals. Let X C A3 be the algebraic
set given by the equations X? — Xy X3 = X;X3 — X; = 0. Find the
irreducible components of X. What are their prime ideals? (Don’t let
the simplicity of this exercise fool you. It is in general very difficult to
compute the irreducible components of the zero locus of given equations,
or even to determine if it is irreducible or not.)

2.32. The Cayley—Hamilton theorem. Prove the Cayley-Hamilton
theorem: If k is any field, and A is a n x n-matrix with coefficients in k,
then the characteristic polynomial pa(\) = det( - Id,,«, —A) satisfies
pa(A) = 0. (There are two natural proofs. One uses the adjugate
identity (A — A)adj(A— A) = pa(A) Id and works over any commutative
ring. The other is geometric: check the diagonalizable case by hand
and extend by density. That route needs Exercise 2.33, “Semisimple
matrices are dense”, below, whose last part carries it out; try the first
route here.)

2.33. Semisimple matrices are dense. (x) A matrix A € M,y (k)

is semisimple if it is diagonalizable, i.e. of the form P~'DP with D
diagonal. This exercise shows that the semisimple matrices form a
Zariski dense subset of the affine space M,y (k) = A™: from the point
of view of polynomial equations, a general matrix is semisimple.

(1) Show that if the characteristic polynomial ps(A) = det(A — A)
has n distinct roots, then A is semisimple. (Eigenvectors for
distinct eigenvalues are independent.)

(2) Identifying a monic polynomial of degree n with the point
of A" given by its remaining coefficients, show that the map
p: Mysn — A", A+ py, is a polynomial map.

(3) Show that the set of monic polynomials with a repeated root is a
Zariski closed subset of A™: it is V(A) for the discriminant A =
Res(p,p’), a polynomial in the coefficients (for the resultant,
see Appendix B).

(4) Show that V(A) # A", and conclude: the set p~ (A" \ V(A))
is a nonempty Zariski open subset of M, «,,, contained in the
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semisimple matrices; since nonempty open subsets of A™ are
dense, the semisimple matrices are dense. (Which general
facts about polynomial maps and the Zariski topology are you
using?)

(5) (#x) The dense set of semisimple matrices is neither open nor
closed for n > 2. Show both failures: the zero matrix is
semisimple but every Zariski neighbourhood of it contains non-
semisimple matrices; and density itself shows the set cannot be
closed. Compare with the open dense set found in the previous
part — how do the two sets differ?

(6) Deduce the Cayley—Hamilton theorem for k algebraically closed.
Check p4(A) = 0 directly for diagonal A, then for all semisimple
A. Each entry of pa(A) is a polynomial in the entries of A
that vanishes on a dense set, hence everywhere, hence is the
zero polynomial by the identity principle (Proposition 2.16).
Finally, deduce the theorem over any field k£ by viewing A as a
matrix over an algebraic closure of k.

2.34. Finite maps in coordinates. Assume char(k) # 2,3. Let
C=V(Y?—-X3) C A? and let mx,my: C — A! be the two coordinate
projections.

(1) Show that both are finite, and find the degree of each (the rank
of k[C] as a module over k[X], respectively k[Y]).

(2) Compute the fibres of mx over x = a as k-varieties, for a # 0
and for a = 0; likewise the fibre of my over y = 0.

(3) Explain how the fibres over 0 remember more than the under-
lying set of points.

2.35. Noether normalization in examples. For each affine variety
below, find a finite inclusion of a polynomial ring of the correct dimension
into its coordinate ring:

V(XY?-Y), V(XY -1), V(XY — Z%) C A®.

(For the first two, k[X] is not finite: find a linear combination 7" of X
and Y that works.) For each example, describe the corresponding finite
map geometrically.

2.36. Fat points and length. For each ideal below, determine the un-
derlying reduced point set and compute the length of the corresponding
fat point:

(X,Y?), (X%, XY,Y?), (X?,Y?) C k[X,Y].

In each case write down a k-basis for the quotient ring. Which examples
have the same underlying set but different coordinate rings?
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2.37. Primary but not irreducible. Show that the primary ideal
(X2, XY,Y?) C k[X,Y] is not irreducible. Write it as finite intersection
of irreducible ideals.

2.38. Embedded components in primary decomposition. The

chapter works out the primary decomposition of (X?, XY) (Exam-
ple 2.72). Here is a similar ideal to decompose yourself: let I =
(X3, X?Y)=X?.(X,Y) C k[X,Y].

(1)

(2)

(3)

Show that I = (X?) N (X3Y), and that this is a primary
decomposition. Identify the isolated prime and the embedded
prime.

Show that also I = (X?) N (X? X?Y,Y?), again a primary
decomposition. So the embedded component is not unique,
although its prime is. (Hint: an ideal containing a power of a
maximal ideal m is m-primary.)

Describe I geometrically: what is the underlying reduced alge-
braic set, what multiplicity does the isolated component carry,
and what extra condition is recorded at the origin? Compare
with the chapter’s (X2, XY).

2.39. A plane and a line: dimension needs integrality. Let
I = (zz,yz) C klz,y, 2] and X = V(I) C A3

(1)

(2)

Show that I = (z) N (z,y). Conclude that X is the union of
the plane V(z) and the z-axis V(z,y), and find the dimen-
sion of each component and of X. Check the result against
Corollary 2.55.

Let f = x 4+ z — 1. Show that V(f) N X has exactly two
irreducible components, a line and a point. Why does this not
contradict Proposition 2.547

Let I’ = (z2,yz, 2%). Show that I’ = (2)N(z,y, 2%) is a primary
decomposition and that v/I' = (z). Is the affine k-variety with
coordinate algebra k[z,y, z]/I' reduced? Irreducible? Integral?
Describe it geometrically and compare it with (X2, XY) in the
chapter (Example 2.72).

2.40. Normalization of two higher cusps. The chapter normalizes
the cusp Y2 = X3 and the node (Section 2.7).

(1)

(2)
(3)

For C' =V (Y?— X?) put t = Y/X? in the function field. Show
t? = X, Y = t°, that k[C] = k[t*,t°] C k[t], and that k[t] is
the normalization of k[C].

Do the same for D = V(Y? — X*) with t = Y/X: show
k[D] = k[t3, t4].

In both cases the normalization map A! — C' is a bijection
but not an isomorphism. Compute dimy k[t]/k[C] by listing
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the missing monomials (for the cusp, only ¢ is missing). Which
of the three curves is “most singular” by this measure?

2.41. A quotient singularity. (x) Consider the action of Zy = {41}
on A?(C), given by e: (X,Y) — (=X, -Y). Let V = A%/Z, be the
quotient. Define C[V] as C[X,Y]?2, the algebra of Zy-invariant polyno-
mials: p(—X,—Y) = p(X,Y). Show that C[V] is a finitely generated
C-algebra, hence defines an affine C-variety V' (Proposition 2.60), and
that V' is integral. (Hint: in general one needs a theorem that invariant
rings of finite groups are finitely generated, but here you can do it
by hand. Show that the invariant polynomials are exactly those with
only even-degree terms, that they are generated by u = X2, v = XY,
w = Y? and that C[V] = C[u, v, w]/(uw — v?), the coordinate ring of
a quadric cone.)



CHAPTER 3

The geometry of plane curves and their

intersections
From points at infinity to the twenty-eight bitangents

Before the algebra, take the painter’s position. Fix an eye point £
and a flat picture plane Il — an upright transparent pane, if one wants
a physical model. A visible point P in the scene is drawn where the
sight-line £ P meets II. This is central projection: the whole picture is
made by intersecting rays through one fixed point with one fixed plane.

The construction preserves straight lines. If L does not pass through
E and its image is visible in the picture plane, F and L span a plane
whose intersection with II is a line. Parallelism behaves differently. Let
Ly, Lo, ... be parallel lines in a horizontal ground plane G, all with
direction d. If the ray through F in direction d meets II, then, as a
point runs farther and farther along any L;, its image approaches that
intersection point. This point V; depends on the direction, not on the
particular line; it is the vanishing point of that family. The one direction
parallel to the picture plane is the exception in the finite picture, and
will account for a point at infinity of the picture plane itself.

Now let the direction d vary inside the ground plane. Every ray
through E parallel to G lies in the plane G through F parallel to G.
Consequently all the finite points Vj lie on the single line

h=GgNIL

This is the horizon: not a decorative convention, but the visible part
of the image of all directions in the ground plane. After the picture
plane is projectively completed, the exceptional direction supplies the
one missing point of the same projective line. In this precise sense, the
painter turns the ground plane’s line at infinity into the horizon.

Brunelleschi’s perspective experiments in the early fifteenth century
and Alberti’s written construction in De pictura turned this geometry
into a practical method; Leonardo and later Renaissance painters refined
it into a language of space. Perugino’s tiled piazza in Figure 1 is
especially transparent. The pavement is not merely decoration: its long
edges are a geometric scaffold leading the eye to one vanishing point
beneath the central building.

The corresponding construction is shown without the painting in
Figure 2. First draw the horizon at the viewer’s eye level and choose
the vanishing point V' of the lines running straight into the scene. Draw

72
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FIGURE 1. Pietro Perugino, The Delivery of the Keys
(1481-82). Follow the long edges of the pavement away
from the foreground: they converge near the central door-
way, and the horizon passes through that vanishing point.
Public-domain reproduction via Wikimedia Commons.

every such line through V. The crosswise edges of the tiles remain
horizontal, but their spacing shrinks toward the horizon. One point and
one line therefore control the depth of the whole floor.

|_horizon h (eye level) _
/) NN
s /] NN\
yyye A\ O\
Z < <
v \ NN
P / y // \ \ .
/
Pz // /S N o«
— 7 < <
7 N ™

FIGURE 2. One-point perspective as a projective con-
struction. The blue orthogonals, parallel on the ground,
converge to their vanishing point V. The gray crosswise
edges are parallel to the picture plane and remain parallel
in the finite picture. The horizon h is the image of the
ground plane’s line at infinity.


https://commons.wikimedia.org/wiki/File:Perugino,_consegna_delle_chiavi_01.jpg
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Remark 3.1 (Two lines at infinity). There are two projective planes
in the construction: the ground plane and the picture plane. The line
at infinity of the ground plane is sent to the horizon h, which is usually
visible in the picture. The picture plane has its own line at infinity. A
ground direction parallel to the picture plane is sent to the point where
these two projective lines meet; that point lies at infinity in the picture.
This is why the crosswise tile edges in Figure 2 remain parallel rather
than converging at a finite point.

The painter has therefore discovered two projective objects at once.
The directions in the ground plane form a projective line P1(R), dis-
played as the horizon. Adding those directions to the finite points of the
ground completes it to a projective plane P?(R). Opposite directions
are identified: the two ends of one straight road determine the same
point at infinity.

Over R, the space P!(R) may be pictured as RU{oc}, or topologically
as a circle; the two ends of the affine line meet at its one point at
infinity. The painter’s setup is also a useful model of P?(R): its points
are sight-lines through the eye. Equivalently, P?(R) is a sphere with
antipodal points identified, or a closed disc with opposite boundary
points glued. This makes P?(R) non-orientable, and a neighbourhood of
a projective line is a Mobius band. That one-sidedness later distinguishes
pseudo-lines from ovals in Harnack’s theorem (Theorem 3.39); the
topology appendix (Appendix E) supplies the details (Propositions E.13
and E.14).

Desargues and Pascal made such incidence phenomena part of a
systematic projective geometry in the seventeenth century. Chapter 1
left us with the same pressure from another direction. The circle
wanted the missing value ¢t = oo, parallel lines wanted a meeting
point, and affine curves kept losing intersections beyond the edge of the
picture. Projective geometry is therefore not an ornamental change of
coordinates: it is the common answer to the painter’s question and the
algebraist’s.

The chapter is held together by one question: what does it mean for
two plane curves to meet, and what can that count tell us? Projective
completion first makes the missing meetings visible. A line meeting a
curve is the simplest case: restricting the equation to the line gives a
polynomial in one variable, and its roots, counted with multiplicity, are
the meeting points. For a cubic this root count leads to the group law
(Section 3.3), while bitangents to quartics show that crossing, tangency,
and higher contact must count differently.

For two arbitrary curves, resultants prove a weak Bézout theorem
(Theorem 3.22): curves of degrees m and n without common component
meet in at most mn points. That bound already gives Pascal’s theorem
(Proposition 3.27) and the finiteness of inflection points; a branchwise
refinement of it, together with a count of polynomials on a curve, gives
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Harnack’s bound (Theorem 3.39) on the number of components of a
real curve. The exact counted theorem needs local intersection numbers
Ip(C, D), which are defined with local rings in Chapter 6. Apart from
the count of the nine flexes of a smooth cubic, the only place where
this chapter uses that later theorem is its closing section, on quartics,
dual curves and the twenty-eight bitangents, which states at its start
exactly what it assumes.

3.1. Projective coordinates and plane curves
Completing affine geometry

The painter supplied a real model of projective completion. We now
give the coordinate construction, which works over any field and lets

equations detect the same missing directions. Throughout, let k be a
field.

3.1.1. The projective plane. The projective plane P?(k) is de-
fined as the set of equivalence classes

P*(k) = (K*\{0})/ ~,

where (X,Y, Z) ~ (AX,\Y, A7) for all A € k*. An equivalence class is
denoted by homogeneous coordinates [X : Y : Z].
The affine plane A%(k) embeds into P?(k) via

(x,y) —> [z :y: 1]

The subset Z # 0 is naturally identified with A%(k) by setting z = X/Z
and y = Y/Z. The set {Z = 0} is called the line at infinity and consists
of points representing directions rather than finite positions.

More generally, P? is covered by three affine charts:

Z #0, X #0, Y #0,
each isomorphic to A2. This allows computations in projective space to

be reduced to familiar affine calculations.

3.1.2. Homogeneous polynomials and projective curves. A
polynomial F(X,Y,Z) € k[X,Y,Z] is called homogeneous of degree
d if every monomial with nonzero coefficient has total degree d. In
particular,

FOX,\Y,\Z) = \N'F(X,Y,Z) forall X € k*.
Homogeneous polynomials define well-defined zero sets in P
V(F)={[X:Y:Z]eP?| F(X,Y,Z)=0}.

Conversely, only homogeneous equations make sense on projective space,
since the condition F(X,Y, Z) = 0 must be invariant under rescaling.
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3.1.3. Homogenization. Any affine polynomial f(z,y) of degree
d determines a homogeneous polynomial

a (XY
called the homogenization of f. The projective curve V(F) C P? is the
projective closure of the affine curve V(f) C A%

Conversely, setting Z = 1 in a homogeneous polynomial F' gives its
dehomogenization F(x,y,1), the equation of V(F') in the chart Z # 0;
setting X = 1 or Y = 1 gives its equations in the other two charts.
Dehomogenizing the homogenization of f gives back f. In the other
direction, homogenizing F'(x,y, 1) gives back F' exactly when Z does
not divide F': a factor Z of F is a component of V(F') lying entirely at
infinity, and it is invisible in the chart.

Example 3.2. Assume chark # 2, and consider the elliptic curve
C:Y?=X3-X.To understand how C'looks at infinity, we homogenize:
the projective closure C' C P? is given by

ZY*? =X - X7°

The three affine charts Z # 0, X # 0, Y # 0 give three affine pictures
of the same projective curve. In the standard chart Z = 1 we recover
the original equation Y? = X3 — X. In the chart X = 1 the equation
becomes ZY? =1 — Z2. In the chart Y = 1 it becomes Z = X3 — X Z2.
The only point at infinity — that is, the only point of C' on the line
Z =0 — is the origin of the Y = 1 chart. One can check that it is an
inflection point.

Y z

- 2yt=1-—2"

yi=a

F1GURE 3. Three affine charts of the same smooth cubic.
The point [0 : 1: 0], absent from the left-hand chart, is
the marked origin in the right-hand chart. Each drawing
is a bounded window in its affine plane.
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3.1.4. Lines. A line in P? is the zero set of a nonzero linear form
aX + bY + ¢Z; proportional forms define the same line. Two lines that
are parallel in the affine plane acquire a common point at infinity, and
in P2 this is the general rule.

Proposition 3.3. Two distinct lines in P?(k) meet in exactly one point,
and through two distinct points of P*(k) passes exactly one line.

PROOF. Points of P? are one-dimensional subspaces of k3, and lines
are two-dimensional subspaces: V(aX +bY +cZ) is the projectivization
of the kernel of the nonzero linear functional with coefficients (a, b, c).
Two distinct two-dimensional subspaces of k? span k?, so by the dimen-
sion formula they meet in a one-dimensional subspace, that is, in exactly
one point of P2. Likewise two distinct one-dimensional subspaces span
exactly one two-dimensional subspace. U

Concretely, the lines with coefficient vectors u = (a, b, ¢) and v’ =
(a',V', ") meet in the point whose homogeneous coordinates are the
cross product u x u’.

3.1.5. Projective coordinate changes. Many arguments below
begin with “choose coordinates so that ...”. The allowed changes of
coordinates are the linear ones. An invertible matrix A € GL3(k) maps
lines through the origin of &3 to lines through the origin, so it defines a
bijection

P? — P2, [v] — [Av].
The matrices A and AA, for A\ € k™, give the same map. The resulting

group
PGL3(k) = GL3(k)/E™

is the group of projective transformations of P?; Chapter 4 treats P" in

the same way. The affine coordinate changes x — Mz + b of the chart

Z # 0 are exactly the projective transformations preserving the line at

infinity, with matrices (¥ ¢).

A projective transformation maps lines to lines, and it maps the
curve V(F) to V(F o A™!), a curve of the same degree. By the chain
rule, V(F o A)(v) = AT(VF)(Av), so smooth points and tangent lines
(defined below) correspond, and so do the multiplicities of points and
of intersections with lines introduced below. Statements proved in
convenient coordinates therefore hold in all coordinates.

Lemma 3.4. (1) Three points of P* not on one line can be moved
by a projective transformation to [1 : 0 : 0], [0 : 1 : 0] and
[0:0:1].

(2) Given a point P and a line L through P, there is a projective
transformation sending P to [0:0: 1] and L to V(Y). Com-
posing with a permutation of the coordinates, any line can be
moved to the line at infinity V(Z).
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PROOF. (1) Vectors vy, ve, v3 € k® representing the three points are
linearly independent, since the points are not on one line. So the matrix
B with columns vy, v, v5 is invertible, and B! sends the three points
to the coordinate points. (2) Let p represent P, let ¢ represent a second
point of L, and choose r ¢ span(p,q). The matrix B with columns
q,r,p is invertible; it sends e3 to p and the plane spanned by ey, e3 to
the plane spanned by ¢,p. Thus B~! sends P to [0 : 0 : 1] and L to
V(Y). O

3.1.6. The painter’s vanishing point in coordinates. The
construction at the opening can now be checked exactly. Consider the
family of affine lines of slope m,

l.: y=mzx+c,
parametrized by ¢ € k. Its projective closure has equation
Y—-—mX —cZ=0.

If ¢; # ¢y, subtracting the equations of /., and /., forces Z = 0, and
either equation then gives Y = mX. Consequently every line in this
parallel family passes through the same projective point

Vi =1[1:m:0].

This is precisely its vanishing point, and an instance of Proposition 3.3.
Varying m moves V,,, along the line Z = 0; the vertical direction supplies
its remaining point [0 : 1 : 0]. Thus the projective line at infinity is the
algebraic version of the painter’s horizon: its points are directions, not
distant locations.

Over R or C, one can also watch this point appear as an ordinary
intersection escapes from every bounded affine region. Fix ¢; # ¢, and
compare

y=mrte, y=(m+e)r+e.

For £ # 0 their intersection has homogeneous coordinates
[c1—co:m(cp — ) + e el

As € tends to zero, this tends to [1 : m : 0]. The limiting picture and
the homogeneous calculation therefore identify the same point.

3.1.7. Conics and the line at infinity.

Example 3.5. The parabola y = 22 homogenizes to YZ = X?; its
projective closure meets the line at infinity Z = 0 in the single point
[0:1:0], with multiplicity two. The circle 22 + y? = 1 homogenizes to
X24Y? = Z2; over R there are no real points at infinity. The hyperbola
2y = 1 homogenizes to XY = Z?; its projective closure meets the line
at infinity in two distinct points. These examples explain the affine
classification of conics in terms of their behavior at infinity.
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Chapter 1 classified real affine conics by a discriminant. Projectively
the classification is shorter, and it explains the affine one.

Proposition 3.6 (Conics up to projective equivalence). Let char k # 2,
and let C' =V (Q), where Q is a nonzero quadratic form in X,Y, Z with
symmetric matriz M, so that Q(v) = v Mv.

(1) After a projective coordinate change, Q = aX? + bY? + cZ>.

(2) C is smooth if and only if det M # 0.

(3) If k is algebraically closed, C' is projectively equivalent to exactly
one of V(XZ —Y?) (smooth, rank M = 3), V(XY (two lines,
rank M = 2) and V(X?) (a double line, rank M = 1).

(4) If k = R and C is smooth, then C' is projectively equivalent
either to V(X2 +Y?2 + Z?%), which has no real points, or to the
circle V(X2 +Y? — Z?).

PROOF. (1) is the diagonalization of a symmetric bilinear form in
characteristic # 2: a change of basis v = Sw replaces M by STMS,
and a suitable S makes it diagonal. For (2), VQ(v) = 2Mwv. Since
chark # 2, a singular point is a nonzero v with Mv = 0; such a v
automatically satisfies Q(v) = vT Mv = 0, and it exists exactly when
det M = 0. For (3), rescale each variable with nonzero coefficient by
a square root of that coefficient, to get X2 4+ Y2 + 72, X2 4+ Y? or X?
according to the rank of M, which a change of coordinates does not
alter. With 72 = —1, X?2+YV? = (X +iY)(X —iY’) is a pair of lines, and
the invertible substitution U = X +1Y, W = X — Y, V =7 turns
X2+ Y%+ Z?% into UW — V2 For (4), rescaling by real square roots
makes the coefficients 1, all nonzero by (2); up to an overall sign and
a permutation of the variables, the only possibilities are X? + Y2 4 Z2
and X2+ Y? — Z2. U

Over R this puts the ellipse, the parabola and the hyperbola of
Chapter 1 side by side. Each is a smooth real conic with real points, so
projectively each is the circle X? +Y? = Z2, seen through a different
affine chart. What distinguishes them is the position of the line at
infinity. Setting Z = 0 in the homogenized equation leaves its quadratic
part AX?2+BXY +CY?, and the sign of the discriminant A = B2—4AC
of Chapter 1 decides how the line at infinity meets the conic: in two
real points for a hyperbola (A > 0), in one point counted twice, that is,
tangentially (Lemma 3.12), for a parabola (A = 0), and in no real point
for an ellipse (A < 0). The three examples above are these three cases.

3.1.8. Tangent lines in projective space. Let C' =V (F) C P?
be a projective plane curve, where F' is homogeneous of degree d, and
let P=[Xo:Yy: Zo) € C. If the gradient

VF(P) = (0xF(P), Oy F(P), 0zF(P))
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is nonzero, then the tangent line to C' at P is the projective line defined
by

IxF(P) (X — Xo) + OvF(P)(Y —Yo) + 8,F(P)(Z — Zy) = 0.

Thus the notion of tangent line carries over verbatim from the affine to
the projective setting. A point P is smooth if this gradient is nonzero,
and singular otherwise.

By Euler’s formula

XOxF+YOF+Z0F =dF

for a form F' of degree d, and since F'(P) = 0, the constant terms in
this equation cancel: the tangent line is

(5) OxF(P)X +0yF(P)Y +0;F(P)Z =0.

A singular point is also called a multiple point; there the tangent line is
not defined, and Definition 3.8 below explains the name.

Remark 3.7 (Why this is the tangent line). Differentiation of a poly-
nomial can be defined purely algebraically (product rule!), and involves
no analysis. The formula (5) is the familiar one for the tangent space,
and there are several ways to understand it.

e In the affine chart Z # 0, write f(z,y) = F(z,y,1) and
P = [zo : yo : 1]. At a simple point the tangent cone is a
tangent line, given by the linear part of the affine equation:
O f (20, 90)(x — 20) + 0y f (%0, 40)(y — vo) = 0. Homogenizing,
and using Euler’s formula together with F'(P) = 0, gives (5).

e View F as an equation on A®, and take its tangent plane at any
point of the line in &% which projects onto P € (k3\ {0})/k* =
P2. As this plane passes through the origin, it is given by (5).

e The tangent line is the line which meets C' at P with multiplicity
at least two. Lemma 3.12 below proves this with Taylor’s
formula.

3.1.9. Multiplicity at a point and the tangent cone. The
tangent line is the first-order part of a curve at a smooth point. At a
singular point the first-order part may vanish, but the curve still has a
first nonzero homogeneous piece. That first nonzero piece is the most
elementary way to measure how many branches, or how much thickness,
the curve has at the point.

Definition 3.8 (Multiplicity of a point). Let C = V(F) C P? be a
plane curve and let P € C'. Choose an affine chart containing P, move
P to the origin, and write a local affine equation as

f=Im+ o+ + fa,

where each f; is homogeneous of degree ¢ and f,, # 0. The integer m is
the multiplicity of C' at P, denoted mp(C').
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Equivalently, if I(P) is the maximal ideal of functions vanishing
at P in the chosen affine chart, then mp(C') is the largest integer m
such that the local equation belongs to I(P)™. This reformulation is
independent of the chosen affine coordinates.

Definition 3.9 (Tangent cone). With notation as above, the equation
fm = 0 defines the tangent cone to C' at P. A point is simple if
mp(C) = 1 — for a plane curve this is exactly the same condition as
being smooth/nonsingular in the sense of Chapter 1 (nonvanishing
gradient), so “simple,” “smooth,” and “nonsingular” are three names
for one notion.

At a simple point the tangent cone is just the tangent line. At a
node it is the union of the two tangent directions of the two branches; at
a cusp it is a single tangent direction with multiplicity two. This is why
multiplicity appears naturally before any general theory of intersections:
it is already present in the local shape of a single curve.

Remark 3.10 (Local intersection bound, stated without proof). The
local intersection number Ip(C, D) will be defined in Chapter 6. One
useful fact about it can already be stated: if two plane curves C, D
have an isolated intersection at P, then

[P(O, D) Z mp(C) . mp(D),

with equality exactly when their tangent cones share no common compo-
nent. We will not prove this general inequality or its equality criterion in
these notes. They express the geometric idea that singularities and com-
mon tangent directions make points count more than once: a transverse
meeting of smooth curves counts as 1, whereas a non-transverse meeting
counts at least 2. Chapter 6 will give concrete calculations using the
local definition. The weaker branchwise bound (Proposition 3.26) used
to prove Harnack (Theorem 3.39) below is proved separately and does
not depend on this general result.

We can now count the roots of a line’s intersection with a curve
without losing any at infinity.

3.2. Lines meeting curves
Tangency, and how to count it

The guiding form of Bézout’s theorem (Theorem 6.34) says that
curves of degrees m and n meet in mn points in P2, once points at
infinity and multiplicities are both included. When one of the curves
is a line, both ingredients can be made completely concrete, and this
section does so.

Consider a line intersecting the circle

7 =1
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Depending on the position of the line, the intersection consists of two
distinct points, or of a single point if the line is tangent to the circle;
see Figure 4.

T
SR

FIGURE 4. Intersections of a line with the circle 22 +y? =
1in A%

At first glance this seems to contradict the guiding form of Bézout’s
theorem, since a line and a conic have degrees 1 and 2, respectively.

The resolution is that intersection points must be counted with
multiplicity, much as a double root of a polynomial is a single root
counted twice to ensure that quadratic equations always have two roots.

A tangent line meets the circle in one point, but with multiplicity 2.
This is the first lesson: the set-theoretic intersection is too crude. It
records where two curves meet, but not how they meet.

For a line meeting a curve of degree d the count is completely
concrete:

a curve of degree d meets a line in d points, counted correctly,
and over any field one gets at least an upper bound.

Lemma 3.11. Let L be a line and C = V(F) a curve of degree d. If L
1s not a component of C', then the number of intersection points of L
and C' 1s at most d.

PROOF. We parametrize L. If A = [ag : ay : as] and B = [by : by : by
are two distinct points on L, then [Aa+ ub], for (X : 1) € P, is a rational
parametrization of the line. A point of the line lies on C' if and only
if F'(Aa+ pb) = 0. The homogeneous polynomial F'(Aa + pb) € k[, ]
of degree d is not identically zero, because L is not a component of
C' (in coordinates in which L = V(X)) it is F'(0,Y, Z), which vanishes
identically only if X divides F'). So it has at most d linear factors. [

Over an algebraically closed field, F'(Aa + pb) factors into exactly d
linear factors, with repetitions. Thus the intersection of L with C' can
be recorded as a formal sum

L-C=mP+---+m.P,, my+---+m, =d.
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The sum is bookkeeping for roots of a polynomial: each coefficient
m; records how often the corresponding linear factor occurs in the
restriction F'|p, and does not depend on the chosen parametrization.
We write (L - C')p for the coefficient of P, and (L - C)p = 0 when
P ¢ LNC. Points at infinity are counted like all others: the parabola
Y Z = X? meets the line at infinity in 2[0: 1 : 0].

Lemma 3.12 (Tangency is a repeated root). Let C' =V (F') be a plane
curve, P € C, and L a line through P that is not a component of C.

(1) If P is a smooth point, then (L -C)p > 2 if and only if L is
the tangent line to C at P.

(2) In general (L - C)p > mp(C), with equality if and only if L
1s not one of the lines of the tangent cone of C' at P. In
particular, every line through a singular point meets C' there
with multiplicity at least two.

PROOF. (1) Let P = [p] and let @ = [b] be another point of L, and
consider the points p + tb of the line. By Taylor’s formula, which is a
polynomial identity valid over any field,

+ higher order terms in ¢.

The multiplicity (L - C)p is the order of this polynomial at ¢ = 0. Since
F(p) = 0, the value ¢t = 0 is at least a double root if and only if @
satisfies (5). As P also satisfies (5), this says exactly that L is the
tangent line.

(2) Choose an affine chart containing P and move P to the origin,
with local equation f = f,, + fm41 + -+ as in Definition 3.8. If v is a
direction vector of L, the points tv parametrize L near P, and

ftv) =" fn(0) + " frga (V) + -

which is not identically zero. Its order at ¢t = 0 is (L - C')p, which is
therefore at least m, with equality exactly when f,,(v) # 0, that is,
when L is not contained in the tangent cone f,, = 0. At a singular
point mp(C) > 2. O

This bookkeeping organizes the constructions that follow. If P and
() are two distinct points on a cubic, the line through them cuts out
P + @ + R; the next section uses the third point R = P % () to add
points. If P = @, the tangent line cuts out 2P + R; this is why the
tangent line is the correct substitute for the line through two coinciding
points. If the tangent line has contact order three, then it cuts out
3P, and P is an inflection point (Section 3.5). On a quartic, a line
tangent at two points cuts out 2p + 2¢; these bitangents are the subject
of Section 3.8. The same idea is doing all the work: colliding roots are
not lost; they are counted with higher multiplicity.
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For two arbitrary curves the situation is subtler, because neither
curve is usually a line that we can parametrize away; resultants handle
that case in Section 3.4. For a cubic, the three roots on a line already
suggest an unexpected construction: two points can determine a third.

3.3. The group law on cubic curves
A curve that knows how to add

A line through two points of an irreducible cubic meets it in one
further point, counting repeated roots. This combines two points into a
third, but an addition law asks for more: a neutral element, inverses, and
associativity. Can the same construction supply these? Choosing a point
to serve as zero gives a candidate, and a configuration of intersecting
lines will explain why it works.

Consider an irreducible cubic curve C' = V(f) C P? defined over
k, which remains irreducible over the algebraic closure of k. We shall
construct a group law on the set C™# of simple points of C. In fact
we do slightly better, and this is one of the charms of the construction.
Let K be a field extension of k, not necessarily algebraically closed; the
most interesting case is K = k itself. We shall see that if two points
have coordinates in K, then so does their sum. The reason is already
visible in the basic step below: the third root of a cubic polynomial
with coefficients in K, two of whose roots lie in K, itself lies in K. Thus
the points with coordinates in K form a group in their own right. This
is what makes the group law an arithmetic tool: for k = K = Q it is
the beginning of the theory of rational points on elliptic curves. We
assume that C' has at least one simple point with coordinates in K, fix
such a point E, which will be the neutral element, and if no confusion
arises we suppress the field from the notation.

In the constructions below, points will move, and moving points
can collide. To handle collisions honestly we use the fat points of
the previous chapter (Definition 2.61) — this is their first serious job:
turning “two coinciding points” from a figure of speech into an ideal.
At a simple point of a curve the situation is particularly transparent.
Let Z be a fat point of multiplicity m on C' whose support Z,.q = P
is a simple point. Choose affine coordinates (X,Y’) with P the origin
and the X-axis the tangent line, so that the affine equation of C' reads
Y+ fo+ -+ fs = 0 with f; homogeneous of degree i; the ideal of
Zis then (Y + fo+ -+ fg, Y™, Y™ 71X ... X™). Substituting the
equation into itself repeatedly, we can solve for Y modulo X™: there
is a polynomial g(X) — the Taylor expansion of the curve at P, cut
off at order m — with Y = ¢g(X) mod (X™) on Z, so the same ideal is
generated by (Y — g(X), X™). Therefore the coordinate ring of the fat
point is

KX, Y/(Y = g(X), X™) ~ k[X]/(X™).
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In words: m points colliding at a simple point P of C' remember exactly
the shape of the curve at P to order m, and nothing else. We say that
m points coincide at P. This gives the promised precise meanings: a
line through the two coinciding points P, = P, = P (a fat point of
multiplicity two) is a line meeting the curve with multiplicity at least
two at P — a tangent line — and a line through the three coinciding
points P, = P, = P; = P is an inflectional tangent.

Let P and @ be simple points on C' with coordinates in K; we
allow P = ). Let L be the line through P and @ if the points are
distinct, and the tangent line at P if they coincide — in the language
just introduced, the line through the fat point P, = P, = P. Since C is
irreducible of degree three, L is not a component of C'. Restricting the
equation f to L = P! therefore gives a nonzero homogeneous polynomial
of degree three in two variables, divisible by the linear forms defining
P and @ (by the square of the form defining P when the two coincide);
the quotient is a third linear factor, with coefficients in K. The point it
defines is called the third intersection point of L and C', denoted P * Q);
it may coincide with P or with Q). It is again a simple point. Indeed,
at a singular point of C' every line meets C' with multiplicity at least
two, since the linear term of the equation vanishes there (Lemma 3.12);
so if P x () were singular and distinct from P and @), the line L would
meet C with total multiplicity at least 1 +1+4+2 =4 > 3, and if P % Q)
coincides with P or ) it is simple by assumption.

The third intersection point depends algebraically on P and Q): it
is found by factoring a cubic whose coefficients are polynomial in the
coordinates of P and (). The only subtlety is the diagonal P = @,
where the line through two points degenerates into the tangent line.

Lemma 3.13 (The third point depends regularly on P and Q). Every
pair (Py, Qo) € C™ x C™ has a Zariski open neighbourhood on which
homogeneous coordinates of Px Q) are given by polynomials in the affine
coordinates of P and @, divided by a polynomial without zeros on that
neighbourhood, and not all of them vanishing at any point of it. In
the language of Chapter 4 (Definition 4.25 and Section 4.6), the map
p: C™ x O™ — O™, o(P,Q) =P xQ, is a reqgular map.

ProoF. Write points as vectors p,q € K* and, for a vector u, let

D,f=>.u;0f/0X,.
Away from the diagonal. If P # @, the points sp + tq make up the
line L, and Taylor’s formula for the cubic f gives

f(spttq) = s f(p)+5°t (D f)(p)+st* (Dpf ) @)+t f(q) = st(s A+t B),

with A = (D, f)(p) and B = (D, [)(q), since f(p) = f(q) = 0. The
third factor vanishes at (s :t) = (B : —A), so

PxQ = [(Dpf)(@)p— (Def)(p) ql.
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The coordinates are polynomials in p and ¢ (of degree two in each).
They do not all vanish: p and ¢ are linearly independent, so this would
force A= B =0, and then f would vanish on all of L, which is not a
component of C.

Near the diagonal. Let Py € C™®. After renaming the coordinates
we may assume Py lies in the chart Z # 0; write g(z,y) = f(z,y, 1) for
the affine equation and P = (z,y), @ = (2/,y') for points of the chart.
Divided differences give polynomials G and H in (z,y,2’,y’) with

9@’ y) —g(z,y) = (& —2) G+ (y —y) H,

with G(P, P) = g,(P) and H(P, P) = g,(P); namely G = (g(«,y/) —
g(z,y)) /(@' —x) and H = (g(z,y) — g(a,))/(y' — y), which are
polynomials, and setting ' = x, iy = y turns each divided difference
into a derivative (for monomials, (2™ — z")/(2' — z) = Y, 22" 1!
becomes nx""'). Since Py is simple, g,(F) or g,(Pp) is nonzero; say
gy (Po) # 0 (the other case is symmetric). On the neighbourhood W of
(P, Py) in C™8 x C"™8 where both points lie in the chart and H # 0,
put
¥ —x

H
For points of C' the left-hand side above is 0, and a short check gives
@@ — P = 1v. So L is the line through P in direction v, also when
P = @Q: then v = (g, —g,)(P) is the tangent direction. Moreover 7 = 0
exactly when ) = P.

In homogeneous coordinates put p = (z,y,1) and v = (H, -G, 0),
so L consists of the points sp + tv, and

f(sp+1t0) = t(c18® + cast + cst?),

v=(H,-G), T =

with ¢y, ¢9, ¢3 polynomials in (z,y, 2’,y’). The point Q is (s : t) = (1 : 1),
s0 T (c1 + o7 + ¢372) = 0. If 7 # 0 this gives ¢; + co7 + 372 = 0. If
7 =0, then ¢; = (D;f)(p) is the derivative of g at P in the tangent
direction v, which is again 0. In both cases

c15% + cost + 03t2 = (t—7s) (Cgt + (2 + 037_)3)7

as one checks by expanding. The three linear factors ¢, t — 7s and
cst + (c2 + c37)s correspond to P, () and the third point, also when
P = @, where t? divides the restriction as it should. Hence

PxQ = [03]3—(02—#037')17}

on W, with coordinates that are polynomials divided by powers of H.
They do not all vanish: otherwise c3 = ¢y = 0, then ¢; = 0, and f would
vanish on L.

The diagonal points are covered by the second construction and all
other pairs by the first, and both give the same point P % () where they
overlap. O
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Definition 3.14. The addition P ® () on C™® is given by
PoQ=(PxQ)xE,

so P @ (@ is the third intersection point on the line through P * () and
E.

Theorem 3.15. This operation makes (C™, @) into an abelian group
with neutral element E.

Remark 3.16. The only genuinely hard point is associativity, and
the elementary argument below uses a pencil of cubics and a 3 x 3
configuration of points. We prove the nondegenerate case and indicate
how collisions are treated. For smooth cubics, Chapter 7 (Section 7.7.1)
gives a proof covering all configurations using divisor classes.

PROOF. Apart from associativity this is easy. Commutativity is
obvious. Let us construct PG E. Let PxFE be the third intersection point
on the line L through P and E. Then P is the third intersection point
on the line through P % £ and E (which is the line L), so P& E = P.

For the inverse, let F * E be the third intersection point of the
tangent line at E, and given P set @) = (E % E) % P, the third point on
the line through P and E « E. We check that P & () = E. The line
through P and () is that same line, so P x () = F x E. Next, the line
through £« E and F is the tangent line at E, which meets C' doubly at
E; its third intersection point is therefore F itself, i.e. (Ex E) « E = E.
Hence P& Q = (PxQ)*xE=(ExE)xE=FE,and —P = (Ex FE)* P.

For associativity, (P ® Q) ® R = P ® (Q ® R), it suffices to show
that the points (P @ Q) * R and P % (Q & R), which appear in the
penultimate step of the two constructions, coincide. Besides this point,
to be called 7, eight points participate. We arrange all nine in a 3 x 3
square (traced in Figure 5):

P Q&R 7
PxQ E PoQ
Q QxR R

The points in each row and in each column are collinear. For the rows:
the line through P and @ & R has third point P x (Q @ R); the line
through P * @ and E has third point (P x Q) * E = P @ Q); the line
through ) and R has third point ) x R. For the columns: the line
through P and @) has third point P x @); the line through @ * R and F
has third point (@ * R) * E = Q & R; the line through P ® Q and R
has third point (P @ Q) x R. So the question mark stands in the first
row for P x (Q & R) and in the last column for (P & Q) * R: exactly
the two points we want to prove equal.

Let [1, I3, I3 be equations for the three row lines. The product l1l5l3
defines a cubic curve — a degenerate one, made of three lines — passing
through all nine points of the square, with ? read as P * (Q @ R). Since
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F1GURE 5. The associativity construction. The rows
and columns of the 3 x 3 square are lines; both ways of
computing the sum end at the point marked 7.

f also vanishes at these nine points, every member of the pencil of
cubics

C)\ - V(f + )\lllgl3>

passes through them. Now choose a point S on the line through P
and @ (the first column), not on the curve C' and not on any of the
row lines; this excludes only finitely many points of the line. (Over a
small finite field the line may not have room for S; in that case verify
the identity after extending the field, which changes neither of the two
points being compared.) Since f(S) # 0 and {1(S5)12(5)I5(S) # 0, there
is a unique Ag with f(S) + Ag 1(5)l2(S)l3(S) = 0.

The line through P and ) now meets the cubic C) in four points
counted with multiplicity: P, @, P * @ and S. Restricting the equation
of C) to this line gives a binary form of degree three with four roots,
which must vanish identically; so the line is a component of C), and
the residual curve is a conic D. The six points of the square away
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from the first column ~- Q ® R, 7, £, P® Q, @ * R, R — lie on C)4
but (in a nondegenerate configuration) not on the line through P and
@, hence they lie on D. Among them, the middle column @ ® R,
E, @ * R is collinear, and a conic containing three collinear points
contains the whole line, by the same restriction argument one degree
lower. So D degenerates in turn: it is the middle-column line together
with one further line, and that further line must carry the remaining
three points 7, P & @), R. These are therefore collinear; as they also
lie on C'; and the line through P & () and R meets C in only three
points, the point 7 = P * (Q @ R) is its third intersection point, that is,
Px(Q@®R)=(P3Q)=*R.

The argument extends to configurations in which some of the nine
points coincide, by systematically replacing coinciding points with the
fat points introduced above — but we do not carry out this bookkeeping,
which is the one genuinely tedious part of the classical proof. The reader
who wants every degenerate configuration checked may prefer to wait
for the Picard-group proof in Chapter 7 (Section 7.7.1), which handles
all cases uniformly. O

The group law can be simplified by taking an inflection point, if the
cubic has one, as neutral element. Then the third point, in which the
tangent at E intersects the curve, is F itself. So the inverse —P is the
third point on the line £ P. Therefore we obtain

PoQaoR=F <= P,(Q and R collinear .

We can choose coordinates so that the inflectional tangent is the line
at infinity and the inflection point is (0 : 1 : 0) (Lemma 3.4). By
completing the square (chark # 2) we get an equation of the form
Y? = X3+ pX? + ¢X + r, which if char k # 3 can be simplified further
to

V?=X*4+aX+b.
If P=(X,Y), then —P = (X,-Y).
Example 3.17. Take k = K = Q and the cubic Y2 = X3 + 1, with E
the inflection point at infinity. Then addition is: draw the line through
P and @), find the third intersection point, and flip the sign of its
Y-coordinate. Let P = (2,3) and @ = (0,1). The line through them is
Y = X + 1, and substituting into the equation gives
(X+1)=X°4+1 <= X(X-2)(X+1)=0.
The roots X =0 and X = 2 recover () and P; the third root X = —1
gives P x Q = (—1,0), so
PoQ@=(-1,0).

The sum is special: the tangent line at (—1,0) is vertical, so it meets
the curve doubly there with third point F, giving (—1,0)® (—1,0) = E.
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The points of order two are exactly the points where the curve crosses
the X-axis — all computations staying, as promised, inside Q.

3.4. Weak form of Bézout’s theorem
Resultants bound the meeting points

The main result about the intersection of plane curves is Bézout’s
theorem (Theorem 6.34). In its cleanest form, over an algebraically
closed field, it says that two plane curves F' = 0 and G = 0 in P?, with
no common component, intersect in exactly

deg(F) deg(G)

points when the intersections are counted with the correct multiplicities.
In this section we prove a weaker form, which already explains why the
product of the degrees is the right bound. The word “weak” refers to
the fact that we prove only an upper bound for the number of points;
Remark 3.24 explains what the equality requires. When one of the
curves is smooth, the same resultant also gives a branchwise bound
with multiplicities, which is what Harnack’s theorem (Theorem 3.39)
needs.

Remark 3.18. Both parts of the statement matter. Projective space
is needed because two parallel affine lines should meet at infinity. Mul-
tiplicity is needed because ¢ = 0 and y¢ = 0 are still supported on two
lines, but their intersection should contribute de rather than 1.

3.4.1. Transverse and tangential meetings. For two arbitrary
curves the situation is subtler than for a line, because neither curve is
usually a line that we can parametrize away.

Definition 3.19 (Transversal Intersection). Let C; and Cy be plane
curves defined by

flz,y) =0 and g(z,y) =0,

and let P = (x0,%0) be an intersection point. The curves intersect
transversally at P if both are smooth there and their tangent lines
are distinct. Equivalently, V f(P) and Vg(P) are linearly independent.
Otherwise the intersection is non-transversal; this includes points where
either curve is singular.

The root calculations suggest multiplicity 1 at a transverse meeting
and 2 at a simple tangency. Higher contact must count more: the line
y = 0 meets y = 2 to order 3 at the origin, although both curves are
smooth.

Parametrizations give a first useful test. Suppose a smooth branch
of C' near P is parametrized by

v(t) = (2(1),y(®),  ~(0)=P.
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If D is given by g(z,y) = 0, then the composition

9(x(t), y(t))
is a power series in one variable. Its order of vanishing measures how
long the parametrized branch of C' stays on D. For instance, a transverse
intersection gives a simple zero, while tangency gives a zero of order at
least two. This gives a concrete measure of contact whenever one curve
is smooth at the meeting point.

But not every curve comes with a convenient parametrization. The
resultant (Appendix B.3) is the next computational tool: instead of
parametrizing one curve, we eliminate a variable from the two equations.
The resulting one-variable equation records where the intersections
project. Its degree gives an upper bound on the number of intersections
— the content of the weak form of Bézout’s theorem (Theorem 3.22).

3.4.2. Resultants and projected intersections. The resultant
is useful here only after the geometry of the projection has been fixed.
Let C = V(F) and D = V(G) be projective plane curves of degrees d
and e over an algebraically closed field. Choose a point @ ¢ C'U D and
projective coordinates (Section 3.1.5) in which

Q=[0:0:1].
Projection from @) is the rational map
(6) mo: P2\ {Q} — P!, [z y:z]—[z:y]

Its fibre over [xg : yo] is the line through @ in that direction.
Write
d

F(z,y,2) =Y Fizyz,  Gl,yz) =Y Gjxy)?.
j=0

=0
Here deg F; = d — ¢ and deg G; = e — j. Most importantly,
F;=F(Q)#0, G. =G(Q) #0.

Thus every specialization F'(zg,yo, z) and G(xg, yo, z) has its expected
degree in z: no degree drops, and no spurious common root appears at
infinity. We define

Res.(F,G) :=Res(F(z,y,2),G(z,y, 2)) € klz,y],
using the one-variable resultant of Appendix B.3.

Proposition 3.20. With the projection centre chosen as above:
(1) Res.(F,G) is homogeneous of degree de in x,y.
(2) For every [xg : yo] € P!,
Res.(F,G)(z0,0) =0 <= w5 ([0 :50]) NCND #0.

(3) The resultant is identically zero if and only if ' and G have a
common nonconstant factor.
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PrROOF. The leading coefficients in z are the nonzero constants
F(Q) and G(Q). The ordinary one-variable resultant therefore vanishes
after specializing [z : y] = [zo : yo] exactly when the two specialized
polynomials have a common finite root zy5. Such a root is precisely a
common point [xg : Yo : 20| in the corresponding fibre of 7.

The root formula for the resultant also shows homogeneity. Replac-
ing (z,y) by (Az, \y) multiplies every root in the z-coordinate by \, so
the product of the de pairwise root differences is multiplied by \%.

Finally, the resultant is zero in k[x,y] exactly when F' and G have
a common factor in k(z,y)[z]. Their leading coefficients are units in
k[x,y], so Gauss’s lemma promotes that factor to k[x,y, z]. Conversely,
a common factor clearly makes the resultant zero. U

The proposition says exactly what elimination is doing: the equation
Res. (F,G) = 0 cuts out the projected intersection in P!. The Sylvester
determinant gives an explicit equation, but the geometry depends on
the preliminary choice @ ¢ C'U D; without it, degree drops can create
false roots at infinity.

Corollary 3.21. Let F,G € klx,y,z] be homogeneous polynomials
without common factor. The number of common zeros in P? is finite.

PRrROOF. Choose @) ¢ C U D as above. Since F' and G have no
common factor, Proposition 3.20 gives a nonzero homogeneous resultant,
whose zero set in P! is finite. Every common point projects to one of
these finitely many values, and each fibre contains only finitely many
common roots of the two nonzero one-variable polynomials. Hence

C' N D is finite. O

3.4.3. The weak bound.

Theorem 3.22 (Weak Bézout’s Theorem). Let C' and D be plane
curves in P? of degree m and n, without common component. Then the
number of intersection points of C and D in P? is at most mn.

Proor. By Corollary 3.21, C'N D is finite, so only finitely many
lines join two of its points. Over an infinite field, hence in particular
over an algebraically closed field, we may choose the projection point ()
outside C'U D and on none of these lines, and then choose coordinates
with @ = [0 : 0 : 1]. With this choice, every intersection point has
a different image under the projection to the line P!. The resultant
Res. (F,G) is a nonzero homogeneous polynomial in two variables of
degree mn (Proposition 3.20). Hence it has at most mn zeros in P
By the choice of projection point, each intersection point of C' and D
maps to a different zero, so the number of intersection points is at most
mn. |

In contrapositive form, which is how it is used for Pascal’s theorem
(Proposition 3.27) below:
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Corollary 3.23. If two curves of degrees m and n have more than mn
points in common, then they have a common component.

PRrooOF. If they had no common component, weak Bézout (Theo-
rem 3.22) would give at most mn intersection points. U

Remark 3.24 (The counted form of Bézout). The weak form is not
the final theorem. The final theorem says that, after assigning a local
number Ip(C, D) to each intersection point,

Z Ip(C, D) = mn.
PeCnD

This is Bézout’s theorem in its full counted form, proved as Theorem 6.34
in Chapter 6. The resultant suggests why the equality should be true:
a zero of the eliminant can occur with multiplicity, and the total
multiplicity of the zeros of a homogeneous form of degree mn is mn.
But that observation does not by itself explain the local geometry at a
singular point, nor does it generalize well to intersections on arbitrary
surfaces. For that we need the local-ring definition of intersection
multiplicity. Without it we already have a root count for line—curve
intersections (Section 3.2) and, below, an order of vanishing when one
curve is smooth; nothing in the weak bound, the branchwise bound or
Harnack’s argument requires the general definition. Later, in Chapter 8,
the same counting philosophy becomes the intersection pairing on divisor
classes of a smooth surface.

3.4.4. Multiplicities seen by the resultant.

Example 3.25. We compute the intersection of a curve V(f) with a
line L not passing through (1:0:0). Let L be given by [ = X —a(Y, Z)
and let f = >"b;(Y,Z)X"*. The resultant is

1 —a
1 —a

R(, f) = ,

1 —a
1 —a
bo by by ... by,_s b,_1 b,

which we compute to be > b;a™ %, the result of replacing every X in
the equation of f by a(Y, Z). It is also the polynomial we obtain by
restricting f to the line L.

For a line, the resultant has recovered ordinary substitution. For
two arbitrary curves there is no single preferred line parameter. Their
tangent cones still give useful information: two smooth curves with
different tangents contribute once, while singularities may contribute
more even when their tangent directions are distinct. The next picture
shows two cusps whose intersection separates into four points.



94

What should the intersection multiplicity be? A very classical idea
(which can be made rigorous, but not easily) is to move one of the
curves until they intersect transversally.

Two curves intersecting only in The shifted curves intersect
one point transversally in four points

The number of points coming out of the non-transverse intersection is
what the intersection multiplicity should be measuring. For a projection
that separates the intersection points and is transverse to their smooth
branches, this agrees with the repeated roots visible in the resultant.
Without that choice, several distinct intersections can project to the
same root; its multiplicity alone need not describe one local meeting.
When one of the curves is smooth, the resultant also gives the modest
amount of multiplicity theory needed for Harnack. If P € C'" D, choose
a local parameter ¢ on the smooth curve C' and write D = V(G). Define

tp(C, D) = ord(Gle)-

Changing ¢ multiplies it by a unit, so the number is well defined. It is
1 at a transverse crossing, at least 2 at a tangency, and at least mp(D)
when D is singular at P. Chapter 6 will show that (p(C, D) is the
local-ring intersection number I/p(C, D) (Lemma 6.30).

Proposition 3.26 (Branchwise multiplicity bound). Let C,D C P?
have degrees d, e, with C smooth and with no common component. Then

Z tp(C, D) < de.
PecnD

RESULTANT PROOF. Choose the projection centre () generally
enough that distinct points of C' N D have distinct images and no
line QP, for P € C N D, is tangent to C. Near such a point, the
projection coordinate is a local parameter on C'. In the completed local
field, one root of the equation of C'is the branch z = «a(t) through P,
and the root formula for the resultant contains the factor G(t, a(t)).
Consequently the order of the resultant at the projected point is at
least ¢p(C, D). Summing over the distinct projected points gives

ZLP(C,D) < degRes.(F,G) = de.

P
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3.4.5. Pascal’s theorem. The weak form, through Corollary 3.23,
gives a classical theorem of projective geometry.

Proposition 3.27 (Pascal’s theorem). If a hexagon with siz distinct
vertices is inscribed in a conic with irreducible equation, then the opposite
stdes meet in collinear points, i.e. the three intersection points lie on
one line.

PROOF. Let the points Py, ..., P lie on a conic and let V(I;;41) be
the line joining the points P; and P;; (considering the indices modulo
6). The two reducible cubics V' (I1 2l34l56) and V (ly5l61l2,3) intersect in
the 6 points P; and in the intersection points of opposite sides. Consider
the pencil of cubics — informally, the one-parameter family of curves
obtained by varying (A : u) € P! in a fixed linear combination of two
equations (the formal notion of a linear system, of which a pencil is
the one-dimensional case, is set up in Chapter 4, Section 4.10, “Linear
systems”) — Coy: V(A alsalsg + plaslaslsn). Choose a point @ on
the conic, distinct from the P;. There exists a cubic C(y,,) passing
through @. As it intersects the conic in seven points, Corollary 3.23
forces the conic to be a component. The other component is a line,

which contains the three intersection points. U
P
5 P,
Py
P

3.5. Inflection points
Where tangent lines linger

The next classical question asks how long a tangent line can cling to
a curve. Generically the contact has multiplicity exactly 2; the points
where the contact is longer — inflection points — turn out to be finite in
number, computable by an auxiliary curve (the Hessian), and, for cubics,
intimately tied to the group law (Section 3.3): with an inflection point
as neutral element, three points sum to zero precisely when they are
collinear. Weak Bézout (Theorem 3.22) bounds their number; the exact
count for a smooth cubic (Corollary 3.34) is the one result of this section
that uses the counted form of Bézout from Chapter 6 (Theorem 6.34).

Throughout this section C' = V(f) is a plane curve defined by a
homogeneous polynomial f of degree d; the letter F' is kept for its affine
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equation in the proof below. At a smooth point P the tangent line Tp
is given by (5), with F replaced by f, and by Lemma 3.12 it is the only
line through P with (T - C)p > 2.

Definition 3.28. Let P be a smooth point of C' whose tangent line T
is not a component of C. The line T is an inflectional tangent, or flex
for short, and P is an inflection point, if (Tp - C)p > 3, that is, if P is
at least a triple root of f restricted to Tp. The flex is called ordinary if
(T - C)p = 3, a higher flex otherwise.

If Tp is a component of C, then f vanishes identically on it and the
contact is infinite; every point of such a line component counts as an
inflection point, a case excluded by the hypotheses below. The proof
of Theorem 3.31 shows that (T - C)p is the contact order tp(C,Tp)
of Section 3.4; by Lemma 6.30 both agree with the local intersection
number Ip(Tp, C') of Chapter 6.

Definition 3.29. The Hessian H; of f is the determinant of the matrix
of second partial derivatives of f with respect to X,Y, Z:

Ixx fxyv fxz
Hy=det | fxy fyv fvz
Ixz fyvz fzz

If H; is not identically zero, the curve V(Hy), of degree 3(d — 2), is the
Hessian curve of the curve C, also denoted by He.

Remark 3.30. The partial derivatives of f are forms of degree d —1, so
Euler’s formula gives (d —1)fx = X fxx + Y fxy + Z fxz, and similarly
for fy and fz: the Hessian matrix applied to the vector (X,Y, 7) is
(d—1)Vf. So if p = chark divides d — 1, the columns of the matrix
are dependent and the Hessian H¢ vanishes identically. Furthermore, if
H{ does not vanish identically, then the Hessian curve passes through
the multiple points of C': there V f = 0, so the Hessian matrix has a
nonzero vector in its kernel.

Separately, p = 2 also always kills the Hessian, for any d: every
diagonal entry fxx, fyy, fzz is a sum of monomials with coefficient
ala — 1), where « is the exponent of the variable being differentiated,
and a(a — 1) is always even. So in characteristic 2 the whole diagonal
of the Hessian matrix vanishes, and the determinant of a symmetric
3 x 3 matrix with zero diagonal is 2 fxy fxz fvz, again divisible by 2.
Hence Hy = 0 identically whenever char k = 2, regardless of d.

Theorem 3.31. Let C' = V(f) be a projective curve of degree d without
lines as components. Assume that chark = 0, or that char k = p with
p#2andpt (d—1). Assume moreover that Hy does not vanish
tdentically. A simple point P € C is an inflection point if and only if
P lies on the Hessian He. If chark =0 or chark = p > d, the contact
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orders satisfy
LP(C7 HC) = LP(O7 TP) —2.

Here the left side is 0 when P ¢ Heo. At a flex, the same identity holds
for the local intersection numbers Ip, by Lemma 6.30 of Chapter 6.

PROOF. Choose coordinates with P =[0: 0 : 1] and Tp = V(Y),
and put F(z,y) = f(x,y,1). A linear coordinate change multiplies the
transformed Hessian determinant by a nonzero constant, so it does not
affect orders. Since F}(0,0) # 0, the formal implicit function theorem
(Theorem 1.10) gives

F(z,y) =U(z,y)(y —g(x)),  U(0,0)#0,  g(0)=g'(0)=0.

The line Y = 0 is not a component, so F(z,0) = —U(x,0)g(x) is
nonzero. Its order a = ord, g satisfies 2 < a < d, because F(z,0) is a
polynomial of degree at most d. Thus tp(C,Tp) = a, and a is also the
order of F'(z,0), the restriction of the equation to the tangent line, that
iS, a = (TP . C)p

We compute the Hessian on the graph, not on its tangent line. Let
M = (0,0, f) be the Hessian matrix of f at (z,y,1), and let S be the
matrix with columns e, e; and (x,y,1), so that det S = 1. Euler’s
identity for the degree-(d — 1) forms fx, fy and for f itself gives

F. F,, (d—1)F,
STMS = F., E,, (d—1)F,
(d-1)F, (d—1)F, d(d-1)F
The corner entry vanishes on C, which is the only place F' = 0 is used.

Taking the determinant and pulling (d — 1) out of the last row and
column, restricted to F' = 0, gives

Fxx ny Fa:
Hf‘c:(d_1)2 Fwy Fyy Fy
F, F, O
= —(d — 1)2(FmF; —2F, I, Fy
+ Fy F7).

All entries here are evaluated at (z, g(x)). Differentiating F'(x, g(x)) =0
twice gives

F, + Fyg’ =0,
Fup +2F,,d + F,,(¢)* + F,g" = 0.
Consequently
(7) Hy(z,9(x),1) = (d— 1)2Fy(x,g(q:))3g”(x).

The factor multiplying ¢” is a unit. Since 2 # 0 in k, ¢”(0) = 0 exactly
when a > 3, proving the flex criterion. For the contact formula, write
g(x) = ca®+ -+, with ¢ # 0. If the characteristic is zero or greater
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than d, the leading term of ¢” is a(a — 1)cz®™2, with nonzero coefficient.

Equation (7) therefore gives order a — 2, as required. O

Proposition 3.32 (The Hessian does not contain the curve). Let f be
an irreducible homogeneous polynomial of degree d > 2. If chark =0
or chark = p > d, then f does not divide Hy. In particular Hy is not
wdentically zero.

PROOF. Some partial derivative of f is nonzero under these char-
acteristic assumptions. It has degree less than m, so has no common
factor with f. By weak Bézout (Theorem 3.22) only finitely many
points of C'= V/(f) can be singular; choose a smooth point. The graph
calculation above does not assume nonvanishing of Hy. If f divided Hy,
equation (7) would give ¢” = 0. In characteristic zero this forces g to
be linear, so the tangent line would be a component. In characteristic p,
after subtracting the tangent, the first possible nonzero term of a series
with ¢” = 0 has degree at least p. This would give tangent contact at
least p > d, contradicting a < d above. Both conclusions contradict
irreducibility and d > 2. U

In particular, if f is irreducible of degree d > 2 and chark = 0 or
chark = p > d, then the inflection points of C' are among the points
of C'N He, and weak Bézout (Theorem 3.22) shows that there are at
most d - 3(d — 2) = 3d(d — 2) of them.

Lemma 3.33. A smooth projective plane curve has an irreducible
equation.

PROOF. Suppose C' =V (f) with f = fifo and deg f; > 1. If f; and
f2 share a factor g, then g? divides f and every point of V(g) is singular
on C. Otherwise, choose a projection centre off both curves. Their
resultant is a nonzero homogeneous form of positive degree, so has a
zero in P'; Proposition 3.20 lifts it to a common point of V(f;) and
V(f2). At that point the product rule gives Vf = oV fi + fiVfo =0,

again contradicting smoothness. O

Corollary 3.34 (The nine flexes of a smooth cubic). A cubic curve
without multiple points over an algebraically closed field k with char k = 0
or char k > 3 has exactly nine distinct inflection points.

PROOF. The equation of C is irreducible by Lemma 3.33. Propo-
sition 3.32 shows that its Hessian is nonzero and has no component
in common with C. Here d = 3, so the Hessian curve has degree
3(d — 2) = 3. Weak Bézout (Theorem 3.22) gives at most 9 points in
C N He. To get the exact count, we use the counted form of Bézout,
Theorem 6.34, proved later in Chapter 6: the intersection C' N Hg has
total multiplicity 3 -3 = 9. On a smooth cubic every inflection point is
ordinary: the tangent line meets the curve of degree 3 with multiplicity
at most 3, so Ip(C,Tp) = 3 exactly. The precise form of the theorem
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then gives Ip(C, Ho) = Ip(C,Tp) — 2 = 1 at each inflection point, so
the nine intersection points are distinct. Il

3.6. Counting polynomials on a curve
Finding an auxiliary curve

Corollary 1.4 of Chapter 1 produces curves through prescribed points
by counting coefficients in the plane. For the argument of the next
section we need something the plane count cannot deliver: a curve
through prescribed points that does not contain a fixed curve C. The
corollary gives no control over which curve it produces — if enough
points lie on (', it might simply hand us C' together with something
else. The repair is to count polynomials not in the plane but on the
curve: to count degree-e forms modulo those that vanish identically on

C.

Proposition 3.35. Let f be an irreducible form of degree d and C' =
V(f) C P2. (Irreducibility of the zero set is not enough: for f = (* the
form € vanishes on C' but is not divisible by f.) A homogeneous form g
vanishes identically on C if and only if f divides g. Consequently, the
space of degree-e forms modulo those vanishing on C' has dimension

e+2 e—d+2
2 2 ’
where the second binomial coefficient is read as 0 for e < d.

Proor. If f divides g, then g vanishes on C. Conversely, view f
and g as polynomials on A?: since ¢ is homogeneous and vanishes on
the points of C, it vanishes on the whole cone V(f) C A%. By the
Nullstellensatz (Theorem 2.14 in Chapter 2), g € 1/(f); and (f) is a
prime ideal, because f is irreducible and the polynomial ring is a unique
factorization domain. So g € (f), i.e. f divides g. For the dimension
count, the forms of degree e divisible by f are exactly the products f - h
with h of degree e — d, a space of dimension (ede); subtract it from

2
e+2

the dimension ( 5 ) of all degree-e forms. O

Corollary 3.36 (Interpolation avoiding a curve). Let C =V (f) C P?
with f an irreducible form of degree d, and let Py, ..., Py € P? be points

with
N < (6—1—2) (e—d—i—Z).
2 2

Then there is a curve of degree e passing through all the points and not
containing C'.

PrRoOOF. The forms of degree e vanishing at the N points form a

linear subspace of dimension at least (e+2) — N, which by hypothesis

2
e—d+2

exceeds the dimension ( 9 ) of the forms vanishing on C'. Any form
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in the first space but not the second defines the required curve, by
Proposition 3.35. O

Remark 3.37 (Choosing the auxiliary degree). For e < d, no nonzero
form of degree e vanishes on all of C'. The correction term is therefore
zero. Harnack’s argument (Theorem 3.39) will use e = d—2: any nonzero
form of that degree through the chosen points gives an auxiliary curve
that does not contain C'. The remaining question is how to choose
enough points to force too many intersections.

3.7. Harnack’s theorem
A topological payoff of Bézout’s inequality

A smooth real cubic can have one connected component or two. How
many components can a smooth real curve of degree d have? We can turn
this question about a picture into an intersection count. Interpolation
(Corollary 3.36) constructs an auxiliary curve through selected real
points; topology forces additional meetings or higher contact; and the
branchwise bound (Proposition 3.26)

ZLP<C, D) < degCdegD
P

limits the total. Too many real components would force more intersec-
tions than the degrees allow.

We only need a little topology of P*(R), and the models were already
set out at the opening of this chapter. One model is the closed disc with
antipodal boundary points identified. Equivalently, P?(R) is the sphere
S? with antipodal points identified. Thus there is a quotient map

S? — P*(R).

The upper hemisphere corresponds to the interior of the disc model,
and the equator corresponds to its boundary. We refer to Proposition
E.13 in the appendix for the topological facts used below.

The following result is topological rather than algebraic.

Proposition 3.38. Let C' C P%(R) be a smooth projective curve of
degree d. Then every connected component of C(R) is homeomorphic
to a circle.

In real algebraic geometry, these connected components come in
two types. A component O whose complement is connected is called a
pseudo-line. The remaining components bound discs in P?(R) and are
called ovals. For example, a real projective line is a pseudo-line, while
the real conic 22 + y? = 22 is an oval.

Theorem 3.39. Let C C P? be a smooth plane curve of degree d defined
over R. Then C(R) has at most
(d—1)(d-2)

1
5 +
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connected components.

SKETCH OF PROOF. The cases d =1 and d = 2 are immediate: a
real line is a pseudo-line, and a smooth real conic with real points is
one oval.

Assume d > 3, write g = W, and suppose that C'(R) has at
least g + 2 connected components. At most one component can be a
pseudo-line: after removing a pseudo-line the remaining space is simply
connected, and in a simply connected surface every embedded circle
bounds a disc. So there are at least g + 1 ovals Oy, ...,Oy441, and at
least one further component Oy (an oval or the pseudo-line).

Mark one point on each oval Oy, ...,O441, and mark d — 3 further
points on Oy. The number of marked points is

d(d — 1)
2

and C' is irreducible by Lemma 3.33, so Corollary 3.36 applies with
e = d — 2: the required inequality reads

0 ()

and there is a curve D of degree d — 2 through all the marked points
which does not contain C. Since C' is irreducible, C' and D then have
no common component, and the branchwise Bézout bound (Proposi-
tion 3.26) applies.

Now count with the branchwise orders ¢p(C, D). On every marked
oval O;, the parity principle (Proposition E.14 in the appendix) says
that their sum is even. It is positive because the oval contains a
marked point, hence it is at least 2. This includes the non-smooth
possibilities automatically: if D is singular at a marked point, then
tp(C, D) > mp(D) > 2; if the intersection is tangent, its order is again
at least 2; and if it is transverse, parity forces another odd-order crossing
on the oval. The d — 3 distinct marked points on Oy each contribute at
least 1. Therefore

> wp(C,D) = 2g+1)+(d—3) = d(d—2)+1.

PeCNnD

(9+1)+(d=3) = -1,

But Proposition 3.26 gives

> wp(C.D) < d(d-2),

PeCnD

a contradiction. O

Example 3.40 (The Trott quartic has four ovals). For d = 4 Harnack’s
bound is % + 1 =4, and it is attained by the Trott quartic

C: 144(z* +y*) — 225(2® + y?) + 35027y + 81 = 0,
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a smooth quartic (its equation and the three partial derivatives of its
homogenization have no common zero in P?) whose real points are
drawn in Figure 6 of Section 3.8. Its highest-degree part is 144(x? +
y?)? 4+ 622%y*, which vanishes at no real point other than the origin,
so C' has no real points at infinity. In polar coordinates x = rcos#f,

y = rsin @ the equation becomes a quadratic equation in u = r?,

(144 + 62 cos® @sin® §) u® — 225u + 81 = 0,

with discriminant 2252 —4-81 (144+62 cos? § sin® ) = 3969 —5022 sin” 26.
When the discriminant is positive, both roots are positive, since their
sum and product are; so the ray from the origin at angle § meets C'(R)
in exactly two points, and when it is negative the ray misses C'(R).
The discriminant is positive exactly when |sin 20| < 63/v/5022 ~ 0.889,
that is, for # within about 31.4° of one of the four half-axes. Over each
of these four disjoint intervals of angles the two points r1(0) < 79(0)
trace one closed curve, the two arcs joining at the end angles where
the ray becomes tangent. So C'(R) consists of exactly four ovals, one
around each half-axis and none inside another. On the positive z-axis,
for instance, 144z* — 22522 + 81 = 9(162% — 9)(x* — 1), so the oval
crosses it at © = 3/4 and x = 1.

Thus the Trott quartic is an M-curve: it has the maximal number
of real components allowed by Theorem 3.39. It returns in Section 3.8,
where all 28 of its bitangents are real.

3.8. Quartics and dual curves
The twenty-eight bitangents

What changes when the degree rises from three to four? A line
through two points now leaves two further intersections, not a unique
third point. The cubic’s addition construction no longer applies. Instead,
ask how the four intersections can coincide: can one line be tangent at
two different points? These bitangents are the subject of this section.
We study them through the family of all tangent lines of a curve. The
family turns out to be a curve in its own right — in a different plane, the
dual plane — and the classical formulas of Pliicker (Theorem 3.48) relate
its degree and singularities to those of the original curve. The payoff at
the end of the section is the count of the twenty-eight bitangents.
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What this section assumes. Throughout this section we work
over an algebraically closed field k of characteristic 0 (or of charac-
teristic p large enough so that the usual tangent /Hessian arguments
behave as expected); the real pictures show the real points of curves
defined over R. The constructions — the dual curve, the Gauss
map, polar curves — use only the tools of this chapter, and weak
Bézout (Theorem 3.22) bounds each count below by a product of
degrees. The exact numbers use inputs that are not proved here:

e the counted Bézout theorem, Theorem 6.34 of Chapter 6,
for the degree d(d—1) of the dual curve and the flex count
3d(d — 2);
e Pliicker’s class formula for curves with nodes and cusps,
whose local corrections are only sketched;
e for the twenty-eight bitangents, the genericity of ordinary
flexes and bitangents on a general quartic, and biduality.
Remark 3.51 records exactly what the final count quotes. The
intrinsic count via theta characteristics in Chapter 7 (Section 7.7.2)
is independent of all of these.

3.8.1. Bitangents of plane quartics. Let C' C P? be a smooth
plane curve of degree 4, defined by a homogeneous polynomial

F(z,y,z)=0.

Such curves are called plane quartics.
Let L C IP? be a line, given by a linear equation

Uz,y,z) =ax+by+cz=0.
By the tangent-line formula (5), L is tangent to C' at p = (2o : Yo : 20)
precisely when the gradients
VF(p) and V/

are linearly dependent.

As for the cubic, restrict F' to L ~ P!. This gives a nonzero
homogeneous polynomial of degree four, hence four roots counted with
repetitions. In the notation of Section 3.2,

L-C=p;+ps+ps+ps

where the same point may occur more than once. Tangency at p means
that p is a repeated root (Lemma 3.12). No general intersection theory
is needed for this line—curve calculation: it is the familiar multiplicity
of a root of a polynomial in one parameter.

Definition 3.41. A line L is called a bitangent to C' if
L-C=2p+2q

for two (not necessarily distinct) points p,q € C.
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If p # q, the line L is tangent to C' at two distinct points. If p = ¢,
then L is tangent to order 4 at a single point; such a line is sometimes
called a hyperflez.

Bitangent lines are special: most lines meet C' in four distinct points,
while a bitangent represents a highly degenerate intersection.

The condition that a line L be tangent to C' at a point p can be
expressed algebraically by the system

F(p) =0,
{(p) =0,
VF(p) ANVI=0.

Thus tangency is given by polynomial equations in the coefficients of ¢
and the coordinates of p.

For two distinct points p, ¢, these conditions express simultaneous
tangency. When p = ¢, one must instead require a root of order four;
writing the same tangency condition twice is not enough. Algebraicity
alone does not imply finiteness: an algebraic locus may itself contain a
curve. The dual curve below supplies the missing dimension statement.

One of the most celebrated results of classical algebraic geometry is
the following theorem.

Theorem 3.42 (Classical). Over an algebraically closed field of char-
acteristic 0, a smooth plane quartic curve has exactly 28 bitangent
lines.

At this stage, the important point is not the proof, but the phe-
nomenon: a smooth plane quartic carries a finite and remarkably rigid
configuration of distinguished lines. A particularly good real example
is the Trott quartic of Example 3.40, the real quartic with the maximal
number of ovals,

144(z" 4+ y*) — 225(2* + y*) + 3502°y* + 81 = 0.

It has the remarkable property that all 28 of its bitangents are real.
Instead of drawing the resulting thicket of lines here, we return to this
curve in Example 3.44 below, where the dual plane gives a cleaner
picture: each bitangent becomes a single point of the dual curve. The
count of 28 is proved at the end of this section for a general smooth
quartic, with the inputs listed in the box above.

For the rest of the section, let

C c p?

be an irreducible plane curve given by a homogeneous polynomial
F(z,y, z) of degree d. We write Cy, for the smooth locus of C.

3.8.2. The dual plane and the Gauss (tangent) map. The
dual projective plane (P?)V parametrizes lines in P?: a point (a:b:c) €
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P —.
P — )
8

FIGURE 6. The real Trott quartic with its 8 real inflection
points highlighted. A smooth quartic has 24 inflection
points over an algebraically closed field, counted with
multiplicity; for this real model the remaining flexes are
non-real. These highlighted points will become the real
cusps of the dual curve in Figure 7.

(P?)V corresponds to the line
L) : ax+by+cz=0.

As sets, P? and (P?)V are in evident bijection; the difference is one of
interpretation — a point of the dual plane is a line of the original plane.
If p € Cqm, the tangent line 7),C' is given by the linear form

Fe(p)x + Fy(p)y + F.(p) 2 = 0,

where I, I, F, are the first partial derivatives. This gives a rational
map, the Gauss map,

v:C--» (P?)Y,  p— (Fu(p): Fy(p) : F.(p)),

given by this formula on C,. At a singular point all three partials
vanish, so this presentation gives no value there.

Definition 3.43. The dual curve C¥ C (P?)Y is the Zariski closure of
’Y(Csm)-

Thus CV parametrizes the tangent lines to Cyy,.
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A line L with ordinary tangency at just one point corresponds to a
smooth point of C'V. A bitangent at two distinct points, by contrast, is
the image of two different points of C: the map p — (tangent line at p)
sends two different points of C' to the same point of CV, which is
exactly what happens at a self-crossing of C'V. Thus bitangents arise
naturally as singular points of the dual curve. This interpretation shows
that bitangents are intrinsic geometric features of the quartic and not
artifacts of coordinates. It also gives the finiteness promised above: in
the characteristic-zero setting of this section a reduced plane curve has
only finitely many singular points, so a smooth plane quartic has only
finitely many bitangent lines.

Example 3.44 (The Trott curve in the dual plane). The Trott quartic
from the beginning of this section is useful precisely because all its 28
bitangents are real. In the original plane this gives a busy picture of
many tangent lines. In the dual plane the same information is more
concentrated: a line

ar +by+cz=0

is the point (a : b : ¢) of (P?)V, and a bitangent line is therefore a
point of CV reached from two different points of C'. Thus the bitangent
appears as a node of the dual curve.

Here is the precise disk convention. Normalize (a,b,c¢) to unit
length and choose the sign so that ¢ > 0; its position in the disk is
(a/(1+¢),b/(1+c)). When ¢ = 0, both antipodal representatives lie
on the boundary and denote the same line. In this example these are
tangent lines through the origin of the original affine plane. Curves
that cross the edge of the disk continue at its antipodal edge, not at a
missing point.

The picture also shows why flexes belong in the same story. At an
ordinary point of C, the tangent line changes with first order as the
point moves. At a flex, the tangent line changes more slowly; under the
Gauss map this ramification becomes a cusp of CV. Nodes and cusps
of the dual are therefore not decorative singularities: they remember
exactly the two classical ways in which tangency can become special.

3.8.3. Polar curves and the degree of the dual curve. Fix
a point ¢ = (qo : q1 : ¢2) € P? and consider the polar curve of C' with
respect to g:

P(C): qF,+aqF,+¢@F.=0.
Since Fy, F,, F, have degree d — 1, the polar P,(C) has degree d — 1.

Lemma 3.45 (Tangents through a point and polars). Let C' be smooth
and let ¢ € P2. Then for a point p € C, the following are equivalent:

(1) the tangent line T,,C' contains q,
(2) pe CNP(C).
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dual curve @® nodes A real cusps

FI1GURE 7. The real dual curve of the Trott quartic,
drawn in a compact projective-disk model of the dual
plane. The red points are all 28 nodes of C", correspond-
ing to the 28 real bitangent lines of the original quartic.
The orange triangles mark the images of the 8 real in-
flection points highlighted in Figure 6; these become real
cusps of the dual curve. The remaining flexes are non-real
in this example. Antipodal boundary points are identi-
fied: each of the four boundary nodes is drawn twice,
with matching labels A, B, C, D. Thus the 32 red marks
represent 28 projective points.

Moreover, for a general point q, the points of C'N P,(C) are exactly the
points whose tangent lines pass through q, counted with multiplicity.

PrRoOOF. The tangent line at a smooth point p has equation
Fy(p)X + Fy(p)Y + F.(p)Z = 0.
The point ¢ = (qo : ¢1 : ¢2) lies on this line if and only if

quz(p) + q1Fy(p) + q2Fz<p> = 07
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which is precisely the condition p € P,(C). For a general ¢, the
intersection C'N P,(C') is finite and consists of tangency points with the
expected multiplicities. O

Proposition 3.46 (Degree of the dual curve in the smooth case). If
C C P? is smooth of degree d > 2, then

deg(CV) = d(d — 1).

PROOF. Let g € P? be general. The lines in P? passing through ¢
form a line ¢, in the dual plane. Therefore deg(C") is the number of
points of CV N ¢,, counted with multiplicity; geometrically, this is the
number of tangent lines to C' passing through ¢. For general ¢, these
tangent lines touch C' at distinct ordinary tangency points.

By Lemma 3.45, those tangency points correspond to the points of
C' N P,(C). For general g, the curves C' and FP,(C) have no common
component, so Bézout’s theorem (Theorem 6.34) gives

#(C' N P,(C)) counted with multiplicity = deg(C') deg(P,(C))
=d(d—1).

Hence deg(CY) =d(d — 1). O

3.8.4. Inflection points and the Hessian curve, revisited.
We already proved (Theorem 3.31, in §3.5) that a simple point P of a
curve C' = V(f) of degree d is an inflection point if and only if P lies on
the Hessian curve Ho = V(Hy) — write Hess(C) := H¢ for that same
curve, defined by a homogeneous polynomial of degree 3(d — 2). We
record the resulting flex count as a corollary, generalizing the nine-flexes
count for a smooth cubic (Corollary 3.34) to every degree.

Corollary 3.47 (Number of inflection points in the smooth case). If
C' is smooth of degree d > 3 and chark =0 or chark = p > d, then the
number of inflection points of C, counted with weight 1p(C,Tp) — 2, is

3d(d — 2).
For d = 3 this recovers the nine flexes computed above.

PrRoOOF. By Theorem 3.31, inflection points are precisely the points
of intersection C' N Hess(C'). The equation of C' is irreducible by
Lemma 3.33, and Proposition 3.32 shows that Hess(C') is nonzero
and has no common component with C. The contact formula identifies
the stated weights with Ip(C, Hess(C')), so Bézout (Theorem 6.34) gives

> Ip(C,Hess(C)) = deg(C) deg(Hess(C)) = 3d(d — 2).
PeCnHess(C)
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3.8.5. Pliicker’s class formula and singularities of the dual.
For a plane curve C| its class is defined to be the degree of the dual
curve:

m := deg(C").
For smooth C, Proposition 3.46 gives m = d(d — 1).

When C' has singularities, the class drops: singular points contribute
“missing tangents”. The cleanest classical statement is:

Theorem 3.48 (Pliicker class formula (ordinary singularities)). Let
C' C IP? be an irreducible plane curve of degree d whose only singularities
are ordinary nodes and ordinary cusps. Let 6 be the number of nodes
and K the number of cusps. Then the class m = deg(CV) is

m=d(d—1)— 2 — 3k.

PROOF. For a smooth C' (6 = k = 0), the computation with polars
(Proposition 3.46) gives m = d(d — 1).

A general polar P,(C) passes through every singular point of C,
since all partial derivatives vanish there, and these meetings are not
tangency points from ¢. At a node, C' has two smooth branches with
distinct tangent lines, and the polar meets the node with multiplicity 2,
one for each branch, decreasing the generic polar count by 2. A cusp
produces a stronger degeneracy, decreasing it by 3. A complete proof
requires local intersection multiplicities for C'N P,(C) at the singular
points. ]

We next relate the singularities of the dual to special tangent lines.

Lemma 3.49 (Nodes and cusps of the dual). Let C' be smooth and
chark = 0.

(1) A line tangent to C at exactly two points, with contact 2 at
each, corresponds to an ordinary node of CV.

(2) An ordinary flex line (contact 3), tangent nowhere else to C,
corresponds to an ordinary cusp of CV.

SKETCH. In the dual plane, the dual curve locally parametrizes
tangent lines 7,,C' as p varies. For a local graph y = g(t) = ct® + - - -,
¢ # 0, the slope and intercept of its tangent give dual coordinates
(g'(t),g(t) —tg'(t)). For a = 2 these have orders 1,2, so the dual branch
is smooth. At two distinct ordinary tangency points p, ¢, the two dual
branches have distinct tangent lines (represented by p, q), giving an
ordinary node. For a = 3 the orders are 2, 3, giving an ordinary cusp.
For a hyperflex (a = 4), they are 3,4, not those of an ordinary cusp. O

3.8.6. Bitangents to a smooth plane quartic via Pliicker.
At the start of this section we stated, without proof, the classical fact
(Theorem 3.42) that a smooth plane quartic has exactly twenty-eight
bitangent lines. We can now see the classical mechanism behind the
number, using the inputs listed in the box at the start of the section.
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For any smooth plane quartic in characteristic 0, the Hessian count
is 24 with weights: an ordinary flex contributes 1, while a hyperflex
contributes 2, by Theorem 3.31. There need not be 24 distinct flexes.
For example, the smooth Fermat quartic X* +Y* 4+ Z* = 0 has Hessian
1728 X2Y2Z2. Tts flexes are the twelve points with one coordinate zero.
At P = (0:a:b), where a* + b* = 0, the tangent is a®Y + b3Z = 0;
restricting the quartic to this line leaves X% = 0, so its contact is 4.
The other eight points are obtained by permuting coordinates. Thus
there are twelve hyperflexes, each of weight 2, not twenty-four ordinary
flexes.

For the following calculation, let C' be a general smooth plane quartic
over an algebraically closed field of characteristic 0 (d = 4). We use
that all its flexes are ordinary and that C' has only ordinary nodes and
ordinary cusps; these genericity facts are quoted, as noted below. Then
m = deg(CY) =4-3=12.

Let 4¥ be the number of nodes of CV and " the number of cusps
of CV. Under these hypotheses, Lemma 3.49 gives

6" = #{bitangent lines}, k' = #{inflection points of C'}.
Every flex now has weight 1, so the Hessian count (Corollary 3.47) gives
k' =3d(d—2)=3-4-2=24.

Apply Pliicker’s class formula (Theorem 3.48) to the dual curve
CV. Tts degree is deg(CV) = m = 12. For its class we use biduality:
(CY)Y = C (in characteristic 0, the dual of the dual curve recovers the
original curve, since a general point of C' is recovered as the envelope
point of the pencil of tangent lines to CV through it), so the class of
CV is deg((C")Y) = deg(C') = 4. Since C" has only ordinary nodes and
ordinary cusps under our genericity assumption, the class formula gives

deg(C) =m(m —1) — 20" — 3x".
Substitute m = 12, deg(C) = 4, k¥ = 24:
4=12-11-26Y —3-24=132—-26" — 72 =60 — 25",
Hence 20" = 56 and therefore
§Y = 28.

Theorem 3.50 (The classical quartic miracle). A general smooth plane
quartic over an algebraically closed field of characteristic 0 has exactly
28 distinct bitangent lines.

The earlier quoted Theorem 3.42 for every smooth quartic in char-
acteristic 0 also counts hyperflex tangents as bitangents, each once.
That statement is not proved by the ordinary-node-and-cusp calculation
above; the intrinsic count in Section 7.7.2 also covers those quartics.
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Remark 3.51 (What this proof quotes). The count above rests on
three inputs that were only partly established here. First, Pliicker’s
class formula was proved for smooth curves, while the version applied to
the dual curve CV — which has 28 nodes and 24 cusps — is the singular
case, for which we only indicated the local corrections. Second, the
claim that the dual of a general smooth quartic has no singularities
beyond these nodes and cusps (equivalently: all bitangents and flexes
of C' are ordinary) holds for general quartics and was asserted, not
proved. Third, biduality, (C¥)" = C, used above to get the class of
CV from the degree of C, was stated but not proved here (it fails in
small characteristic, and for “strange curves,” both excluded by our
standing hypotheses). All three points are classical; full treatments can
be found in the literature on plane curves (Fulton’s Algebraic Curves,
or Brieskorn-Knérrer, Plane Algebraic Curves). The intrinsic count via
theta characteristics in Chapter 7 (Section 7.7.2) is independent of all
three.

Remark 3.52. This proof is characteristic of the classical style: it
reduces the count of bitangents to (i) intersection theory on the Hessian
(to count flexes) and (ii) Pliicker’s formula applied to the dual curve.
Later, using divisors and Riemann-Roch (Theorem 7.14), one can
reinterpret bitangents intrinsically in terms of theta characteristics on
a genus J curve.

The painter’s missing directions and the circle’s missing parameter
now have projective coordinates. Intersections have supplied an addition
law on a cubic and a bound on the number of real components; tangent
lines have become points of another curve. These constructions used
more than zero sets: they used maps, families, and counts of equations.
The next chapter develops that projective language beyond the plane.

Exercises for Chapter 3

3.1. Multiple points by partial derivatives. Let C' = (f) be
a projective plane curve. Show that a point P is a multiple point

of C, i.e. mp(C) > 2 in the sense of Definition 3.8, if and only if

0X )4 oz :

3.2. The projective tangent line. Let P be a simple point on
C = (f). Show that the tangent line to C' at P has the equation
g—};(P)X + g—{;(P)Y + g—g(P)Z = 0. (This is the definition on p. 80;
the chapter uses this same identity again via Euler’s formula in the
Hessian /flex section (Section 3.5) and in the dual-curve/Pliicker section
(Section 3.8) — this exercise asks you to justify it directly, e.g. from the
affine tangent line by homogenizing.)
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3.3. Multiplicity and derivatives. Show that mp(g—g;) >mp(f)—1
for all f and P with f(P) = 0.

3.4. Singularities of sample curves. Assume chark = 0. Show
that the following curves are irreducible; find their multiple points, and
the multiplicities and tangents at the multiple points.

(1) XY*+YZ4+ X7

(2) X2Y3 + X273 +Y?22Z3.

(3) Y Z - X(X -2Z)(X —\Z), \€ k.

(4) X" +Y" + Z", where n > 2 and char(k) { n.

3.5. Maximal multiplicity. If a curve C' of degree n has a point
P of multiplicity n, show that C' consists of n lines through P (not
necessarily distinct).

3.6. Generic lines through a point. (%) (char(k) = 0) Let C
be an irreducible curve of degree n in P?. Suppose P € P2, with
mp(C) =r > 0. Show that for all but finitely many lines L through P,
L intersects C' in n — r distinct points other than P.

3.7. A strange curve in characteristic p. (x) (char(k) =p > 0)
Let C = V(XPT —Y?PZ), P=(0:1:0). Find LN C for all lines
L passing through P. Show that every line that is tangent to C' at a
simple point passes through P.

3.8. Singular cubics. Prove that a cubic C' = (f) with f irreducible
is either nonsingular or has at most one double point.

3.9. Multiples on a cubic. Let C be the cubic curve in P?(Q) with
affine equation:

V2=X"-2X"+1.
Take (0 : 1 :0), the inflection point at infinity, as neutral element of
the group law. Compute all multiples 2p, 3p, 4p, 5p, ..., of the point

p=1(0,1).

3.10. The cuspidal cubic group law. (x) The irreducible cubic
curve C' = (Y2Z — X?) has a cusp in @ = (0: 0: 1) and an inflection
point in (0 : 1: 0). Show that the set C*™¢ = C'\ @) has a group structure
isomorphic to the additive group k™ of the field k.

Hint: take the inflection point as neutral element and use a suitable
parametrization of C"8.

3.11. Ramanujan’s taxicab and the chord construction. () The
number 1729 = 13 4+ 123 = 93 + 103 gives two rational points P = (1,12)
and @ = (9, 10) on the cubic curve z® + y* = 1729. Compute the third
intersection point of the chord through P and @ with the curve. (You

should find (—%, 436); check it!) Iterating chords and tangents produces
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ever more rational points — the group law of this chapter (Section 3.3)
at work on a famous curve. Whether the process generates all rational
points from finitely many is the substance of the Mordell-Weil theorem,
discussed in Chapter 7 (Remark 7.34).

3.12. The nodal cubic group law. (x) This is the multiplicative
companion of the cuspidal-cubic exercise above (Exercise 3.10). The
irreducible cubic C = V(Y2Z — X?(X + Z)) has a node at (0:0: 1).
Show that C™& = C'\ {(0:0: 1)}, with the inflection point at infinity
as neutral element, is a group isomorphic to the multiplicative group £*
(assume char k # 2). (Hint: parametrize by the slope t of lines y = tx
through the node, as in Chapter 1; the two tangent directions y = +x at
the node are the slopes t = £1, and the substitution u = (t — 1)/(t + 1)
moves them to the missing values 0 and oo, with the flex at infinity at
u = 1.) Conclude that over Q the smooth locus has infinitely many
rational points: the singular cubics escape the constraints of the smooth
ones.

3.13. Pell’s equation and the conic group law. (xx) Let d be a
positive integer that is not a square, and consider the conic 2% — dy? = 1
with the point F = (1,0).

(1) Verify Brahmagupta’s identity: the composition
(z1,91) ® (T2, y2) = (1172 + dY1y2, T1Y2 + T2y1)

preserves the conic and makes its points into an abelian group
with neutral element E. (It is the norm-one group of Q(v/d):
compare with (21 4 y;vVd) (x5 + y2V/d).)

(2) Show that geometrically the chord through P & @ and F
is parallel to the chord through P and ): this is the cubic
chord construction, degenerated to a conic, where the third
intersection point has moved to infinity.

(3) Integer points of the conic are the solutions of Pell’s equation
2? — dy? = 1. Show that the integer points form a subgroup,
so that a single nontrivial solution generates infinitely many.

3.14. Conics osculating a cubic. (xx) For which points P on a
nonsingular cubic C' does there exist a nonsingular conic that intersects
C only at P? (This exercise uses later chapters: the counted Bézout
theorem of Chapter 6 (Theorem 6.34), and the group law of Chapter 7
(Section 7.7.1). With a flex O as origin, 30 ~ H, so the six points cut
out by a conic sum to 0.)

3.15. Projection from a point. Consider the projection in (6).
Prove that it has the following geometric interpretation: if P = [z : y :
z] #[0:0: 1], there is a unique line ¢ through P and [0 : 0 : 1]. This
line intersects the line z = 0 in exactly one point, namely [z : y : 0],
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which corresponds to [z : y] € P!. What goes wrong at the projection
center [0:0: 1]?

3.16. The resultant through roots. Let f(X) and g(X) be

polynomials in A[X], A a UFD. Let f(X) = ao(X —a1)... (X —amn)
and g(X) = bo(X — B1)... (X — B,) with agby # 0 be the factoriza-
tion of the polynomials into linear factors (in an extension of the field
of fractions Q(A)). Show that R(f,g) = agby' [[;Z, [[[—;(cu — B;) =
ag TI () = (=L bp T, £(5,).
Hint: first check the equalities among the three right-hand expressions.
Then use the multiplication-map description of the resultant (Propo-
sition B.18 in the appendix): the eigenvalues of multiplication by f
on Q(A)[X]/(g) are the values f(5;). Alternatively, verify the case
m =mn = 1 from the 2 x 2 Sylvester determinant and bootstrap using
the multiplicativity corollary (Corollary B.19) in the appendix.

3.17. Multiplicativity of the resultant. Show that R(f, gh) =
R(f,g)R(f,h). (This is proved in the appendix as a corollary of Propo-
sition B.18; the point of this exercise is to find a different proof, from the
roots description of the previous exercise, Exercise 3.16.) Let C' = (f),
D = (g) and E = (h) be plane curves, and let D + E = (gh) denote
their union. Interpret the identity geometrically: after projection, the
eliminant for C'N (D U E) is the product of the eliminants for C' N D
and CNE.

3.18. Changing one equation by a multiple. Show that R(f, g+
af) = R(f,g), supposing deg(af) < deg g and forming both resultants
with the second argument regarded as having degree degg. (Without
this the identity fails: R(2z,z + 1) = 2 but R(2z,22> + x + 1) = 4.)
Let C = (f), D = (g) and E = (g + af) be plane curves, where f, g,a
are homogeneous and dega = deg g — deg f. Explain geometrically why
C'ND and C N E have the same projected intersection set.

3.19. Finitely many singularities. Let C' = (f) with f irreducible.
(a) Show that one of %, % and % is not the zero polynomial.
(b) Show that C' has only finitely many multiple points.

3.20. Pascal’s theorem backwards. (x) Suppose a hexagon has
six distinct vertices, no three collinear, and that the three intersection
points of opposite sides are distinct and lie on a line M containing no
vertex. Show that the vertices lie on a conic. (Hint: in the pencil of
cubics spanned by the two triples of alternate sides, take the member
through a fourth point of M, and apply Corollary 3.23 to it and M.)

3.21. The Hessian at a hyperflex. Assume chark = 0, and let
C =V(f) with f =Y Z3 — X%, the projective closure of y = x%.
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(1) Show that P = (0:0:1) is a simple point with tangent line
Y =0, and that ¢p(C,Tp) = 4: P is a hyperfiex.

(2) Compute the Hessian H; (you should find 108 X?Z*) and check
directly, by restricting it to C' near P, that 1p(C, Hc) = 2, as
Theorem 3.31 predicts.

(3) Which other points of C' lie on Ho? Explain why the theorem
does not apply at the one singular point of C.

3.22. Smooth curves are irreducible. (%) Lemma 3.33 shows that
a smooth projective plane curve is irreducible. Find a smooth reducible
affine plane curve, and explain which step of the proof of the lemma
fails in A%. (Look at the projective closure.)

3.23. Weierstrass form from a flex. Let C C P?(k), chark # 2,
be an irreducible plane cubic with inflection point P. Prove that a
change of coordinates can be used to bring C' in the normal form
Y27 = X3 +aX?Z +bXZ? + cZ3.

Hint: take coordinates such that P = (0 : 1 : 0), and its tangent is
Z = 0; get rid of the linear term in Y by completing the square.

3.24. Three real flexes. A nonsingular real plane cubic with one

real inflection point has exactly two other real inflection points. (Why
is “nonsingular” needed? The cuspidal cubic Y27 = X? has only one
flex, even over C.)
Hint: use the previous exercise (Exercise 3.23) to write y? = ¢(x), with
¢ a monic real cubic having no repeated root. Away from y = 0, the flex
equation is h(x) = 2¢(z)¢"(x) — ¢'()* =0, and W (z) = 12¢(z). If r is
the largest real root of ¢, then h(r) < 0 and h(z) — 400 as x — +o0.
Check that this gives exactly one zero where ¢ > 0 on the unbounded
component, and none on the bounded oval if it exists. The two choices
of y give the other real flexes; check separately that points with y = 0
are not flexes.

3.25. Flexes of singular cubics. Find the inflection points of the
singular cubics ZY? = X?(X + Z) and Y?Z = X3, both in P?(R) and
in P?(C).

3.26. Flexes closed under joining lines. Let P and () be inflection
points on an irreducible cubic curve C'. Show that the third intersection
point of the line PQ with C is also an inflection point.

Hint: use coordinates in which P =(0:1:0), Q@ = (0:0:1) and the
flexes are Y = 0 and Z = 0.

3.27. Flexes on the Hesse pencil. (x) Consider the cubic curve C'
in P?(C) with equation:

X34 Y34 2% —3)\XYZ =0,
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where \® # 1. Find its inflection points. Compute the inflectional
tangents. What are all lines joining inflection points?

3.28. Vanishing Hessian in characteristic p. (xx) Give an example
(in char p) of an irreducible curve in the projective plane with identically
vanishing Hessian, but where not all points are inflection points.

3.29. Forms on a conic and on a cubic. Let f be an irreducible form
of degree d, C = V(f) C P?, and let hc(e) denote the dimension of the
space of degree-e forms modulo those vanishing on C' (Proposition 3.35).

(1) Show that he(e) = de — @ for all e > d — 2. Evaluate it for
conics and cubics, and show by an example with d =4, e =1
that the restriction e > d — 2 is needed.

(2) Let C = V(XZ —Y?) and v(s : t) = (s* : st : t?). Show
that v maps P! onto C, and that g — g¢(s?, st,t?) induces
an isomorphism from degree-e forms modulo (XZ — Y?) onto
binary forms of degree 2e.

(3) Let Py, ..., Py be distinct points of the conic C of (2). Use
Corollary 3.36 to show that some conic through them does not
contain C', and write one down. Then show that five distinct
points of C' lie on no conic other than C', so the strict inequality
in the corollary cannot be weakened here.

3.30. Why the Harnack proof needs d > 3. The proof of Harnack’s
theorem (Theorem 3.39) marks one point on each of g+1 = W +1
ovals Oy, ...,Og41 and d — 3 further points on one more component Oy,

d(d—1)

for a total of =5 — 1 marked points, and then passes an auxiliary

curve of degree d — 2 through them.

(1) Check the arithmetic (g + 1) + (d — 3) = 40 1,

(2) Show that for d = 1 and d = 2 the recipe breaks down twice
over: it asks for a negative number d — 3 of points on Oy, and
the auxiliary degree d — 2 is not positive. This is consistent
with the proof treating d = 1, 2 separately by direct inspection
(a real line is a single pseudo-line; a smooth real conic with a
real point is a single oval).

(3) What is the smallest d for which the recipe marks any point on
Oy at all? For d = 3, describe the argument concretely: which
curve is the auxiliary curve, and through which points does it

pass?

3.31. Harnack’s bound is sharp for cubics. (x) Let C' C P? be the
smooth cubic Y27 = X3+ aX Z?+073 with a,b € R (so 4a+270* # 0),
and let g(r) = 2 + ax + .
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(1) Suppose g has three distinct real roots r; < 19 < r3. Show
that the real affine locus {y? = g(z)} has exactly two pieces: a
bounded oval over = € [ry, ], and an unbounded branch over
x > r3 that closes up into a single loop through the point at
infinity (0 : 1:0). Conclude C'(R) has 2 connected components.

(2) Suppose instead g has exactly one real root r;. Show the real
locus is a single unbounded branch over z > rq, closing up
through (0 : 1 : 0) into one loop, so C'(R) has 1 connected
component.

(3) Show that g has three real roots if 4a® + 270 < 0 and one
if 4a3 + 27v* > 0. (Hint: if a > 0, ¢ is monotone; if a < 0,
the critical values satisfy g(v/—a/3) g(—v/—a/3) = (4a® +
27b%)/27.) Since Harnack’s bound (Theorem 3.39) at d = 3 is

(:%—1)2& +1 = 2, conclude that both the bound and one below

it genuinely occur for smooth real cubics.

3.32. Bitangents need degree at least four. Let C' = (f) C P?
be a plane curve of degree d, and let L be a line not contained in C.
Extending the quartic definition, call L a bitangent of C'if it is tangent
to C at two distinct smooth points, or meets C' with contact of order at
least 4 at a single smooth point. Show that if C' has a bitangent then
d > 4. In particular no line, conic, or cubic has a bitangent. (Hint:
apply the branchwise bound, Proposition 3.26, with the line L in the
role of the smooth curve, so that ¢tp(L,C) = ord,(f|.) is at least 2 at
each point of tangency. This already explains, without any dual-curve
machinery, why the bitangent story only starts at quartics.)

3.33. The dual conic, explicitly. () Assume chark # 2. Let
C' C P? be the smooth conic F = XZ — Y2, and use the chapter’s dual
coordinates (a : b: ¢) on (P?)Y, the point (a : b : ¢) standing for the line
aX +bY +cZ = 0.

(1) Compute the Gauss map p — (Fx(p) : Fy(p) : Fz(p)) and show
that the dual curve CV is again a smooth conic, with equation
b* = 4ac. Check this is consistent with Proposition 3.46:
deg(CY)=d(d—1) =2.

(2) Fix a point ¢ = (o : q1 : ¢2) € P? and compute the polar curve
P,(C). Verify it is a line, and recover the classical fact that a
point of P2 not on C lies on exactly two tangent lines to C.

(3) Apply the same recipe (Gauss map, then simplify) to the dual
conic C" itself, and show that its dual curve (CV)" is C again,
in the original coordinates (X : Y : Z) — an explicit instance
of biduality.

(4) For a smooth curve, the Gauss map C' — C" fails to be injective
exactly over bitangent lines. Show that for a conic the Gauss
map is injective everywhere. Why is this consistent with a
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smooth quartic having 28 bitangent lines (Theorem 3.42) (pairs
of points sharing a tangent line), while a conic has none?

3.34. Pliicker’s formula for a nodal cubic. Assume char k # 2.
Let C =V (Y?Z — X*(X + Z)) be the nodal cubic of the nodal-cubic-
group-law exercise above (Exercise 3.12).

(1) Show that (0 : 0 : 1) is the only singular point of C, and
that it is an ordinary node, i.e. C' has two distinct tangent
directions there. (Work in the affine chart Z = 1 and look at
the lowest-degree terms of y* — 2 — 22 at the origin.)

(2) Apply Pliicker’s class formula (Theorem 3.48) to conclude that
the class of C' (the degree of its dual curve) is 4, two less than
the value d(d — 1) = 6 for a smooth cubic: the node absorbs
two of the six meetings of C' with a general polar.

3.35. Bitangents of a smooth cubic: a consistency check.
(#x) Let C' be a smooth cubic over an algebraically closed field of
characteristic 0.

(1) Using Corollary 3.34, show that C' has exactly 9 flexes, and
match this with the general inflection-point count 3d(d — 2) of
Corollary 3.47 at d = 3.

(2) Redo the computation of the “classical quartic miracle” theorem
(Theorem 3.50, the 28-bitangents count), but for a smooth
cubic instead of a quartic. The dual curve CV has degree
m = d(d—1) = 6 and k¥ = 9 cusps, one for each flex (by
the lemma on nodes and cusps of the dual, Lemma 3.49, and
part (1)). Assuming, as in the quartic computation, that C"
has only ordinary nodes and cusps, apply Pliicker’s formula
(Theorem 3.48) to CV itself, using biduality (deg((CV)V) =
deg(C') = 3) to solve for the number §¥ of nodes of C", i.e. the
number of bitangents of C'. You should find §¥ = 0.

(3) Check this against Exercise 3.32, “Bitangents need degree at
least four”: a bitangent needs d > 4, so a cubic has none. The
two computations — one via the “preview” Pliicker machinery;,
one via the already proved branchwise bound (Proposition 3.26)
—agree. (Why would weak Bézout (Theorem 3.22), which only
counts points, not be enough here?)



CHAPTER 4

Projective varieties

From homogeneous equations to local functions

Chapter 3 already introduced P? because plane curves needed their
points at infinity: projective closure repaired intersection counts and
made the geometry of cubics global. We do not repeat that motivation
here. Instead we ask the next question:

What replaces the affine coordinate-ring dictionary
in projective geometry?
A projective point has many homogeneous representatives, so a homo-
geneous polynomial does not have a well-defined numerical value there.
The graded coordinate ring still records equations and embeddings, but
regular functions must be defined locally as quotients of homogeneous
expressions of equal degree. This chapter develops that distinction.

The chapter has two halves. The first answers the question above.
After a short recap of P™ (the plane case is in Chapter 3), we build
projective varieties from homogeneous ideals and prove the projective
Nullstellensatz (Theorem 4.11) and the dictionary between saturated
ideals and varieties, including the projective closure of an affine variety.
Then we package local functions in the structure sheaf and use it to define
morphisms. The second half turns the dictionary into tools. Hilbert
polynomials (Theorem 4.37) and the degree count: the degree is the
number of points in a general linear section (Theorem 4.46). The Segre
and Veronese embeddings (Definition 4.49 and Section 4.7) show that
products are projective and that hypersurfaces become hyperplanes.
The main theorem of elimination theory (Theorem 4.52) says that
projective varieties have closed images, so “there exists” conditions
are algebraic. Finally, linear systems (Section 4.10) map varieties to
projective spaces.

As in the affine chapter, k is algebraically closed unless another
field is named. A projective algebraic set is the visible zero set of
homogeneous equations. A projective k-variety remembers more: its ho-
mogeneous ideal and its rings of local functions, including any nilpotents
or embedded structure.

4.1. Projective space in higher dimension
A recap from the plane, and what is new

Section 3.1 of Chapter 3 built P?: homogenecous coordinates, the
three affine charts, homogeneous polynomials, and the homogenization

119
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of a plane curve. Everything there works verbatim with n+1 coordinates
instead of three. We fix notation and record the points that are new:
the coordinate-free definition, the charts of P, and why only quotients
of forms can be functions. The formal treatment of homogenization
and projective closure, for ideals rather than single equations, comes in
Section 4.2.1.

Definition 4.1. Let V be a finite-dimensional k-vector space. Consider
on V' \ {0} the equivalence relation

v~w<s= JAEE T v= ) w.
The projective space P(V') associated to V' is the quotient
P(V) = (V\{0})/ ~,

the set of lines through the origin of V. A projective subspace of P(V)
is a subset of the form P(W) for a linear subspace W C V.

For V = k"1 we get projective n-space P" = P"(k) = P(k"*1). Its

elements are called points. The vectors (ay,...,a,) and (Aag, ..., Aa,),
A € k*, define the same point, so only the ratios of the a; have a
meaning; we write (ag : -+ - : a,), or [ag : - : a,] as in Chapter 3. If
X, ..., X, are coordinates on k"™, their ratios are the homogeneous
coordinates (Xo : -+ : X,,) on P™.

For every 0 < ¢ < n the set A = {X; # 0} is a copy of affine space,
embedded by (Xi,..., X)) — (Xy - X;:1: Xy -+ X)), and

its complement is the hyperplane at infinity H; = {X; = 0} = P~ 1.
The n + 1 charts A} cover P"; the usual embedding A" C P" is A,
(X1,..., X))~ (1:X;:--: X,). For n =1 this is P! = Al U {c0};
the real picture P}(R) = S was drawn in Chapter 3, and over C one
gets the Riemann sphere P'(C) = C U {oco} = S?, via stereographic
projection.

A polynomial f € k[Xy,...,X,] is a homogeneous polynomial,
or form, of degree d if all its monomials have degree d. Then
f(0Xo, ..., 2X,) = M f(Xg,...,X,) for all A € k. Conversely, f is ho-
mogeneous of degree d if and only if f(AXo, ..., X,) =X f(Xo, ..., X,)
is the zero polynomial in k[Xy, ..., X,, A]; when £ is infinite it suffices
that the identity holds for all A € k.

The point (ag : --- : a,) is a zero of f if f vanishes on the whole
line through (ag,...,a,), that is, f(Aag,..., a,) = 0 for all A € k*.
Writing f = fo + --- 4+ f4 as a sum of homogeneous components,
f(xag, ..., an) = folag,...,an) + - + Xfi(ag,...,a,); since k is
infinite, this vanishes for all A exactly when every f;(ao,...,a,) = 0.
So zero sets in P* are always zero sets of homogeneous polynomials.

Remark 4.2. While the zero set of a homogeneous polynomial in P" is
thus well defined, the value of a polynomial function in a point makes no
sense. What does make sense is a quotient of homogeneous polynomials
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of the same degree, on the open set where the denominator does not
vanish. This is the first sign that projective geometry is controlled not
by a single global coordinate ring of functions, but by regular functions
defined locally on affine charts.

Coordinate transformations of P" should come from coordinate
transformations of £"*! that map lines through the origin to lines
through the origin, and they should be algebraic. The simplest choice is
the invertible linear maps of k"™, given by invertible (n + 1) X (n + 1)
matrices; two such matrices induce the same map of P" exactly when
they differ by a scalar. One can show that these are in fact all the
automorphisms of P"; Exercise 4.25 proves this for P*.

Definition 4.3. The group of projective transformations of P" is
PGL(n + 1,k) = GL(n+ 1, k) /Ek*.

4.2. Projective varieties and homogeneous ideals
Cones, saturation, and the projective dictionary

Definition 4.4. An ideal I C k[Xy,...,X,] is a homogeneous ideal
if for all f € I the components f; of the homogeneous decomposition
f=fo+ -+ fqgsatisty f; € I.

Proposition 4.5. An ideal is homogeneous if and only if it can be
generated by homogeneous elements.

PRrROOF. The collection of homogeneous components of a set of
generators of a homogeneous ideal also generate the ideal.
Conversely, if I is generated by homogeneous elements f® of degree
d;, and f = > r® f@ we can decompose the ¥ into homogeneous
G

components rj) and the homogeneous component of f of degree k is

S fO el O

Now we can define the homogeneous V-1 correspondences between
homogeneous ideals in k[Xy, ..., X,]| and subsets of P"(k). Put S =
k[Xo,...,X,]. Then

V(J)={P eP"(k)| f(P) =0 for every homogeneous f € J},
and, writing Sy for the degree-d forms,
I(X) = ED{f € Sul| f(P) =0 for every P € X}.
d>0

Equivalently, I(X) is the homogeneous ideal generated by all homoge-
neous forms that vanish on X. The componentwise formulation matters:
the set of homogeneous forms alone is not closed under adding forms of
different degrees.

Definition 4.6. A projective algebraic set in P™ is a set of the form
V(J) for a homogeneous ideal J.
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A projective k-variety in P" is the ring-first object given by a homo-
geneous ideal J, together with the local degree-zero rings constructed
below. Its underlying algebraic set is V(J) = V(v/J). The variety
may be non-reduced, reducible, or have embedded components. We
will normally use saturated homogeneous ideals; saturation, introduced
shortly, removes algebra supported only at the irrelevant ideal.

The Zariski topology on P has the projective algebraic sets as its
closed sets.

With the Zariski topology P" is a Noetherian topological space. In
particular, the concept of irreducibility is defined.

We want to give the projective version of the Nullstellensatz. It fol-
lows from the affine case (Theorem 2.14): the zero set of a homogeneous
ideal I C k[Xy,...,X,] is, considered in A""! a cone with vertex at
the origin.

0

FIGURE 1. A homogeneous ideal cuts out a cone in A"
with every point it contains the whole line through that
point and the origin (here, the cone in A® over a conic).
A projective point of V' (I) is such a line (one drawn in
red), and slicing with the plane Xy = 1 recovers the affine
picture; a line parallel to that plane would be invisible in
the slice — a point at infinity.

There is one problem: whereas in A"*! the empty set is defined by
the ideal (1), this is not the only ideal with V(I) =0 C P".

Proposition 4.7. Let I C k[Xy,...,X,] be a homogeneous ideal. Then
V() =0c P (k) <= (Xo,...,X,) CVI.

PROOF. Let Vyg(I) be the zero set of I in A", Then V(I) = ()
if and only if Vig(I) C {0}, and V,z(I) = {0} if and only if v/ =
(Xo,.... X0). 0

Definition 4.8. A homogeneous ideal I C k[Xy, ..., X,] with /I =
(Xo,...,X,) is called irrelevant.
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If J is a homogeneous ideal and [ is an irrelevant ideal, then V(J) =
V(INJ). We can get rid of I by taking the radical, but this will not
do if we care about multiple structures.

Example 4.9. The ideal J = (X?) defines a ‘double line’ in P?. There
are many other ideals, which do the same, e.g.,

(XHN (X Y? 2% = (X%, X2Y3 X2 2% .

In terms of primary decomposition, the affine cone over the double line
(a double plane in 3-space) has now an embedded component at its
vertex.

Definition 4.10. The saturation of a homogeneous ideal I is
'™ ={fek[Xy...,X,]|IsVg e (Xo,...,X,)*: gf € I}.
In the sequel we consider mainly saturated homogeneous ideals.

Theorem 4.11 (Projective Nullstellensatz). Let k be algebraically
closed and let J C k[Xo, ..., X,] be a homogeneous ideal with V (J) # ()
in P"(k). Then

I(V(J) =VJ.

PRrROOF. The affine zero set of J is the cone over V(J) together with
its vertex. A homogeneous polynomial vanishes on V' (.J) exactly when it
vanishes on that affine cone. The affine Nullstellensatz (Theorem 2.14)

therefore gives I(V (J)) = V/J. O

Let my, = (Xo,...,X,) be the irrelevant ideal. The corrected
projective dictionary is:

e saturated homogeneous ideals correspond to projective k-
varieties embedded in P";

e saturated homogeneous radical ideals correspond to reduced
projective k-varieties, or equivalently projective algebraic sets
with their canonical reduced structure;

e homogeneous prime ideals other than m;,, correspond to integral
projective varieties;

e points correspond to homogeneous prime ideals p for which
dim k[ Xo, ..., X,]/p = 1.

The last line is worth noticing. A projective point does not corre-
spond to a homogeneous maximal ideal: the only homogeneous maximal
ideal is the irrelevant ideal. If P € P", then I(P) is a homogeneous

prime ideal of height n, generated after a change of coordinates by
X, ..., X,, and

k[Xo, ..., X,]/I(P) = Kk[T].

The remaining one-dimensional graded direction records the scalar
multiples of a vector representing the projective point.
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4.2.1. The projective closure. The correspondence also tells us
how affine and projective geometry communicate. One direction is the
affine cone construction used in the proof of the projective Nullstellensatz
(Theorem 4.11) above. The other, at least as important in practice, is
the projective closure: every affine algebraic set sits inside a smallest
projective one, obtained by adding its points at infinity. Chapter 3
did this for plane curves, one equation at a time; here is the general
construction, and the price one pays at the level of ideals.

Throughout, A" = Aj C P" is the chart X # 0, with inhomogeneous
coordinates X1, ..., X,. Passing from projective to affine equations is
dehomogenization: a homogeneous polynomial g(Xo,..., X)) restricts
to the chart as g(1,—) = g(1, Xy, ..., X,,). Homogenization is the way
back.

Definition 4.12. The projective closure V of an affine algebraic set
V C A" is the smallest closed subset of P" containing V.

Definition 4.13. Let f € k[X},...,X,] with homogeneous decom-
position f = fo + --- + f4, where f; is homogeneous of degree j in
Xi1,..., X, and fy # 0. The homogenization of f with respect to the
variable X is the homogeneous polynomial of degree d

d
F(Xo, X1, Xa) = DX (X, X)) = XeF(

J=0

Xl Xn)
X()’”"Xo )

obtained by replacing X; by X;/X, and clearing denominators; for n = 2
this is the formula Z?f(X/Z,Y/Z) of Chapter 3. Dehomogenizing
gives back f(1,Xi,...,X,) = f, and for a homogeneous g one has
g = X§g(1,—) with a > 0 the largest power of X dividing g.

The homogenization of an ideal I C k[Xy,...,X,] is the ideal in
k[Xo, ..., Xy,], generated by the homogenizations of all elements of I:

I=(flfel).
Proposition 4.14. The ideal of the projective closure V of an affine
algebraic set V with I(V) =1 is I.

PROOF. Write g(1, —) for the polynomial in k[X7, ..., X,] obtained
by substituting Xy = 1 in ¢(Xo,...,X,). If g € I, then g(1,—) € I,
for if g = >_rif;, where f; € I, then g(1,—) = >.ri(1,-)fi € I. So
g(1, —) vanishes on V' and therefore its homogenization (which is g/X§
for some a > 0) vanishes on the closure V. This shows that I C I(V).

Conversely, if g € I(V), then g(1,—) vanishes on V, so g(1,—) € I
and its homogenization is contained in I, by definition. Therefore
gel. U

Remark 4.15. For a principal ideal I = (f) one has I = (f), but in
general I is not generated by the homogenizations of the generators of I.
As an example, consider the generators X7 + X3, X7 + X3 + X3 of the
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ideal I = (X?+ X3, X3). Then I = (X, X7+ X3, X3), but homogenizing
only the generators gives the ideal (XoX?+ X3, Xo X7+ X35 + X2 X3) =
(XoX?+4 X3, X2X3). This ideal has an irreducible component, contained
in the hyperplane at infinity.

One can show however that it is enough to homogenize a Grobner
basis with respect to a graded monomial order, such as GRevLex; for
other orders this can fail (for the twisted cubic with the lexicographic
order it does). More precisely, one can find a basis for I by saturating
the ideal (fi,..., fx) with respect to the variable Xy, that is, by passing
to {g | X9 € (fi,..., fr) for some s}. This is saturation with respect
to the single variable X, (it removes components inside the hyperplane
at infinity), not the saturation with respect to the irrelevant ideal defined
earlier in this section, although the two constructions have the same
shape. How to compute it is explained in the computational appendix;
see Example A.6 there.

~ Anideal I C k[Xq,..., X,] is prime if and only if its homogenization
I C k[Xy,...,X,] is prime (see Exercise 4.14).

Proposition 4.16. The map V — V, which associates to an affine
algebraic set'V its projective closure, is a bijection between the set of non-
empty affine algebraic sets in A™ and the set of projective algebraic sets
in P™ without irreducible components, totally contained in the hyperplane
at infinity.

The set V is irreducible if and only if V is irreducible.

Passing to the projective closure does not change the dimension:
the points at infinity complete the variety without thickening it.

Theorem 4.17. Let V. C A" be an algebraic set and V C P its
projective closure. Then dimV = dim V.

PROOF. It suffices to consider the case that V is irreducible. Let

DAWo G- W=V

be a maximal chain in V, starting from a point Wy. Let V' be an
affine open subset of V' containing the point W, (a standard affine
chart will do). The chain of irreducible subsets W; NV’ shows that
dim V' = dim V.

On the other hand, a maximal chain in V NV’ gives by taking the
closure rise to maximal chains in V' and in V’. As all maximal chains
in V' have the same length (Theorem 2.51), and the same holds for V’,
we get dimV = dim V' = dim V. O

Proposition 4.18 (Projective Hauptidealsatz). Let V' C P" be an
integral projective variety of dimension d, and let f be a nonzero ho-
mogeneous element of its homogeneous coordinate ring. Then every
irreducible component of V(f) C V' has dimension d — 1.
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PROOF. Let Z be an irreducible component of V(f), and choose a
standard affine chart U; meeting Z. Since V is irreducible and f # 0 on
V', the function f does not vanish identically on the dense subset V NU;;
its dehomogenization f; is therefore a nonzero element of k[V NU;], and
ZNU; is an irreducible component of V( f;). By the affine Hauptidealsatz
(Proposition 2.54), dim(ZNU;) = dim(V NU;) —1, and by Theorem 4.17
these affine pieces have the same dimensions as their closures Z and
V. O

Iterating exactly as in the affine case (Corollary 2.55), m homoge-
neous equations cut the dimension of every irreducible component down
by at most m.

4.3. Local functions and the structure sheaf
Regular functions without global coordinates

We now pause to interpret the dictionary. In the affine chapter, the
guiding principle was

affine variety <—  coordinate ring of global regular functions.

For projective varieties this principle has to be modified. The homoge-
neous coordinate ring is useful, but it is not the ring of regular functions
on the projective variety. It depends on the chosen embedding in projec-
tive space. For example, the rational normal curve in P" is isomorphic
to P, but its homogeneous coordinate ring is the subring

k[S™, ST, T © KIS, T,

which remembers the particular embedding.
The replacement principle is:

projective or quasi-projective variety
—
space with regular functions on open sets.

This is the role of the structure sheaf. We introduce only the amount of
sheaf language needed for this book: a sheaf of functions is a way of
assigning to every open set U a ring of functions on U, compatibly with
restriction to smaller open sets, and with the rule that being regular
can be checked locally. The local ring at a point is obtained later by
zooming in on all sufficiently small open neighbourhoods of that point;
for now, the important object is the system of regular functions on open
sets.

Let X C P" be a projective k-variety given by a saturated homoge-
neous ideal Iy, and write

Sy = k[Xo, ..., X,]/Ix

for its homogeneous coordinate ring. If F' € Sy is homogeneous, we
write

D.(F) = {P € X | F(P) #0}.
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This notation is meant to remind us that F'(P) itself is not a well-defined
number, but the statement F'(P) # 0 is well defined.

On D, (F) the regular functions are built from degree-zero quotients.
More precisely, define

(Sx)r = (Sx[F~"T)o = {

to be the degree-zero part of the localization obtained by inverting F'.
Every element G/F™ gives a well-defined function on D, (F'), because
the numerator and denominator have the same total degree.

Example 4.19. The standard open set U; = D, (X;) C P™ is affine.
Its coordinate functions are the ratios

G

Fm deg G=mdeg F’

G homogeneous}

—

Xo X X,

XXX,
Thus U; ~ A™. If X C P, then X N U; is an affine algebraic set whose
equations are obtained by putting X; = 1 in the homogeneous equations

of X. On this chart, regular functions are just the usual affine regular
functions.

Definition 4.20. On every standard open D, (F') of a projective k-
variety X, set

Ox(D+(F)) = (Sx) ).
These rings agree under restriction to smaller standard opens and
therefore glue to rings Ox(U) on arbitrary open subsets U C X. A

section of Ox (U) is called a regular function on U, and the assignment
U+ Ox(U) is the structure sheaf of X.

For a reduced variety, a regular function can be read literally as a
k-valued function that is locally a quotient G/F™ of equal total degree.
For a non-reduced variety, pointwise functions would miss nilpotents,
so the local rings (Sx)r) are the definition. They retain exactly the
information that the underlying algebraic set cannot see.

Example 4.21. On P!, let t = X;/X, on D, (Xy) and s = X/ X,
on D, (X;). On the overlap we have s = 1/t. A regular function on
all of P! is a polynomial in ¢ on the first chart and a polynomial in
s = 1/t on the second chart. The only such functions are constants.
This example is the basic reason projective varieties are not described
by global regular functions.

Remark 4.22. More generally, if X is an integral projective variety
over an algebraically closed field, then Ox(X) = k. This is proved in
Exercise 4.27. Thus the homogeneous coordinate ring cannot be the
ring of global functions on X. It should instead be thought of as a
graded ring attached to the embedding X C P", or equivalently to the
choice of the hyperplane bundle usually denoted Ox(1).
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Definition 4.23. A quasi-projective variety is an open subvariety of a
projective variety, with the restricted local function rings. Equivalently,
it is a locally closed variety in some projective space. Its underlying
algebraic set is an intersection of an open subset and a closed subset of
P".

If U C X is quasi-projective, its structure sheaf is obtained by
restriction:

Oy(W) = Ox (W) for every open W C U.

This includes both affine and projective varieties. Affine varieties are
the standard open pieces of projective varieties; projective varieties are
the closed pieces. Quasi-projective varieties are the natural common
setting in which we can move between the two.

4.3.1. Affine varieties are determined by their global sec-
tions. Before exploring what the structure sheaf does for projective
varieties, let us record what it does not need to do for affine ones. For
an affine variety, the global sections alone already recover everything.

Theorem 4.24 (Global sections of an affine variety). Let V C A" be
an affine variety. Then

Oy (V) = k[V] -

every global reqular section comes from a unique element of the coordi-
nate ring, even when V' is non-reduced.

PrROOF. Put A = k[V] and let » € Oy (V). Step 1: basic opens and
honest denominators. Near any point P, the definition gives r = g/h
with A(P) # 0 on some open O > P; choose a basic open D(hg) C O
containing P. This is possible because the basic opens form a basis
of the Zariski topology: the complement of a closed set V(f1,..., f;)
is the union D(f;) U---U D(f,), and D(f) N D(g) = D(fg). Then
h has no zero on D(hg), i.e. V(h) C V(hg), so by the Nullstellensatz
(Theorem 2.14) hY" = ah for some a € k[V] and N > 1, and on D(hy)
we may rewrite r = ag/hl’. Since V is a Noetherian space (Chapter 2),
finitely many such basic opens cover it: V = J, D(h;) with r = g;/h}
on D(h;), for one uniform exponent s.

Step 2: clear denominators on the overlaps. Write r; = gj/hj? € Ap,
for the section on D(h;). On D(h;h;) the two descriptions agree, so
hir; — g; becomes zero after inverting h; in Aj,,. By the definition of
localization, some power of h; kills this difference already in Ap;. There
are only finitely many pairs (4, 7), so one exponent e works for all of
them. Set N = s+ e and b; = h{g; € A. Then

hNr; =b; in Ay, for every i, j.

This is an equality in the localizations, not merely an equality of values
at points; that distinction is essential when nilpotents are present.
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Step 3: combine the local descriptions. The hY have no common
zero, so the Nullstellensatz gives 1 = Y. a;hY with a; € A. The element
a=>),a;b; € A restricts on every D(h;) to

Zaibi = (Z aihfv) rj =T;j.
1 (2

Thus a represents r. Finally, if an element ¢ € A restricts to zero on
every D(h;), then hMc = 0 for all i and some common M. The hM also
generate the unit ideal, so ¢ = 0. This proves uniqueness as well as
existence. U

The theorem closes a circle begun in Chapter 2. There we attached
to V' the algebra k[V] and saw that it knows the points of V' (maximal
ideals), the topology (zero sets of ideals), and the maps between affine
varieties (algebra homomorphisms). Now we know that k[V] is not
merely attached to V: it is intrinsically the ring of global regular
functions, computed from V' as a space with local functions and nothing
else. For affine varieties, taking global sections loses nothing.

For projective varieties the situation inverts completely. The example
and remark above show that Ox(X) = k: the global sections of an
integral projective variety know only the constants. All the information
has migrated into the local data — the rings Ox (U) for the various opens
U — and that is precisely why the structure sheaf is not an optional
refinement here but the object itself. The homogeneous coordinate ring,
by contrast, remembers the embedding.

4.3.2. Regular maps. The structure sheaf does more than tell us
what the functions are. It also tells us what the maps are supposed to
be: a map is algebraic if local functions on the target pull back to local
functions on the source.

Definition 4.25. Let X and Y be quasi-projective varieties. A regular
map, or morphism, consists of a continuous map f: | X| — |Y| together
with k-algebra homomorphisms

fiv: Oy (W) — Ox(f71(W))

for every open subset W C Y. These pullbacks must commute with
restriction to smaller open sets and respect values at points:

(fivh)(P) =h(f(P)), ~ Pef (W)

The pullback homomorphisms are part of the data, not merely maps
whose existence is required. We usually write f for the pair (f, f*).

On affine charts U C X and V C Y with f(U) C V, this amounts
to specifying homomorphisms k[V] — k[U] inducing the point map,
whose localized homomorphisms agree on overlaps. Thus the definition
extends the affine coordinate-algebra dictionary. When X is reduced,
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pullback is determined by the values h(f(P)); when X is non-reduced,
these values alone need not determine a section.

Example 4.26 (The same point map, different morphisms). Let D be
the double point with coordinate algebra k[e]/(?). The homomorphisms

€€, e—0

define two distinct morphisms D — D, although both fix its unique
point. The first is the identity; the second factors through the reduced
point. This is why a morphism must specify what happens to functions
as well as points.

Example 4.27 (Affine targets). A morphism f: X — A™ is equivalent
to a choice of m global regular sections

fi=f"(x;) € Ox(X), i=1,...,m.

[ts map on points is P +— (f1(P), ..., fm(P)). 'Y C A™ has coordinate
algebra k[z1,...,x,,]/I, then a regular map X — Y is the same thing
as regular functions fi,..., f,, on X satisfying

F(fi,...,fm)=0 for every F € 1.

These identities hold in Ox(X), not just at points. Thus the old
affine dictionary is still present, but it is now a local piece of the
quasi-projective one.

Combining this example with Theorem 4.24 gives the cleanest state-
ment of the affine dictionary in its final form.

Proposition 4.28 (Maps to affine varieties). Let X be a quasi-
projective variety and V an affine variety. Then pullback of global
reqular sections gives a bijection

Mor(X,V) = Homy.qy(k[V], Ox(X)).

PrROOF. A morphism f: X — V pulls global regular functions
on V — by Theorem 4.24, exactly the elements of k[V] — back to
elements of Ox(X), giving an algebra homomorphism f*. Conversely,
an algebra homomorphism ¢: k[V] — Ox(X) is determined by the
images f; = ¢(x;) of the coordinates, which satisfy the equations of V/
because ¢ is a homomorphism; by Example 4.27 they define a morphism
X — V. The two constructions are mutually inverse. U

Example 4.29 (Projective targets). Let U C X be open, and suppose
fos--+y fm € Ox(U) have no common zero on U. Then

P [fo(P): - fm(P)]

defines a regular map U — P™. Conversely, every regular map to P™
can be written in this form locally on the source. The sections specify
the pullbacks as well as the point map: on D(f;), the target coordinate
Y;/Y; pulls back to f;/f;.
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In particular, if X C P" and Fy, ..., F,, are homogeneous forms of
the same degree with no common zero on X, then
Pv+—— [Fo(P) : -+ : Fp(P)]

defines a regular map X — P™. If the F; have common zeros, they define
a morphism only on the complement of that zero locus. When X is
integral and this complement is nonempty, it represents a rational map.
The rational map may extend beyond the domain of this particular
formula; we return to this distinction in the linear-systems section,
Section 4.10. For instance

(XY :Z]— [X:Y]
is regular on P2\ {[0: 0 : 1]}, but not on all of P2

4.3.3. Gluing morphisms, and a working recipe. The defini-
tion lets us construct a morphism on open pieces and then glue them.
Agreement on overlaps means agreement of pullbacks as well as points.

Lemma 4.30 (Gluing). Let X and Y be quasi-projective varieties.

(1) Regularity is local on the source: the conditions on a pair (f, f*)
can be checked on any open cover {U;} of X.

(2) Morphisms glue: if f;: Ui — Y are morphisms defined on an
open cover of X and f; = f; on U; NUj for all,j, then the
resulting map f: X — Y is a morphism.

PrOOF. Continuity can be checked on an open cover. For W C Y
open and h € Oy (W), the sections f;h on f~1(W)NU; agree on overlaps,
so the sheaf property gives a unique section f;;h on f~1(W). Addition,
multiplication, compatibility with restrictions, and the condition on
values can all be checked on these opens. Thus the glued pullbacks are
algebra homomorphisms satisfying the definition. Uniqueness follows
from uniqueness of gluing sections. The same local checks prove the
first assertion. O

The definition is flexible; here is the concrete recipe that produces
every morphism in this book.

Proposition 4.31 (Working recipe). Let X C P" andY C P™ be quasi-
projective varieties. Fvery morphism f: X — 'Y is locally represented
by homogeneous forms Fy, ..., F,, of the same degree, without a common
zero on the chosen open subset U C X. Its point map and pullbacks are

Q) =[F(Q) - Fn(Q),  [7(Yi/Y;) = Fi/F;  where F; # 0.

Conversely, such local formulas define a morphism to'Y if their point
images lie in 'Y, the equations of Y wvanish after substitution as reqular
sections, and their pullbacks agree on overlaps. For reduced X the last
two conditions can be checked at points; for non-reduced X they must
be checked in the rings of sections.
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PROOF. For the converse, by the Gluing Lemma (Lemma 4.30) it
suffices to show each chart map U — Y is a morphism, and pullbacks
may be computed on the standard opens of P™: a regular function on
an open subset of Y is locally a fraction G/H" of forms in Yy, ..., Y}, of
equal degree, and substituting Y; = F; turns it into a fraction of forms
in Xy,..., X, of equal degree whose denominator does not vanish at
the relevant points. This is again a regular section, and the stipulated
vanishing of the equations makes substitution well-defined on the coor-
dinate algebras of Y. The chart maps are also continuous: the preimage
of a closed set V(G) NY under [Fy : -+ : F,]is V(G(Fy, ..., F,))NU,
which is closed in U.

For the first assertion, let P € X and choose a standard chart
D, (Y;) 3 f(P). The pullbacks f*(Y;/Y;) are regular functions near
P, so each is represented, on a possibly smaller neighbourhood, by
a fraction of forms; after clearing to a common denominator B (a
form with B(P) # 0) we get forms A; of one common degree with
f*(Y;/Y;) = A;/B near P. Taking F; = A, for i # j and F; = B
exhibits f in the required shape on the open set where B # 0. U

Example 4.32 (A morphism that needs two charts). Let C = V(X Z —
Y?) C P? be the smooth conic, and let v: P! — C, [s : t] = [s% : st : t?]
— a morphism by the recipe, with one global system of forms. Its inverse
is more interesting. Define

g=[X:Y] onUx={X#0}NC,
g=Y:Z] onUz={Z#0}nC.

The two opens cover C' (a point of C with X = Z = 0 would satisfy Y2 =
XZ = 0, leaving nothing), and on the overlap the two prescriptions
agree: [X : Y] = [Y : Z] precisely because XZ = Y?2. By the Gluing
Lemma (Lemma 4.30) g is a morphism, and one checks g o v = id
and v o g = id: the conic is isomorphic to P!. No single pair of forms
represents g on all of C' — the two charts are genuinely needed (see
Exercise 4.31 for a proof) — so the flexibility of the Gluing Lemma
is not a luxury. This pattern, morphisms given chartwise by forms
and matched on overlaps, is the normal state of affairs in projective
geometry.

The inverse of the conic parametrization required different formulas
on different charts. A similar question arises for homogeneous functions:
if local fractions agree wherever their charts overlap, must they come
from a single homogeneous form?

Definition 4.33 (Sections of degree m). Let X C P have homogeneous
coordinate ring A = k[Xy, ..., X,|/Ix. For m € Z, the degree-m part
(Ax,)m consists of fractions G/X] with r > 0 and G homogeneous of
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degree m + r. Define

n

H°(X,0x(m)) = {(Sz‘) e [[(Ax)m

=0

s;=sj in (AXin)m
for all i<y ’

The notation Ox(m) records these local degree-m pieces and their
restriction maps; H° means the space of global compatible families,
whose elements we call sections. For m = 0 this is the space Ox(X) of
global regular functions. Multiplication by X, ™ identifies (Ax;, ), with
the regular functions (Ay,)o on D, (X;), but the resulting functions
on different charts need not agree on overlaps. Compatibility above is
equality in the localized rings, not merely at their points, so nilpotents
are retained. There is a natural map

A — HY(X, Ox(m)), F s (F/1);.

Example 4.34 (A section that is not a linear form). Let X C P3, with
coordinates (a : b : ¢ : d), be the rational quartic curve, the image of
[s:t] > [s*: 83 : st3 : t1]. The degree-one fractions b*/a on D, (a) and
c?/d on D, (d) agree on the overlap, because b?d — ac? vanishes on X
(both terms become s°t%), and these two charts cover X (ifa=d =0
then s = ¢ = 0). So they form an element of H°(X,Ox(1)); on the
parametrization it is s?t2. No linear form gives it, since linear forms
give only combinations of s, s%, st t*. Hence A; — H°(X,Ox(1)) is
not surjective: the dimensions are 4 and 5. The map is an isomorphism
from m = 2 on: products of the four displayed monomials then give
every monomial of degree 4m in s,t.

The example raises a general question: can compatible local fractions
keep giving more sections than global forms, however large the degree?
The answer is no.

Theorem 4.35 (Sections eventually come from forms). Let X C
P be a projective variety with homogeneous coordinate ring A =
k[Xo, ..., Xn|/Ix, where Ix is the saturated homogeneous ideal of the
k-variety X. For all m > 0, the natural map

Ay — HY(X,0x(m))
s an isomorphism.

The proof compares the compatible fractions with forms on the
whole standard affine cover. A finite algebraic argument shows that
their difference vanishes in large degree; it is given in Section 4.11. For
the geometric applications, keep the statement and the quartic example
in mind.

4.4. Hilbert polynomials and degree
Counting equations degree by degree
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The projective dictionary gives us more than closed sets. Because
the homogeneous coordinate ring is graded, it also gives numerical
invariants. This is one of the advantages of projective geometry: we
can count homogeneous polynomials degree by degree, and for large
degrees the answer is governed by a polynomial.

The first example already appeared when we counted plane curves.
The number of monomials of degree d in

S = k[Xo, ..., X,]

n

18

For n = 2 this is the familiar number

d+2
2
of homogeneous degree-d forms in three variables. Homogenization
identifies this space with the polynomials of degree at most d in two
variables counted in Chapter 1.

We have also counted after imposing an equation. In Section 3.6,
for a plane curve C' of degree m, we found

dimy (K[X, Y, Z)/(F)), = (d—gz) - (d—ng)

with the second term zero when d < m. This was the count used to
choose an auxiliary curve in Harnack’s argument (Theorem 3.39). The
Hilbert function gives the same calculation a name and extends it to
any projective variety.

Definition 4.36. Let X C P" be a projective k-variety given by a
saturated homogeneous ideal Ix. Its homogeneous coordinate ring is

SX - k’[Xo,. .. aXn]/IX
The Hilbert function of X is
HX (d) == dlmk(Sx>d

The Hilbert function measures how many independent degree-d ho-
mogeneous functions remain after imposing the equations of X. Equiva-
lently, it tells us how many degree-d hypersurfaces can be distinguished
after restricting to X.

Theorem 4.37 (Hilbert polynomial). For every projective k-variety
X C P" given by a homogeneous ideal, there is a polynomial Px(t) € Q[t]
such that

Hx(d) = Px(d)
for all sufficiently large integers d.
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Definition 4.38. The polynomial Py is called the Hilbert polynomial
of X. If r = deg Py, then its leading term has the form
deg X
r!

t
and the integer deg X defined this way is called the degree of X.
Theorem 4.39. The degree of the Hilbert polynomial is the dimension
of X:

dim X = deg Px.

This is a theorem, not a definition: it says that the purely combina-
torial growth rate of the graded pieces of the coordinate ring detects
the geometric dimension. It is proved in the appendix (Theorem C.42,
via Noether normalization: the affine cone over X has Krull dimension
deg Px +1).

For curves, the Hilbert polynomial has degree one. Thus, if C' C P"
is a projective curve, then

Po(t) =et+c
for some integers e and c¢. The coefficient e is the degree of C'. The
constant term also has a geometric meaning.

Definition 4.40 (Arithmetic genus). Let C' C P™ be a projective curve
with Hilbert polynomial

Po(t) = deg(C)t + c.
The integer
pa(C):=1—-c¢
is called the arithmetic genus of C'. Equivalently,
Fo(t) = deg(C)t +1 = pa(C).

This definition is a numerical one: it reads the constant term of
a polynomial computed from the coordinate algebra. It applies to
singular and non-reduced projective curves as well as smooth ones. Let
us compute it for the plane curves already familiar to us.

This definition recovers the expected degree for hypersurfaces and
plane curves. Let C' = V(F) C P? be a plane curve of degree m. Its
homogeneous coordinate ring is

Se = k[X,Y, Z)/(F).

For d > m, the degree-d relations are precisely the multiples of F' by
forms of degree d — m. Hence

Hold) = (d;Q) B <d—72n+2)
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Expanding this expression gives
(m — 1)(m —2)
2

for d > 0. Thus the Hilbert polynomial is linear, so C' has dimension
1, and the coefficient of d is exactly the degree m of the curve. It also
gives

Hc(d) = md+ 1-—

Po(C) = (m 1)2(m 2).
Thus every plane curve of degree m has the same arithmetic genus.
In particular, a smooth cubic and a nodal cubic both have arithmetic
genus 1, whereas P! has Hilbert polynomial d + 1 and arithmetic genus
0. The nodal cubic is rationally parametrized, so arithmetic genus
cannot by itself obstruct parametrization of a singular curve: it retains

information about the projective model, not just its function field.

Conic: Po(d)=2d+1 Plane cubic: Po(d) = 3d
He(d) He(d) .
Pa = 0 Da = 1 o
o
]
o
o o
o
e Ho(0) =1
o )
® @
d d

F1GURE 2. The Hilbert functions of a plane conic and a
plane cubic (dots), with their Hilbert polynomials (dashed
lines). The slope gives the degree; the constant term is 1—
pa. For the cubic, H-(0) = 1 but P-(0) = 0: agreement
with the polynomial is only required in sufficiently large
degrees.

Hilbert polynomials are also closely tied to intersection theory. A
zero-dimensional projective variety has a constant Hilbert polynomial,
and that constant is its length. Thus, when two plane curves of degrees
m and n meet in a finite variety, the constant Hilbert polynomial of
their intersection records the total intersection multiplicity. In the
cleanest case this length is mn, which is the numerical content of
Bézout’s theorem (Theorem 6.34). The next section develops this
link systematically: the degree of Definition 4.38 is exactly a count of
intersection points.

Example 4.41 (A point and a double point). Let P = [1 : 0] € P!,
with homogeneous coordinates X, X;. The reduced point P is defined
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by the ideal (X7). Its homogeneous coordinate ring is
k[Xo, X1]/(X1) ~ k[ X0,

so the degree-d piece has dimension 1 for every d > 0. Its Hilbert
polynomial is therefore the constant polynomial 1.

Now replace P by the double point defined by (X?%). In degree d > 1,
the quotient

k[Xo, X1]/(X?)
has basis represented by
X4 XX,

Thus its Hilbert function is eventually equal to 2, so its Hilbert polyno-
mial is the constant polynomial 2. The underlying point set has not
changed, but the Hilbert polynomial sees the doubled structure. This
is the same kind of length that later records a tangent intersection as
two coincident intersection points rather than one ordinary point.

Remark 4.42. The proof that the Hilbert function eventually agrees
with a polynomial uses the Hilbert—Poincaré series of a finitely generated
graded module over k[Xy, ..., X,]. The algebraic proof is included in
Appendix C.7.

4.5. The geometric meaning of the degree
Cutting with hyperplanes and counting points

Definition 4.38 extracted the degree from the leading term of the
Hilbert polynomial. This is efficient but opaque: it does not yet look like
geometry. The geometric picture is older and simpler. A hypersurface
V(F) C P™ of degree m meets a line L not contained in it in m points
counted with multiplicity: parametrize L by [s : t], and F restricts to a
nonzero binary form of degree m, which factors into m linear factors.
This suggests a definition that works for any projective variety X of
dimension r: cut X by r hyperplanes, chosen so that each cut lowers the
dimension by one, and define the degree as the number of intersection
points. For this to be a definition at all, the count must not depend
on the chosen hyperplanes — an intersection-theoretic statement, and
the first one in this book that goes beyond curves in the plane. In this
section we prove it, by showing that the geometric count equals the
number deg X of Definition 4.38.

Everything rests on one lemma: cutting takes a difference of the
Hilbert polynomial. We allow cuts by hypersurfaces of any degree; this
costs nothing and pays off in the exercises (Exercise 4.30).

Lemma 4.43 (One cut). Let R be a graded quotient of k[Xo, ..., X,]
whose Hilbert polynomial P has degree v > 1 and leading term 5t". Let
f be a homogeneous element of degree ¢ > 1 such that multiplication by
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f is injective on Ry for all sufficiently large d. Then R/fR has Hilbert
polynomial
P(t) = Pt —c),

which has degree r — 1 and leading term r=1

ce
(r—1)!
PRroOF. For all large d the sequence of vector spaces
0 — Ry—e -5 Ry — (R/fR)y — 0
is exact, so dimy(R/fR)q = P(d) — P(d — ¢), a polynomial in d. Its

leading term is & (t" — (t—¢)") = &(ret"'+...) = et T O

For a hyperplane, ¢ = 1, the Lemma says: one cut lowers the degree
of the Hilbert polynomial by one and leaves the number e unchanged.
This is the algebraic face of the independence statement. The hypothesis
is mild to begin with: if X is an integral variety and H = V({) is
a hyperplane not containing X, then ¢ # 0 in the domain Sx, so
multiplication by ¢ is injective outright.

Before iterating, we record the geometric counterpart: cutting also
keeps the variety nonempty. This complements the projective Hauptide-
alsatz (Proposition 4.18), which controls the dimension of the pieces of
a cut but does not by itself produce any points.

Proposition 4.44 (Hypersurfaces meet everything of positive dimen-
sion). Let X C P" be a projective variety of dimension > 1, and let F'
be a nonconstant homogeneous polynomial. Then X NV (F) # ().

ProoF. Choose a positive-dimensional irreducible component Y of
X, with its reduced structure. Its affine cone C'(Y') C A"*! is integral of
dimension dim Y41 > 2 (as in the proof of Theorem C.42). If I vanishes
identically on C(Y") there is nothing to prove. Otherwise, V(F)NC(Y)
contains the origin, because F'is homogeneous of positive degree, and by
the affine Hauptidealsatz (Proposition 2.54) the irreducible component
through the origin has dimension dimY +1 —1 > 1. A subvariety of
the cone of positive dimension contains a point other than the origin,
and any such point gives a point of X NV (F). O

4.5.1. Which hyperplanes are good? To iterate the Lemma we
must, at each stage, find a linear form that multiplies injectively (in
large degrees) on the current graded ring R — which is no longer a
domain after the first cut. Here we quote one fact from commutative
algebra: over a Noetherian ring, the zerodivisors on R form the union of
finitely many prime ideals, the associated primes of R (see for instance
Eisenbud, Commutative Algebra with a View Toward Algebraic Geome-
try, Chapter 3). In our graded setting these primes are homogeneous,
and there are two kinds. A homogeneous prime containing every linear
form must contain the whole irrelevant ideal (X, ..., X,); the torsion
it is responsible for is killed by a power of the irrelevant ideal, hence
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lives in finitely many degrees, which the Hilbert polynomial does not
see. Every other associated prime meets the space of linear forms in
a proper subspace. Since a vector space over an infinite field is not a
finite union of proper subspaces, there is a linear form ¢ avoiding all
associated primes of the second kind, and multiplication by any such
¢ is injective in all large degrees, as the Lemma requires. We call the
corresponding hyperplanes V' (¢) good for R.

Geometrically: the bad hyperplanes are those containing one of
finitely many subvarieties determined by the previous cuts — among
them all the irreducible components of the intersection so far, plus
possibly some smaller embedded loci that the graded ring remembers
but the point set does not.

One more preparation: we need to know what the Hilbert polynomial
of the end result, a finite set, counts.

Lemma 4.45 (Finite sets). Let Z C P" be a set of s points. Then
Hyz(d) = s for alld > s — 1. In particular, Z has dimension 0 and
degree s.

PRroOF. Fix a vector of homogeneous coordinates for each point P;;
evaluating degree-d forms at these vectors gives a linear map Sy — k*
whose kernel is 1(Z)4, so Hz(d) is the dimension of its image. The
image is all of k* once d > s — 1: for each pair 7 # j pick a linear form
vanishing at P; but not at P;; the product over j # 4 is a form of degree
s — 1 vanishing at every point except P;, and multiplying by powers of
a linear form nonvanishing at P; produces such forms in every degree
d>s—1. U

Theorem 4.46 (The degree counts points). Let X C P™ be a projective
variety all of whose irreducible components have dimension r > 1,
and let e = deg X in the sense of Definition 4.38. Choose hyperplanes
Hy =V(),...,H, = V(L) successively, each one good for the previous
cut. Then each

Z; = XNHN---NH,

1s nonempty with all irreducible components of dimension r — 1. In
particular Z = Z, is a finite, nonempty set, and:

(1) Z consists of at most e points;

(2) counted with multiplicity — that is, measured by the constant
Hilbert polynomial of the graded ring Sx/(¢1,...,L,.), the same
length that made the double point of Example 4.41 count twice
— Z consists of exactly e points.

In particular, the count in (2) is independent of the choice of the
hyperplanes: it always returns the degree.

PROOF. Set Ry = Sx and R; = R;_1/{;R;_1. By the choice of the
¢; and Lemma 4.43 (with ¢ = 1), the Hilbert polynomial of R; has
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degree r — 7 and carries the same number e in its leading term; after r
cuts it is the constant polynomial e.

The geometric statements follow by induction on i. Suppose every
component of Z; | has dimension » — ¢+ 1 > 1. The hyperplane H;
meets each component (Proposition 4.44) and contains none of them
(good hyperplanes avoid, in particular, the minimal primes), so the
projective Hauptidealsatz (Proposition 4.18), applied to each component
separately, shows that every component of Z; has dimension exactly
r — 4, and that Z; # (). For ¢ = r this gives a nonempty finite set Z.

For (1): every form in (Ix,¢,...,¢,) vanishes on Z, so degree
by degree Hz(d) < dimg(R,)s, and for large d the two sides are s
(Lemma 4.45, with s the number of points of Z) and e. Hence s < e.
Statement (2) holds by definition of the count. d

Remark 4.47 (Transversality, and the plain count). When are all
multiplicities equal to 1, so that deg X is literally the number of points
one sees? Precisely when the hyperplanes cut X transversally, so that
the cut ideal is radical in large degrees. For reduced X and hyperplanes
in general position this holds in characteristic 0 — a Bertini-type
theorem that we do not prove. Reducedness matters: every proper line
section of a double line is a double point. For a plane curve C' = V (F)
of degree m, the complete picture will be available to us soon: a line
L ¢ C meets C'in m points counted with local intersection multiplicities
— this is Bézout’s theorem in its refined, counted form (Theorem 6.34 in
Chapter 6), matching the value deg C' = m computed from the Hilbert
polynomial in the previous section — and, if F' is squarefree, the lines
meeting C' in fewer than m distinct points (tangent lines, and lines
through singular points) form a proper closed family, so most lines see
exactly m distinct points.

Remark 4.48 (Independence as intersection theory). The indepen-
dence of the count is our first genuine intersection-theoretic statement:
all hyperplanes are “the same” divisor, moved through a family. Con-
cretely, two hyperplanes V(¢) and V (¢') differ by the zero and pole
locus of the single rational function ¢/¢" — in later language, they are
linearly equivalent — and intersection counts against a fixed variety
do not change under linear equivalence. In this chapter the Hilbert
polynomial silently does that bookkeeping for us. In the final chapter
(Chapter 8) the same idea is set up in earnest for surfaces: there the
continuity principle (Corollary 8.15) — the fibres of a morphism to
P! are interchangeable — plays this role, and the degree of a surface
X C IP3 reappears as the self-intersection number H? of its hyperplane
class.

4.6. Products and graphs
Why a product of projective spaces is projective
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Contrary to the affine case, where A" x A™ = A"*™_ the product of
projective spaces is not a projective space: P x P™ 2 P"t™_ We show
in this section that it is nevertheless a projective variety.

Section 4.3 tells us what this has to mean. A quasi-projective
variety is known through its affine charts and their regular functions,
and morphisms are built chart by chart (Lemma 4.30). The set P x P
is already covered by affine pieces: with AP = {X; # 0} C P" as in the
first section, every Af x A" = A" is a standard affine piece. So it is
enough to embed P" x P™ as a closed subset of some PV so that these
pieces go isomorphically onto affine charts.

Definition 4.49. The Segre embedding s, ,: P" x P™ — PN N =
(n+1)(m+ 1) — 1, is the map given in bihomogeneous coordinates by

(Xoy- ooy Xns Yo, o, Yi) = (XoYo : XoYy: -+ X Y10 X0 Yo .
With coordinates Z;; on PV it is the map Z;; = X,Y.

The image %, = Spm(P" x P™) is the projective variety given by
the determinantal equations

ZOO R ZOm
Rank | : : <1,
Zn0 e Lym

since a nonzero matrix has rank one exactly when it is a product (x;y;)
of a nonzero column and a nonzero row, determined up to rescaling the
two factors inversely. Thus s, ., is a bijection onto X, ,,. The affine
piece A7 x AT = A" is mapped isomorphically to the affine variety
Yom N{Z; # 0}: for i = j = 0, say, the inverse is x, = Za0/Zo0,
Yy = Zov/ Zoo, and on X, ,, the minors give Zu,/Zoo = Talp-

FIGURE 3. A patch of the Segre quadric ¥,; =
V(ZO()le — Z01Z10) C ]P)g, the image of P! x P The
two families of lines are the images of the vertical and
horizontal copies of P!: through every point passes ex-
actly one line of each family, two lines of the same family
are disjoint, and lines of different families meet in one
point.
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These charts cover ¥, ,,,, since every point of it has some coordinate
Zi; # 0. We therefore define the product P" x P to be the projective
variety X, ,, with its structure sheaf, transported to P x P™ by the
bijection s, ,,: by the chart computation just made, its regular functions
on A} X AT" are exactly the regular functions of A" as they should
be. With this definition the two projections are morphisms. For
instance, on the open set of ¥, ,, where the j-th column is not zero,
the first projection is Z — (Zo; : -+ : Zp;) = (Xo : --- : X,,), and
two such column formulas agree on overlaps because the 2 x 2 minors
ZajZn — ZpjZa Vvanish on X, .,; by Proposition 4.31 they glue to a
morphism %, ,,, — P".

If X € P" and Y C P™ are projective varieties, their product
X x Y is the closed subvariety s, ,,(X xY) of ¥, ,,. It is cut out by
bihomogeneous equations: if F'(X) is an equation of X of degree d,
then the products F(X) Y7 with all monomials Y/ of degree d have
bidegree (d,d), hence are polynomials in the Z;;, and at a point where
Y; # 0 the choice Y7/ = Y}d shows that they all vanish exactly when F'
does; the equations of Y are treated in the same way.

This is also a good place to remember why quasi-projective varieties
are useful: products, graphs, and complements of closed sets naturally
live in the world of open subsets of projective varieties.

4.7. The Veronese embedding
Making hypersurfaces into hyperplanes

The Veronese embedding is another standard way to turn polynomial
data into linear data in a larger projective space. For a fixed degree
d, it sends a point of P" to the list of all monomials of degree d in its
homogeneous coordinates. Thus

[(Xo:oo: Xo) — [ XT) 7120

The image is cut out by quadratic relations among the new coordinates:
relations of the form

Z[ZJ:Z]/ZJ/ whenever I+J:I/+J/

This construction is useful because degree-d equations on P become hy-
perplane sections after applying the Veronese embedding. In particular,
it helps explain why bihomogeneous equations define closed subvarieties
of products of projective spaces, once the product is viewed through
the Segre embedding.

Let us see the simplest interesting case in full detail; it will reappear
several times in the book.

Example 4.50. The Veronese embedding of P? in P° is given by
(X:Y:Z2)= (X?: XY XZ:Y?*:YZ:27%.
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Its image, the Veronese surface V5, is given by the (2 x 2)-minors of a
symmetric (3 x 3)-matrix:

Xo X1 Xy
Rank X1 Xg X4 S 1.
Xy X4 X5

The inverse map V5 — P? is given by the rational map (Xg: X; : Xy :
X3 : Xy X5) = (Xo: Xy Xs). This map is regular: at the points
where the given formula does not work we take the ratios of another
row of the defining matrix.

The hyperplane section X; = X3 is the image of the plane curve
V(XZ —Y?). The Veronese map embeds this conic as rational normal
curve of degree 4; with Xy = X3 the minors of the symmetric (3 x 3)-
matrix define the same ideal as the minors of the matrix in the rational
normal curve example (Example 5.12, in the later chapter on rational
maps) in the case n = 4.

By projecting from a point outside the surface we obtain a surface
in P*, which again can be projected to a quartic surface in P3. By
imposing extra symmetry we obtain in this way a well known surface,
the Steiner Roman surface, with parametrization

(XY :2)= (X?+Y?+22:YZ:XZ:XY)
and equation
X3X2 4+ XPX2+ X2XI — XoX1XoX3=0.

Over R, normalize X2 + Y? + Z? = 1. The affine image is then
(YZ,XZ, XY), unchanged when (XY, Z) is replaced by its antipode.
This gives a map of the real projective plane into R?, not an embedding:
three double segments meet at a triple point, and their six endpoints
are pinch points, where the map is not an immersion.

This example can be generalized to all dimensions and degrees; the
parametrization of the rational normal curve of degree n (Example 5.12)
is then a special case of this construction.

4.8. The main theorem of elimination theory
Projective varieties have closed images

In this section we prove the main theorem of elimination theory. It
formalizes something we have already used in the plane curve chapter:
a resultant eliminates one variable and produces an equation for the
projected intersection (Proposition 3.20). The general theorem says
that this is not an accident. When a projective variety is mapped by
a regular map, its image is again cut out by equations. Here “regular
map” means the local-function notion introduced in Definition 4.25; in
most examples below it comes from homogeneous forms of the same
degree with no common zero.
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Parametrized real image Double curves and pinch points

FIGURE 4. The Steiner Roman surface, plotted from
the displayed parametrization. Left: its compact real
image. Right: a transparent view showing the three
double segments (red), six pinch points (gold), and central
triple point. The quartic equation has additional real
points on the coordinate axes beyond these segments;
those points are not in the image of P*(R) and are not
drawn here.

Definition 4.51. A map f: V — W is a closed map if for every closed
subset Z C V its image f(Z) is a closed subset of W.

The following is often considered the main theorem of elimination
theory.

Theorem 4.52. LetV be a projective algebraic set and let W be a quasi-
projective variety. The image of V under a reqular map f: V — W 1is
a closed subset of W in the Zariski topology.

Alternatively, f 'V — W 1is closed.

ProOF. We reduce the theorem, in three steps, to a single concrete
statement about projections, proved as Proposition 4.53 below.

Step 1: reduction to a projection. Factor the map f via its graph:
write f: V = V x W —=s W, where I'(P) = (P, f(P)) and = is the
projection on the second factor. The graph I'(V') is a closed subset of
V' x W: it is the inverse image of the diagonal A(W) C W x W under
the map (f,idy ), and the diagonal is a closed subvariety, cut out by
the equations x;y; — z;y; = 0 after embedding W in projective space,
restricted to W x W. On a common affine chart these become the
familiar equalities of affine coordinates. Since f(Z) = 7n(['(Z)) for every
closed Z C V, it suffices to show that 7: V x W — W is a closed map.

Step 2: reduction to V = P". Embed V C P™ as a closed subset.
A closed subset Z of V' x W is then also closed in P* x W, and its
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image under V' x W — W coincides with its image under the projection
P*" x W — W. So we may assume V = P".

Step 3: reduction to W = A™. Whether a subset of W is closed can
be checked on the members of an open affine cover W = | U;: the image
7(Z) is closed in W if and only if each 7(Z) N U; = w(Z N (P™ x Uy)) is
closed in U;. We may therefore assume that W is affine, say closed in
some A™. Then P x W is closed in P" x A™, so any closed Z C P*" x W
is closed in P x A™; and since 7(Z) C W, if 7(Z) is closed in A™ it is
closed in W. It therefore suffices to prove the following proposition. [J

Proposition 4.53. The projection map P™* x A™ — A™ is closed.

Before the general argument, it is worth seeing the mechanism in a
case small enough to compute by hand, since this is exactly the resultant
construction from the plane curve chapter in disguise. Take n = 1 and
m =1, and let Z C P! x A! be cut out by two polynomials, linear in
Xo, X1 with coefficients depending on Y:

fi=ao(Y)Xo+ a1 (V)X fo=bo(Y)Xo +0:(Y)X, .

For a fixed value Y = ¢, the point ¢ lies in 7(Z) exactly when
f1(Xo, X1, ¢) = fo(Xo, X1,¢) = 0 has a solution (X, : X;) € P!, ie. a
nonzero solution — which happens precisely when the 2 x 2 matrix

(26 o)

fails to have full rank 2, i.e. when its determinant ag(c)b;(c) — ai(c)bo(c)
vanishes. So 7(Z) is the zero set of a single polynomial in Y — a baby
resultant — and is therefore closed. The general proof below produces
exactly this kind of matrix (built from the coefficients of the defining
equations, now in possibly many more variables and degrees), and shows
that its rank-degeneracy locus is always closed.

PROOF. We have defined the product P xP™ as variety as the image
under the Segre embedding (Definition 4.49). A closed subset of P x P
is given by homogeneous polynomials in the Z;;, but by substituting
Z;; = X;Y; we can also work with polynomials bthomogeneous in the
X; and Y. For P* x A™ we make the Y; coordinates inhomogeneous,
but the polynomials are still homogeneous in the X;. So let Z be given
by polynomials fi,..., fx € k[Xo,..., X, Y1,..., Y], of degree d; in
the Xz

Consider a fixed point Q@ = (by,...,b,) € A™. Then Q € n(Z) if
and only if the ideal I, generated by the polynomials

fiq = filXo, ..., Xy b1y b))
has a zero in P". By Proposition 4.7 V(Ig) = 0 if and only if
(Xo,...,X,)® C Iy for some s. This condition means that every homo-

geneous polynomial of degree s can be written as ) | g; fi.o. So Q) € 7(2)
if and only if (Xo,...,X,)* & Ip for all s.
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Consider the set
Ws={Q € A™ | (Xo,.... X)) ¢ 1o} .

Then the image 7(Z) is the intersection of all the sets W. It suffices
therefore to show that Wj is closed for any s. For the purpose of this
proof let Sy C k[Yi,...,Ynl[Xo,. .., X,] be the k[Y3,...,Y,,]-module
of all polynomials, homogeneous of degree d in the X;. It is freely

generated by the monomials of degree d in the X;, and there are (":l“d)
such monomials. Now consider the homomorphism of k[Y7,...,Y,,]-

modules
Ss—dl@"'@ss—dkﬁssv (glavgk)'_)zglfz

It is given by a matrix with entries in k[Y7,...,Y,,]. Then W is the set
of points where this map has rank less than (":fs) and it is defined by
the minors of size ("js) of the matrix. Therefore W is closed. O

Corollary 4.54. Suppose V is projective, and f :V — W is a reqular
map. Then, if Z is any algebraic set, and U C W 1is an open subset,
then f[~YU) x Z — U x Z is closed.

PROOF. Steps 2-3 of the proof of Theorem 4.52 use only that V' is
projective and the target is quasi-projective, not any special feature of
that theorem’s own W; the same reduction therefore shows that the
projection my: V XY — Y is closed for every quasi-projective variety
Y. Apply this with Y = W x Z (quasi-projective, being a product of
the quasi-projective W with the algebraic set Z): the map

p: VXxWxXxZ—WxZ, (v,w, 2) — (w, 2),

is closed. As in Step 1 of that proof, the graph I'y x Z = {(v, f(v), 2)} C
V xW x Z of fxidy is closed (it is the preimage of the closed diagonal
A(W) Cc W x W under (v,w, z) — (f(v),w)), so restricting p to this
closed subset,

q:VxZ—WxZ, (v,2) = (f(v), 2),

is closed (a closed map restricted to a closed subset of its source is closed
onto its image). Finally, restricting the closed map ¢ to the preimage of
the open subset U x Z C W x Z shows f~Y(U) x Z — U x Z is closed
(a closed map restricted to the preimage of an open subset of the target
is closed onto that subset). O

4.9. Applications of elimination
Resultants at work

The main theorem of elimination theory (Theorem 4.52) says that
if a condition is imposed in a projective parameter space and then
some variables are forgotten, the remaining condition is still algebraic.
In practice this is often how equations arise: one writes an incidence
relation in a product, then projects to the parameter space one actually
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wants to study. Several instances were met by hand in Chapter 3; here
we say why they had to work, and add two that are new.

4.9.1. Resultants and projected intersections. For plane
curves C = V(F) and D = V(G) and a centre @ = (0:0:1) ¢ CU D,
Proposition 3.20 of Chapter 3 shows that the projection of C'N D from
Q to P! is the zero set of Res,(F,G), a form of degree deg F'degG. In
the language of this chapter, parametrize the line through () in the
direction [z : y] by [z : w] — [wz : wy : z]. Writing F = >, Fj(z,y)z
as in that proposition, the substitution

F(wz,wy,z) =Y Fy(z,y) 2w

is bihomogeneous, and similarly for G. The projection of C'N D is the
image under the first projection P! x P! — P! of the closed incidence
set V(F(wz,wy, z),G(wz,wy,z)). The points with w = 0 all map
to @, and there is no such solution because F(Q) # 0, just as in the
discriminant example below. The theorem of elimination guarantees
that such an image is closed; the resultant is its explicit equation. So
the resultant is not merely a determinant trick: it is the equation of
the projected incidence condition

3z such that F(z,y,z) = G(z,y,2) =0,

and weak Bézout (Theorem 3.22) is the observation that this equation
on P! has degree deg(F')deg(G), hence at most that many zeros.
With multiplicities the resultant suggests counted Bézout, as Re-
mark 3.24 explains; it does not prove it here. The missing step is
the classical fact that, when @ is chosen so that no line through @
contains two points of C'N D, the order of vanishing of Res,(F,G) at
the image of a point P equals the local intersection number Ip(C, D);
some texts use this as the definition of the intersection multiplicity (see
e.g. Kirwan, Complex Algebraic Curves). That gives a second proof of
Bézout’s theorem, which we do not pursue. Our proof, Theorem 6.34
in Chapter 6, goes through local rings and a Hilbert function instead.

4.9.2. Discriminants. Consider monic polynomials of degree n >

f(T)=T"4+a,T" '+ +a,.
The coefficients (ay, ..., a,) form an affine space A”. A polynomial has
a multiple root if and only if there exists a number « such that

f(a) =0, f'(a) = 0.
Thus the set of polynomials with a multiple root is the image of the
incidence variety

{(a,ay,...,a,) € A' x A" | f(a) = f'(a) = 0}

under projection to the coefficient space A™.
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To apply projective elimination, replace a by [U : V] € P! and
homogenize the two equations in this variable, keeping the coefficients
affine. The first equation is U" + ;U™ 'V + -+ 4+ a, V" =0; at V =0
it would force U = 0. Thus this closed incidence variety in P! x A"
acquires no point at infinity. Its image is exactly the original image,
and projective elimination says that it is cut out by equations in the
coefficients. In fact it is a hypersurface, defined by the discriminant

A(f) = (=" V2 Res(f, ).

The sign makes this agree with the usual product of squared root
differences below; it does not affect the vanishing set. Classically, one
proves that the discriminant is a polynomial in the coefficients by writing

H(ai — ;)

i<j
in terms of the roots «; and then using the theorem on symmetric

polynomials. Elimination gives the same conclusion geometrically: the
existence of a repeated root is an algebraic condition on the coefficients.

4.9.3. Dual varieties. Chapter 3 (Section 3.8) defined the dual
curve of a plane curve as the closure of the set of its tangent lines. The
same construction works for a projective variety X C P". The dual
projective space (P™)Y parametrizes hyperplanes in P*, and the dual
variety X" is, roughly, the set of hyperplanes tangent to X at some
smooth point: the image under the projection X x (P*)¥ — (P")" of
the closure of the incidence relation

Ix ={(z,H) € Xgm x (P")" | H contains T, X }.

Here T,X is the tangent space to X at the smooth point z — the
systematic treatment of tangent spaces comes later (Chapter 6); for a
hypersurface X = V/(F) it is the hyperplane };(0F/0.X;)(z)X; = 0,
the same gradient condition used for tangent lines in Chapter 3. The
condition H D T, X is given by linear equations in the coefficients of
H once the tangent space is written algebraically. By elimination the
image of the closed set Iy is closed, so the set of tangent hyperplanes,
together with its limits, is defined by equations in the dual coordinates.
For a smooth plane curve C' = V(F') more is true: the Gauss map
x — (Fx(z) : Fy(z) : Fz(x)) is then a morphism on all of C, so
its image is already closed by Theorem 4.52, and the dual curve of
Chapter 3 is exactly the set of tangent lines, with no closure needed.

4.9.4. Incidence correspondences. The same pattern appears
throughout projective geometry. Suppose one has a closed incidence
relation

ICXxY
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where X is projective. Then the set of parameters y € Y for which
there exists an € X with (z,y) € I is the projection of I to Y, hence
is closed.

This simple principle explains why many “there exists” conditions
in projective geometry are algebraic:

Jr € X such that (z,y) € I =y satisfies polynomial equations.

Examples include secant varieties, varieties of tangent hyperplanes, loci
of singular hypersurfaces, and many classical constructions in enumera-
tive geometry. Here is the smallest of these worked out completely.

Example 4.55 (Singular conics). Assume char k # 2. Plane conics
F=aX?4+bXY +cXZ+dY?*+eYZ+ fZ°

form the projective space P° = P(Sy) with coordinates (a:---: f). A
conic is singular at P when Fx(P) = Fy(P) = Fz(P) = 0; by Euler’s
formula 2F = X Fx + Y Fy + ZFy this already forces F'(P) = 0. So the
incidence

I ={(P,F)€P*xP°| Fx(P) = Fy(P) = Fz(P) =0}

is closed, cut out by three equations of bidegree (1, 1), and by elimination
the singular conics form a closed subset of P°.

Here the eliminant can be found by hand. Write F' = x¥ Mx with
x = (X,Y, Z)T and the symmetric matrix

a b/2 ¢/2
M=b2 d e
c/2 e/2 f

Then (Fx, Fy, Fz)T = 2Mx, so a singular point is a nonzero vector in
the kernel of M, and the projection of I to P° is the cubic hypersurface

4det M = 4adf + bce — ae® — b*f — *d = 0.

As in the proof of the elimination theorem (Proposition 4.53), the image
is the locus where a matrix of coefficients drops rank. The fibres of
I — P° also show what projection forgets. Over a pair of distinct lines
(M of rank 2) the fibre is one point, the vertex; over a double line (rank
1) it is the whole line. The fibres of I — P? are all of the same kind: the
conics singular at a given point form a plane P2 C P°, cut out by three
independent linear conditions. So I is swept out by a two-dimensional
family of planes, and one expects dim [ = 2 + 2 = 4; this matches the
fact that its image is a hypersurface in P?, over most of which (the line
pairs) the fibre is a single point.

4.10. Linear systems
Hypersurfaces moving in projective families

How many curves of degree d pass through a given set of points?
Questions of this shape have followed us since the parameter counts
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of Chapter 1, through the pencil of cubics behind the group law (Sec-
tion 3.3), to Pascal’s theorem (Proposition 3.27). What they have in
common is that the object of study is not one curve but a family of
hypersurfaces, and that the family itself is a projective space. This
section makes that point of view official.

A hypersurface of degree d in P" is the k-variety given by a principal
homogeneous ideal I = (f) with deg f = d. Let S; be the vector
space of all homogeneous polynomials of degree d in k[Xo, ..., X,]
(together with the zero polynomial). Two non-zero elements f and \f,
A € k*, determine the same hypersurface in P" (possibly with multiple
components). So the space of all hypersurfaces of degree d is P(Sy).

Let now V' C P" be a projective variety with homogeneous coor-
dinate ring Sy. The vector space Sy(V') of elements of degree d in
Sy is the image of Sy under the quotient map k[Xo, ..., X, = Sy =
k[ Xo, ..., X,|/1(V).

Definition 4.56. A linear system on V is P(L), where L C Sy(V) is a
linear subspace.

If we take a basis of L and represent it by homogeneous polynomials
for--y fm C Kk[Xo,...,X,], then we can write the equations of the
hypersurfaces in the linear system as

)\OfO(XOaaXn)++>\mfm(X07aXn) =0.

For the associated rational map, suppose that V' is integral and L # 0.
The family itself gives coordinates for a map. The formula Y; = f;
defines a rational map

oV --» P

On the open set where this formula is defined, the inverse image of
a hyperplane >  \;Y; = 0 is the member > \;f; = 0 of the linear
system, restricted to that open set. We can formulate this without
coordinates: the linear system gives a rational map ¢y : V --» P(L*),
where L* is the dual vector space. We have indeed the dual vector
space, as the evaluation evp: f +— f(P) in a point P € V is a linear
function on L, well defined up to scalar multiplication. The image
of a point P € V is the intersection of all hyperplanes corresponding
to the hypersurfaces passing through P. If all the hypersurfaces in
the linear system pass through P, all the coordinates fo(P),..., fm(P)
vanish, so the projective point [fo(P) : -+ - : fin(P)] is not defined. Such
points are called base points of the linear system. This says that the
chosen formula is undefined, not necessarily that the rational map fails
to extend there. A common factor can sometimes be cancelled: on P!,
[S?: ST| agrees with [S : T| wherever S # 0, and the latter defines the
identity everywhere. The system (S?, ST') has a base point at [0 : 1], but
its rational map has no indeterminacy. Chapter 5 makes this distinction
precise before introducing blow-ups.
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Conversely, given a point P € V| the condition that the hypersurface
V(f) passes through P, is that f(P) = 0, and this gives one linear
condition on the coefficients of f.

Example 4.57. Let P(L) be the linear system of conics in P? through
three points, not on a line. The three points are the base points of the
system. The whole line connecting two base points is mapped onto the
same image point: the only conics through a third point on the line are
reducible, consisting of the line itself and a line through the third base
point.

We give a description with coordinates. Take the three points to be
(1:0:0),(0:1:0)and (0:0:1). A conic V(aX?+bXY +cXZ +
dY? + eY Z + fZ?) passes through these three points if and only if
a=d=f=0. Abasisof Lis (YZ,XZ XY), so p is the map

(X:Y:2)»(YZ:XZ:XY).

This is the standard Cremona transformation. It is an involution, as
can be seen by rewriting (Y27 : XZ: XY)=(1/X:1/Y :1/Z). Using
the original formula we find

orop(X:Y :2)=(X*YZ:XY?*Z:XYZ*)=(X:Y:2).

The Cremona transformation is an isomorphism on the complement
of the coordinate triangle V(XY Z). In the language of blow-ups —
introduced properly in Chapter 5, and to be read informally here as
“collapsing a curve to a point” and “replacing a point by a line” — it blows
down the coordinate lines to points and blows up the points to lines.
We can factor the transformation ¢ : P2 -—-» P? as P? «+— Py — P2,
with P; — P? the blow up of three points. In fact, Py is a surface of
degree 6 in P9, called Del Pezzo surface (of degree 6), and the inverse
P2 ——» Py is the map determined by the linear system of cubics through
the three points (Figure 5).

Linear systems will from now on be one of our standard devices: in
Chapter 5 they organize rational maps, and in Chapter 8 they become
the moving families of curves whose intersection numbers drive the
geometry. Together with the Hilbert polynomial (Theorem 4.37) and
the main theorem of elimination theory (Theorem 4.52), they complete
the toolkit that projective space was introduced to provide: we can now
not only complete our varieties, but count on them, project them, and
map them.
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X 7 \

A Y

FIGURE 5. The plane Cremona map factors through the
blow-up of its three base points.

4.11. Technical details: sections from forms
The graded calculation behind Theorem 4.35

This section supplies the proof deferred from the discussion of local
functions. It is independent of the later geometric examples in this
chapter. The point is to obtain one degree bound valid for every section,
not a denominator-clearing bound that varies with the chosen section.

PROOF OF THEOREM 4.35. By definition, H°(X,Ox(m)) is the
degree-m part of the kernel of

@Ax — @AX X;» (8i)i — (55 — 84i)i<y-
1<j

The map from A to this kernel is the first map of the augmented graded
Cech complex for the irrelevant ideal A, = (Xo,...,X,). Saturation
makes it injective in every degree: an element killed in every Ay, is
killed by a power of the irrelevant ideal. We prove that the cokernel
vanishes in large degrees, rather than assume that clearing denominators
gives a bound independent of the section.

Put S = k[Xy,...,X,]. For a finite graded S-module N, consider
the augmented complex

C*(N): N—>€BNX — @ Nx.x, — -+ — Nxpoox,.

1<J
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with N in position 0. The differential d: C?(N) — CP*1(N) uses the
sign convention

(dc)i()"-ip = Z(_l)TCio---ﬁmz’p (io << 7:17)7
r=0
where all terms are restricted to the common localization; for p = 0 this
means a — (a/1);. Each pair of omitted indices cancels in d?, so d* = 0.
Write H7(C*(N)) for the kernel at position j modulo the preceding
image. The cokernel in question is H'(C*(A)), not H?: our complex
includes the initial term A.

First take N = S. Decompose the complex by Laurent monomials
X%+ - X, with a; € Z. Such a monomial occurs in the summand
indexed by a set [ exactly when I contains every index with a; < 0.
If some a; > 0, define h by deleting j from an index set with sign
(—1)" when j occupies position r (counting from 0), and by zero on
summands not containing j. Deletion is allowed because a; > 0, and
the alternating signs give dh + hd = id: the terms involving an index
other than j cancel. Thus this little complex is exact. If all a; < 0, the
monomial occurs only in the last position, and its total degree is at most
—n — 1. Hence H7(C*(S)) = 0 for j < n, and the last group vanishes
in degrees m > —n — 1. For a shift S(—a), with S(—a),, = Sy—a, the
bound is m > a —n — 1. Taking the largest of these bounds gives
vanishing in every position for a finite direct sum of such shifts.

Here is the elementary diagram chase that transfers this vanishing.
For a short exact sequence of graded modules 0 - K = F 5 N —
0, localization gives a short exact sequence at every position of the
complexes, also in each degree m. All maps commute with d. Fix m
and j > 1, and suppose

HI(C*(F))y = HT(C*(F)),, = 0.
We construct an isomorphism
§: H (C*(N))ym — HTHC*(K)) .

Represent a class by z € C7(N),, with dz = 0, and lift it to f € C/(F),,.
Since 7(df) = dz = 0, there is a unique k € C'*(K),, with «(k) = df.
Then «(dk) = d?f =0, so dk = 0. Set 6([z]) = [k]; this fixes the sign of
the connecting map.

For well-definedness, replacing f by f + ¢(u) replaces k by k +
du, which has the same class. Replacing 2z by z + dv, and lifting
v € CV7Y(N),, to g € C77Y(F),,, lets us replace f by f + dg, whose
differential is still df. Thus ¢ is independent of both choices, and
adding and scaling lifts shows it is linear. For surjectivity, start with a
cycle k € CVT(K),,. The vanishing of H'*1(C*(F)),, gives (k) = df
for some f € CY(F),,. Then z = w(f) is a cycle and §([z]) = [k].
For injectivity, if §([z]) = 0, write k¥ = du with u € C/(K),,. Now
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d(f — t(u)) = 0, so the vanishing of H/(C*(F)),, gives f — t(u) = dg
for some g € C77Y(F),,. Applying 7 yields z = dr(g), as required.

For general N = Ny, choose graded finite free surjections F; — N;
and put Ny = ker(F; — N;), for 0 < i < n. These kernels are
finitely generated because S is Noetherian. There are only finitely
many shifts among Fy, ..., F},, so choose an integer M larger than every
corresponding bound a —n — 1. For every m > M the two vanishings
needed in the chase hold for every F;, and it gives

H(C*(N))m =~ HTHC*(Nig1))m (j=>1).
Iterating these n + 1 times, starting at 7 = 1, gives
HY(C*(No))m = H*(C*(N1))m
e H(CH (N =,

since every such complex stops at position n + 1. We do not assume
that the last kernel is free or zero, or that a finite free resolution exists.
This proves the required vanishing for N = A. All the arguments take
place in modules and localized rings, so they apply unchanged when X
is non-reduced or has embedded components. U

Remark 4.58. This theorem is sometimes presented as the first graded
form of Serre vanishing. Only the eventual degree statement above is
used in this book, and only through the computation just made; no
general cohomology theory is needed later. It is important to use the
whole standard cover: for S = k[Xy, X;], the cokernel of S — S,
alone contains X{ /X, in arbitrarily large degrees. Vanishing cannot be
proved by simply adding one localization at a time. For the general
theorem, see Hartshorne, Algebraic Geometry, Theorem II1.5.2.

Exercises for Chapter 4

4.1. Affine charts of projective space. What points in P? do not
belong to two of the three sets A2, A2 A2?

4.2. Curves in standard charts. a) Describe the curve Cy: 2X +
Y? = 1 in the other two standard coordinate charts on P?(C). Hint:
first homogenize the equation with the coordinate Z.

b) Let Cy be defined by the equation Y = X? in the affine chart Z = 1.
What does (5 look like at infinity? Give its equation and draw its real
part.

c¢) Find all the points of P? which lie on both curves C; and Cj.

4.3. Intersections over R and C. a) Let C;: Y = X? + 1 and
Cy: Y = 0. What is C;NCy in A%(R) respectively A%(C)? Does anything
change if we make the equations homogeneous and think of the curves
as lying in P2, Explain this in terms of ‘asymptotic directions’.
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b) Let Cy, be the circle X?+Y? = £? in A*(R). Show that C; N Cy = 0.
What happens if we replace R with C? What about P?(C)?

4.4. Real conics and complex intersections. Two conics in P?(C)

without common component have four intersection points, counted
with multiplicity (the counted form of Bézout’s theorem, Theorem 6.34
of Chapter 6). Give an example of two conics in P?(R) which meet
transversally in exactly two real points.
Find the extra intersection points when you use the same equations to
define conics in P4. [This may or may not be difficult depending on
your choice of equation.] Why can you deduce that these intersection
points are distinct (even without calculating them)?

4.5. The projective plane over F,. Let k = Z/(2) be the field
with two elements. How many points has P?(k)? How many lines pass
through P = (1 :0:0)? How many points lie on each of these lines?
Draw all points and lines. Hint: choose (1 : 0 : 0), (0 : 1 : 0) and
(0:0:1) as vertices in a triangle and (1 : 1: 1) as interior point.

4.6. Duality. Let {eg, e1, €2} be a basis of V = R? and let (Xj: X :
X5) be corresponding homogeneous coordinates on P(V) = P*(R). Let
{e§, e, €5} be the dual basis in V*, and (Up : Uy : Us) corresponding
homogeneous coordinates on P(V*) = P?(R). Let P = (ao : a : az) be
a point in P(V'). Describe the pencil of all lines in P(V') through P in
the coordinates (Uy : Uy : Us).

4.7. Lines meeting skew lines. (%)

(1) Let I; and Iy be two disjoint lines in P?. Show that through
every point P ¢ [; U [y there is a unique line meeting both [;
and [y. (Hint: intersect the plane spanned by P and l; with
l5.) So the lines meeting two skew lines fill all of P3.

(2) Now let Iy, [5, l3 be pairwise disjoint lines, and let () be the union
of all lines meeting all three. Show that () is a quadric surface
projectively equivalent to the Segre quadric V(ZyZ11 — Z01Z10)
(Definition 4.49) (a quadric of rank 4), containing ly, ls, l3 in
one ruling and the lines meeting them as the other ruling.

4.8. Projective frames. Let Py, P, P, (resp. (o, @1, Q2) be three
points in P2 not lying on a line. Show that there is a projective change
of coordinates T': P? — P? such that T'(P;) = Q;, i = 0,1,2. Extend
this to n + 1 points in P", not lying on a hyperplane.

4.9. Dual projective frames. Let [y, l1, ls (resp. mg, my, ms) be
lines in P2 that do not all pass through one and the same point. Show
that there is a projective change of coordinates T: P? — P? such that
T(l;) =m;,i=0,1,2. (Hint: Let P, ={; N1, Q; = m; N'my,.)
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4.10. Formal partial derivatives. Let f € k[Xo, ..., X,]. Define
the (formal) derivative % € k[Xo,...,X,], for any field k. (Hint:
product rule).

4.11. Euler’s formula. Let f € k[X, ..., X,] be a homogeneous
polynomial of degree m. Show Euler’s formula

= 0
(*) ZXza—)J; =mf.
i=0 !

When does the converse hold: for which fields does (x) imply that f # 0
is homogeneous of degree m?

4.12. Homogeneous prime ideals. Let I C k[Xj,...,X,] be a
proper homogeneous ideal. Show that [ is prime if and only if for every
two homogeneous elements f,g € k[Xy, ..., X,] we have that fg € T
implies f € I or g € I.

4.13. Operations on homogeneous ideals. The sum, product,
intersection and radical of homogeneous ideals are also homogeneous
ideals.

4.14. Homogenization and primeness. Show that an ideal
I C k[Xy,...,X,] is prime if and only if its homogenization I C
k[Xo, ..., X,] is prime.

4.15. Saturation. Find [**, where [ = (X2, XY) C k[X,Y].

4.16. Hilbert functions of small varieties.

(1) Compute the Hilbert functions of three collinear points and
of three non-collinear points in P? (for instance [1: 0 : 0], [0 :
1:0,[1:1:0)and [1:0:0],[0:1:0],[0:0:1]). Show that
they differ in degree 1 but have the same Hilbert polynomial 3.
From which degree on does Lemma 4.45 guarantee Hz(d) = 3,
and from which degree on does it actually hold in each case?

(2) Compare the double point V(X,Y?) with the fat point
V((X,Y)?) in P2, both supported at [0 : 0 : 1]. Show that
their Hilbert polynomials are 2 and 3. (Compare Exam-
ple 4.41.)

(3) In P3 let X; = V(Xo, X;) UV (Xy, X3) (two skew lines) and
Xy = V(Xo, X7) UV (X, X2) (two lines meeting in a point),
with ideals (X()XQ, X()Xg, X1X27 Xng) and (Xo, XlXQ). Show
that Py, (t) = 2t + 2 and Px,(t) = 2t + 1. Both have degree 2;
what are their arithmetic genera?
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4.17. Sections and forms on a rational quartic. Return to
X C P3, parametrized by [s : t] = [a:b:c:d] = [s*: % : st3 : 1], in
Example 4.34, and let A be its homogeneous coordinate ring.

(1) Check the compatibility of the degree-one fractions b*/a and
c?/d on D, (a)NDy(d). Dividing by a and d, respectively, gives
regular functions on the two charts. Compute these functions
in t/s and s/t, and check that on the overlap the first is d/a
times the second, not the same regular function.

(2) List the ten pairwise products, allowing repetition, of
st 53t st3,t*.  Show that they give all nine monomials of
degree 8 in s,t, with one product repeated, and identify the
resulting quadratic relation in a, b, ¢, d.

(3) Deduce that Ay — H°(X,Ox(2)) is an isomorphism. (Hint:
the chart coordinates /s = b/a and s/t = ¢/d identify X with
P': compatible degree-two sections correspond to homogeneous
polynomials of degree 8 in s,t.) Explain why this agrees with
Theorem 4.35, even though the extra degree-one section in the
example does not come from a linear form.

4.18. Finite fields and homogeneous ideals. Let k = Z/(2) be
the field with two elements. Determine for V(z? + yz) C A3(Z/(2)) the
ideal I(V (2% +yz)) C Z/(2)[r,y, 2]. Now consider the same equation
in the projective plane: V(X? 4+ Y Z) C P? and find the homogeneous
ideal I(V(X?+YZ)) CZ/(2)[X,Y, Z].

4.19. Projection of the twisted cubic. Let C' C P? be the rational
normal curve of degree 3, given by the parametrization

P! — P?, (S:T) = (X:Y:Z:W)=(S*:5T:8T?:T?).
Let P=(0:0:1:0) € P? and let H be the hyperplane defined by
Z = 0. Let 7 be the projection from P to H, i.e. the map associating to
a point ) of C' the intersection point of H with the unique line through
P and Q.

a) Show that 7 is a morphism.

b) Determine the equation of the curve 7(C) in H = P2,
¢) Is m: C'— m(C) an isomorphism onto its image?

4.20. A birational cuspidal cubic. Show that the curve C' =
V(X3 — ZY?) C P?, defined over an algebraically closed field k, is the
image of the morphism P! — P2 [s : t] — [s* : s* : t3], which is
bijective onto C' and restricts to an isomorphism from {s # 0} onto
C N{Y # 0}. (In the language of Chapter 5: C'is birational to P'.)
Consider the affine chart Uy = {Z # 0}. Are the coordinate rings of
the affine curve C' N Uy and A! isomorphic?

Does there exist an affine chart U; such that C' N U; has coordinate
ring, isomorphic to k[t]?
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4.21. Five points determine a conic. Show that there is only one
conic passing through the five points (0:0:1), (0:1:0), (1:0:0),
(1:1:1),and (1:2:3); show that it is nonsingular, if char k # 2, 3.

4.22. Cubics through nine points. (x) Consider the nine points
0:0:1),0:1:1),(1:0:1),(1:1:1),0:2:1),(2:0:1),
(1:2:1),(2:1:1),and (2:2:1) in P? it might help to make a
picture. Show that there are infinitely many cubics passing through
these points (if the field & is infinite).

4.23. Linear systems of conics. Let L be the vector space of
homogeneous polynomials of degree 2 in k[X : Y : Z] and let P(L) be
the linear system of conics.

a) Let Py, P, Py and P, be four distinct points in P? and let
P(L(Py, Py, P, Py)) be the linear system of conics passing through these
points.

Show that dimP(L(Py, Py, Ps, P,)) = 2 if the four points lie on a line,
and that dimP(L(Py, Ps, Ps, Py)) = 1 otherwise.

b) Show that the space of irreducible conics in P? is an open subset
U C P(L). What geometric objects can be associated to the points in
P(L)\U?

4.24. Affine complements. Let H; C P" be a hypersurface of degree
d. Show that the complement P" \ Hy is an affine variety.

4.25. Automorphisms of P!. Show that every isomorphism f: P* —
P! is a projective transformation.

4.26. Quasi-projective unions and intersections. Is the union
(resp. the intersection) of quasi-projective algebraic sets a quasiprojec-
tive algebraic set?

4.27. Regular functions on projective varieties. (x) Let V' be an
integral projective variety over an algebraically closed field k. Show that
O(V') = k, that is, every rational function, regular on the whole of V', is
constant. (Why is integrality needed? If V' is two disjoint points in P,
O(V) =k x k # k.) Hints: show that on each standard open affine set
Vi anr € O(V) has the form » = f;/ X with f; € Sy, (V') homogeneous
of degree N;. Show that for N sufficiently large multiplication with
r is an endomorphism of the vector space Sy (V). Use the Theorem
of Cayley-Hamilton (Exercise 2.32) to conclude that r is a root of a
polynomial with coefficients in k; alternatively, consider an eigen vector
and show that r equals the eigen value.

4.28. Projective varieties mapping to affine varieties. Show
that every regular map from an integral projective variety to an affine
variety maps to a point. (Why is integrality needed? If V' is two disjoint
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points in P" a regular map can send them to two different points of

A™)

4.29. The degree of a projective curve. Let C' C P" be an integral

projective curve and let H = V' ({), with £ = > a; X}, be any hyperplane
not containing C. Show, using Lemma 4.43 alone, that the number
of points of C'N H, counted with multiplicity as in Theorem 4.46, is
the same for every such H, namely deg C'. (For an integral curve no
further general-position choice is needed: S¢ is a domain, so every ¢
not vanishing on C'is a nonzerodivisor. Do not forget to explain why
CNH#(.) (Why does the statement fail for reducible C'? Consider
C = L1 U Ly, two distinct lines, and H = L;.)

4.30. Bézout for curves in P". (xx) Let C C P™ be an integral
curve (irreducible and reduced) of degree d and let F' be a homogeneous
polynomial of degree d’ with C' ¢ V' (F'). Show that CNV(F') consists of
exactly d d' points, counted with multiplicity. (Hint: apply Lemma 4.43
with f = F and ¢ = d’; the leading-term computation shows that the
constant Hilbert polynomial of the cut equals d' - d. This is where
integrality of C' is used: it makes S¢ a domain, so multiplication by F'
is injective in large degree. For a plane curve, C' = V(G) C P?, compare
with Bézout’s theorem, Theorem 6.34.)

4.31. Two charts are really needed. (xx) Let C' = V(XZ —Y?) C
P? and let g: C — P! be the isomorphism of Example 4.32. Show
that g admits no global representation g = [F' : G| by a single pair of
homogeneous forms without common zero on C'. (Hint: compose with
the parametrization v([s : t]) = [s* : st : t?]. If g = [F : G] globally,
then F = F(s?, st ,t?) and G = G(s% st, %) are binary forms of even
degree 2e with [F : G] = [s : t] everywhere, i.e. tF = sG as polynomials.
Deduce F' = sH and G = tH for a form H of odd degree 2e — 1 > 1;
any zero of H gives a common zero of F' and G on C'.)



CHAPTER 5

Morphisms and birational geometry

How varieties are mapped, compared, and identified

5.1. Why rational maps are unavoidable
Rational formulas and their indeterminacy

The guiding question of this chapter is:
what should count as a map between varieties?

Polynomial maps are the first answer. They are concrete, algebraic,
and in the affine setting they fit perfectly with coordinate rings. But
some of the most natural maps in geometry are not polynomial maps.
In characteristic different from 2, the parametrization of the circle

L 1—t% 2t
14271+ ¢2

uses rational functions. Projection from a point is often given by ratios
of linear forms. Homogeneous formulas in projective space may be
undefined where all coordinates vanish at once.

Thus the basic difficulty is not artificial. Geometry naturally pro-
duces formulas that are defined on a large open set, but not necessarily
everywhere. This chapter develops a language for such maps.

Recall the affine dictionary (Theorem 2.24). An affine algebraic
variety X is encoded by its coordinate ring k[X], and a regular map
between affine algebraic varieties

f: X—=>Y
corresponds to a k-algebra homomorphism
kY] — E[X].

This algebraic description is global and canonical. It captures regular
maps, but it does not capture rational parametrizations or projections
with indeterminacy.

In Chapter 4 we extended this notion of map to quasi-projective
varieties: a morphism (Definition 4.25) is a continuous map equipped
with compatible pullbacks of local regular sections. The pullbacks
are part of the data, essential when nilpotents are present. This is
the definition for everywhere-defined algebraic maps. Many natural
formulas, however, are regular only on a dense open subset.

Two examples make the difficulty concrete.

160
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Parametrizing the circle. For this example assume char k # 2. Let
C=V(E@*+y*—1)C A%

The usual parametrization by lines through (—1,0) gives

1—t2 2t
H=|—F —F——].
o(t) <1+t2’1+t2)

This is not a polynomial map A' — C, because denominators appear.
It is, however, regular on the open set D(1 + t?) C A'. Over C the
denominator vanishes at two values of ¢, and over R it never vanishes.
The formula therefore already teaches us two things: the domain of
definition matters, and it may depend on the field.

Let C C P? be the projective closure of C. Projectively, the
parametrization is better understood as a map

2

P! — C C P? [u:v] — [u? —v® : 2uv : u® + 0.

After homogenizing, the denominators disappear. This is one reason
projective space is so well adapted to rational parametrizations.

Projection from a point. Consider the projection
P? --s P!, (X:Y:Z]— [X:Y].

Geometrically this sends a point of the plane to the line through it
and the point [0 : 0 : 1]. The formula is not defined there, since both
coordinates X and Y vanish. In this example the rational map cannot
extend there either: on a line [X : Y] = [a : b] through that point, its
value is constantly [a : b] away from the centre. Any extension would
have to take all these different values at the same point. It is, however,
a morphism on the open subset

P2\ {[0:0:1]}.
This is the typical behaviour of a rational map: it is geometrically
meaningful, but it comes with an indeterminacy locus.

The same tension appears globally in projective space. Any rea-
sonable map f: P* --+ P™ should be allowed to have coordinates
given by homogeneous polynomials of the same degree — projections,
embeddings, and parametrizations are all of this form — and such a
formula fails precisely where all its coordinate polynomials vanish at
once. Moreover, we saw in Chapter 4 (Remark 4.22) that an integral
positive-dimensional projective variety X has only constant global reg-
ular functions: Ox(X) = k. Maps out of projective varieties therefore
cannot be described by globally defined functions and ring homomor-
phisms alone; the geometry forces us to work with functions, and maps,
defined on dense open subsets.

This leads to the notion of a rational map: a map defined by regular
functions on a dense open subset, two such maps being identified if
they agree where both are defined. The point is not to pretend that the
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difficulty of denominators and indeterminacy disappears, but to control
it. The purpose of the next sections is to make this precise.

5.2. Rational functions
Functions defined on the part where a formula makes sense

Chapter 4 already gave the right definition of a regular function
on an open subset of a quasi-projective variety (Section 4.3). Rational
functions begin when we permit the open subset to be dense rather than
all of the variety. From now until the end of the chapter, X denotes an
integral quasi-projective variety over k.

Definition 5.1. A rational function on X is a regular function on some
dense open subset U C X. Two such functions define the same rational
function if they agree on a dense open subset of the intersection of their
domains. The resulting field is the function field of X, denoted k(X).

The phrase “same on a dense open set” is not a technical nuisance.
On an integral variety, two regular functions that agree on a nonempty
open set agree wherever both are defined. Thus a rational function
is one geometric object, even though it may be represented by many
fractions.

Example 5.2. On A!, the formula 1/t is regular on A' \ {0} and so
defines a rational function. It is not regular at 0. The two formulas ¢/t

and 1/t represent the same rational function because they agree where
both are defined.

Proposition 5.3 (Affine description of the function field). Let U C X
be a nonempty affine open subset. Then

k(X) = Frac(k[U]).

In particular, if X itself is affine, its rational functions are precisely the
fractions of elements of its coordinate ring.

PROOF. Every fraction g/h is regular on the nonempty basic open
set D(h). In the other direction, a regular function on a dense open
subset of U is, locally, a fraction of elements of k[U]; two such local
fractions agree in the fraction field because they agree on a dense open
subset. This identifies all rational functions with Frac(k[U]). O

The largest open subset on which a rational function r is regular is
its domain of definition, written dom(r). For an affine variety this is
especially concrete: the denominator of a fraction describes the possible
poles. The complement X \ dom(r) is its polar set.

5.3. Quasi-affine varieties
Open pieces of affine geometry
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The projective chapter (Chapter 4) introduced quasi-projective
varieties, the common setting for affine and projective geometry. A
useful intermediate class is also worth naming.

Definition 5.4. A quasi-affine variety is an open subset of an affine
variety, equipped with the restricted structure sheaf.

Example 5.5 (Basic open subsets are affine). Every basic open subset
D(f) C X of an affine variety is itself affine: it is the graph of 1/f in
X x A, with coordinate ring

K[D(f)] = E[X][1/f].
This is the algebraic version of clearing a denominator by adding one
new coordinate.

Not every quasi-affine variety is affine. For instance, A?\ {0} has
the same global regular functions as A%, but it is not recovered from
that ring; this is one reason local functions, not only global coordinate
rings, are needed.

5.4. Rational maps
Maps defined on dense open sets

The circle parametrization and projection from a point have now
acquired the same shape: each is an honest regular map on a dense
open subset, but not on the whole source.

Definition 5.6. A rational map f: X --+ Y between integral quasi-
projective varieties is an equivalence class of regular maps U — Y
defined on dense open subsets U C X. Two representatives are equiva-
lent when they agree on a dense open subset of their common domain.
A rational map is dominant if its image is dense in Y.

Two facts about integral varieties are used constantly below. A
nonempty open subset of an irreducible space is dense, and two
nonempty open subsets meet. And a regular function on an open subset
U C X that vanishes on a nonempty open subset of U vanishes on all
of U: its zero set is closed and dense (compare the identity principle,
Proposition 2.16). Since X is reduced, a regular map from an open
subset of X is determined by its values on points.

Lemma 5.7 (Pullback and composition). Let f: X --»Y be a domi-
nant rational map, represented by a reqular map U — Y.

(1) For every nonempty open' V-.C Y the set UN f~1(V) is a dense
open subset of X, and f maps it to a dense subset of Y.

(2) Pulling back gives a well-defined homomorphism of k-algebras
f k(YY) — kE(X), f*h = ho f, which is injective.

(3) If g: Y --» Z is a rational map, then go f is a well-defined
rational map X --+ Z. If g is dominant, so is g o f, and

(go f)r=frog"
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PROOF. (1) Since f(U) is dense and V' is open and nonempty, f(U)
meets V. So U’ = U N f~}(V) is a nonempty open subset of U, hence
dense in X. Its closure in U is U, so by continuity the closure of f(U’)
contains f(U), which is dense in Y.

(2) Let h be regular on a dense open V' C Y. By (1), ho f is regular
on the dense open set U N f~1(V), so it defines an element of k(X). If
the representative of h or of f is changed, ho f changes only off a dense
open subset, so f*h is well defined. It is a k-algebra homomorphism,
and it is injective because k(Y) is a field.

(3) Represent g by a regular map V' — Z on a dense open V C Y.
Then g o f is a regular map on the dense open set U N f~1(V) of
(1). Changing g on a dense open V' C V changes g o f only outside
Un f~Y(V’), which is again dense open by (1). Changing f on a dense
open subset of X changes g o f only there. If ¢ is dominant, then ¢
maps the dense subset f(U N f~1(V)) of V to a dense subset of g(V),
by continuity, and g(V') is dense in Z. Finally (go f)*h =hogo f =
f*(g7h). O

So for a dominant rational map, pulling back rational functions
gives an inclusion of fields in the opposite direction,

FrR(Y) o k(X).

This is the same reversal that appeared for polynomial maps and
coordinate rings, now stripped of the choice of embedding.

Theorem 5.8 (The function-field dictionary). Dominant rational maps
X --+Y are in natural bijection with k-field homomorphisms k(YY) <
k(X). Under this dictionary, a rational map is birational exactly when
the induced field homomorphism is an isomorphism.

PROOF. Choose a nonempty affine open subset V' C Y, embedded
as a closed subset of some A™, with coordinate functions y1,..., yYm.
They generate k[V], so they generate k(Y') = Frac(k[V]) as a field over
k.

From fields to maps. Let ¢: k(Y) — k(X) be a homomorphism of
k-algebras. Each ¢(y;) is regular on a dense open subset of X. The
intersection of these subsets is dense open, so it contains a nonempty
affine open subset U (basic open subsets of an affine chart form a basis of
the topology). If a polynomial ¢ vanishes on V', then ¢(y1,...,ym) =0
in k£(Y"), so the regular function ¢(p(y1),...,0(Um)) = (@Y1, -, Ym))
on U is zero in k(X ), and hence zero on U. So y; — ¢(y;)|y defines a k-
algebra homomorphism k[V] — k[U], that is, a regular map F': U — V
with y; o F' = ¢(y;). The map F' is dominant: if F'(U) were contained
in V(h) for some 0 # h € k[V], then ¢(h) = h o F' would vanish on U,
but ¢ is injective. Let f: X --+ Y be the rational map given by F.
Then f*(y;) = ¢(y;) for all i. Two homomorphisms of fields that agree
on k and on a set of field generators are equal, so f* = .



165

The map is determined by f*. Let f, f': X --» Y be dominant with
f* = f*. By Lemma 5.7(1) there is a dense open U C X on which
both are regular and map into V. On U the functions y; o f and y; o f’
are regular and equal in k(X), so they agree on U. A point of V is
determined by its coordinates, so f = f" on U.

Thus f + f* is a bijection, and by Lemma 5.7(3) it turns composi-
tion into composition in the opposite order. If f* is an isomorphism, let
g be the dominant rational map with g* = (f*)~!. Then (go f)* = f*og*
is the identity of k(X), which is also (idx)*, so go f = idx by injectivity
of the dictionary. Likewise f o g = idy, so f has a rational inverse.
Conversely, if g is a rational inverse of f, then f* and ¢* are mutually
inverse. U

Definition 5.9. A dominant rational map f: X --» Y is birational if
f* is an isomorphism. Equivalently, by Theorem 5.8, f has a rational
inverse. A variety X of dimension n is rational if it is birational to P",
or equivalently if k(X) = k(tq,...,t,).

Thus birational geometry deliberately ignores lower-dimensional
exceptional sets. A cusp and its parameter line have the same function
field, even though the cusp is singular; the local-geometry chapter
(Chapter 6) explains exactly what this coarser equivalence forgets.

5.5. Rational maps in projective coordinates
Homogeneous formulas and their base loci

Let X C P" be an integral projective variety. Homogeneous forms
Iy, ..., F,, of the same degree, not all vanishing identically on X, define
a formula

[(Xo: - Xy — [Fo(X) -+ Frp(X))].
It makes sense precisely away from the common zero set

B=XNV(F,....,Fy),

called the base locus. On X \ B the formula is a regular map by the local
criterion of Chapter 4 (Example 4.29); if B is empty, it is a morphism
on all of X.

Proposition—Definition 5.10. The rational map defined by homoge-
neous forms of the same degree is reqular at P € X if at least one form
1s nonzero at P. Its domain of definition s the largest open subset on
which the rational map can be represented by a morphism. This contains
X \ B and may be larger. Its complement is the indeterminacy locus.

To see that the largest open exists, take the union of the domains
of all representatives. They agree on overlaps: the equality locus of
two morphisms to projective space is closed (the diagonal is given by
Y;Z; =Y;Z;), and here it contains a dense open subset of the integral
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source. Since the source is reduced, equality on points also gives equality
of pullbacks. The gluing lemma (Lemma 4.30) therefore applies.

Example 5.11 (A base point that can be cancelled). On P!, the forms
S?% ST have the common zero [0 : 1], but

[S?: ST =[S :T] when S # 0.

They represent the identity rational map, whose domain of definition
is all of P'. The base point belongs to this choice of forms, not to the
map itself. Removing the common factor S changes the linear system
but not the rational map.

The projection formula [X : Y : Z] — [X : Y] is different: its
missing value cannot be recovered by changing formulas, as the lines
through the centre showed at the start of the chapter. A blow-up will
resolve this genuine indeterminacy by retaining the direction of the line.

Example 5.12 (The rational normal curve). The homogeneous forms
R/ A A
have no common zero on P!, so they define a morphism
P! — P", [S:T)— [S™: 8" ' T
Its image is the rational normal curve. The vanishing of the 2 X 2 minors
XiX;+1 — Xip1Xj records that consecutive coordinates have rank one.

Example 5.13 (Projection from a point). The formula
| n>2, (Xo: - X — [Xo o0 Xy

is undefined only at [0 : --- : 0 : 1]. This is the projective form of
projection from that point. Blowing up the point, later in this chapter
(Section 5.10) and again in Chapter 8, replaces this one missing value
by the space of directions through it.

The quadratic Cremona formula (Section 4.10)
(XY :Z|+—[YZ:XZ: XY]

is another example. Its three base points are the coordinate points of
the plane. The blow-up replaces them by exceptional curves and turns
the formula into a morphism; this is the geometric reason base points
deserve to be remembered.

5.6. Function fields

The birational heart of a variety

The definition above becomes concrete on familiar curves. These
examples are worth keeping in view: they explain why parametrization
is really a question about function fields.



167

Example 5.14. k(P') = k(t), the field of rational functions in the
single variable t = X/Y on the chart Y # 0 (and 1/t = Y/X on the
chart X # 0, so the field does not depend on which chart we use to
name it).

Example 5.15. Let C' C P? be a smooth conic and P € C. Projecting
from P, i.e. sending Q € C \ {P} to the line PQ € P' (the pencil of
lines through P), is a birational map C' --» P!: every line through P
other than the tangent line meets C' in exactly one further point. Hence
k(C) = k(P') = k(t) — despite living in the plane, a conic has exactly
the same function field as a line.

Example 5.16. For the cuspidal cubic C = V(ZY? — X3), the bira-
tional parametrization P! — C again gives k(C') = k(t). This fails for a
smooth cubic: no rational parametrization by P! exists, so its function
field is not a purely transcendental field k(¢). (One shadow of this,
made precise in Chapter 7, is that smooth plane cubics have genus 1
while P! has genus 0, and birational smooth projective curves always
share the same genus.)

These examples illustrate the function-field dictionary (Theorem 5.8):
integral varieties are birational exactly when their function fields are
isomorphic as k-fields. We now turn to morphisms (not just rational
maps) between curves, where a finer numerical invariant than the
function field itself — the degree of the induced field extension — becomes
available.

5.7. Finite maps of smooth projective curves
Why every fibre has the same total size

The first numerical invariant of a dominant map of curves is its
degree. A generic fibre has finitely many points; at special values,
several of those points may merge, and multiplicity restores the missing
count.

Theorem 5.17 (Constant fibre degree). Let f: C — D be a non-
constant finite morphism between smooth projective irreducible curves.
Then every fibre has the same total multiplicity. This common number
18

deg f = [k(C) : k(D).

For example, if char k # 2, the map P — P!, [S: T| — [S? : T7],
has two points in a general fibre. Over 0 and oo each fibre consists of
one point of multiplicity two. In characteristic 2, every fibre is a single
point of multiplicity two; the total multiplicity is still the field-extension
degree. This is the simplest model for the multiplicities that later
become divisors and ramification indices.



168

Remark 5.18 (Why the proof waits). The theorem is elementary once
two local facts are available: the local ring of a smooth curve is a
discrete valuation ring, and finite torsion-free modules over such a ring
are free. Fibre multiplicity is then a length. These notions belong to
Chapter 6, which proves the theorem after introducing them; see the
proof following Proposition 6.38. Here the numerical phenomenon is
the motivation: points may merge in a special fibre, but multiplicity
keeps the total count unchanged.

5.8. The dimension of fibres
How much a morphism collapses

Theorem 5.17 counts the points in the fibres of a finite morphism of
curves. For a morphism between varieties of arbitrary dimensions the
fibres are themselves varieties, and the right coarse invariant is their
dimension. There is a clean lower bound.

Theorem 5.19. Let f: V — W be a reqular surjective map of integral
varieties, n = dimV, m = dim W. Then dim F' > n — m for any point
Q € W and every irreducible component F of the fibre f~4(Q).

PROOF. Let P € f~1(Q). By taking affine neighbourhoods of P
and () we may suppose that V and W are affine. Let 7: W — A™ be a
finite map (Noether normalization in its geometric form, Theorem 2.45).
Then the fibre of wo f over 7(Q) (with reduced structure) is the disjoint
union of the fibres of f over the points of 77! (7(Q)). It suffices to prove
the statement for wo f: V — A™, that is, we may assume that W = A™.
Then I(Q) = (Y; — b;), and the fibre is given by the m equations f; = b;.
Therefore each irreducible component has dimension at least n — m, by
Corollary 2.55. O

Remark 5.20. The inequality can be strict over special points: a
blow-up (see the final section of this chapter, Section 5.10) contracts a
whole curve to a point, so one fibre has dimension 1 while the general
fibre is a point. The general fibre does have dimension exactly n — m,
but we shall not need this.

5.9. Birational hypersurfaces
One equation suffices, up to birational equivalence

The function field viewpoint turns a geometric statement into a
familiar commutative-algebra maneuver. Noether normalization (The-
orem 2.45) says that the function field of an n-dimensional integral
variety is finite over a rational function field in n variables. The primi-
tive element theorem (Theorem D.19) then says that one extra element,
subject to one equation, generates the whole field.
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Theorem 5.21. Let X be an integral variety of dimension n over the
algebraically closed ground field k. Then X is birational to an irreducible
hypersurface in A"*1.

PROOF. By Noether normalization (Theorem 2.45), choose alge-
braically independent elements t1,...,t, € k(X) such that k(X) is
finite over K = k(tq,...,t,). Since k is algebraically closed, hence per-
fect, we may choose the normalization so that the extension is separable,
by the separating-transcendence-basis result of Appendix D (Propo-
sition D.20). The primitive element theorem (Theorem D.19) gives
k(X) = K(«) for one element «. Its irreducible minimal polynomial
over K, after clearing denominators and using Gauss’s lemma, gives an
irreducible polynomial

F(tl,. .. ,tn,Z) S k‘[tl,. .. 7tn7Z].
The hypersurface V(F) C A" has function field K (a) = k(X), so it
is birational to X. g

This result does not say that every variety is itself a hypersurface.
It says that after discarding lower-dimensional exceptional sets, one
equation in one extra coordinate is enough to remember its function

field.

5.10. Blowing up a point

Replacing a point by its directions

Blowing up is the first controlled way to improve a rational map
without changing the function field. At a point where a map is undefined,
the blow-up does not invent a value; it records every tangent direction
from which the point can be approached.

Start with the rational map

A? -5 Pt (x,y) — (x:y),
which is undefined at the origin. Its graph closes up inside A? x P! as
Blo A® = {((z,9), (£ : n)) | nr — &y = 0}
The first projection
7. BlgA? — A?
is an isomorphism away from the origin. Above the origin sits
E=nr"10) 2P,

the exceptional divisor. Its points are the directions through the origin.
On the chart £ = 1, the equation is y = nx, so (x,n) are coordinates
and the blow-up map is

(z,m) — (z,nz).
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On the other chart, n = 1, the coordinates are (£,y) and the map is
(&,y) = (£y,y). These two charts make the slogan literal: the new
coordinate is a slope.

Definition 5.22. Let C C A? be a curve through the origin. Its strict
transform in Bly A? is the closure of

7 (C\{0}).

Example 5.23 (The cusp after one blow-up). For C' =V (y* — ), use
the chart y = nx. Pulling back the equation gives

= 1),

The factor 22 records the exceptional divisor twice, while the strict
transform is the smooth curve n? — z = 0. It still meets E tangentially;
a further blow-up separates that tangency. The point is already visible:
blowing up has traded the singular point for a direction and a simpler
local equation.

v -

Cusp: y*> =3 Strict transform: z = 7>

Y n E:x=0

Yy=axn

F1GURE 1. One blow-up of the cusp. In the chart y = xn,
the strict transform is the smooth parabola x = 7% The
exceptional divisor £ = V() is red. Smoothness has
been achieved, but the strict transform is still tangent to
E; these are two different geometric questions.

Chapter 8 returns to this construction on smooth projective surfaces
(Section 8.7). There the exceptional curve acquires self-intersection —1,
linear systems lose their base points, and blow-ups become part of the
intersection theory.

Remark 5.24 (Blowing up along a subvariety). The same recipe
blows up X along any closed subvariety Z C X, not just a point:
replace X by the closure of the graph of the rational map X --+ P,
P (g1(P):-+-:g.(P)), for gi,..., g, local generators of the ideal of Z
(for Z a point in A", this is exactly ¢g; = z;, recovering the construction



171

above with r = n). We will not develop this in general, but note the
extreme case relevant for Exercise 5.19: if Z has codimension one and
is locally principal (a Cartier divisor), Z = (f) locally, there is only one
generator (r = 1), so the map to P"~! = P? = {pt} is trivial, and the
blow-up of X along Z is simply X itself: blowing up a hypersurface
does nothing.

Rational maps have given us a coarser notion of equivalence, while
blow-ups show that one can change a variety substantially without
changing its function field. The next chapter (Chapter 6) supplies the
missing local language: it distinguishes a node from a cusp, makes the
intersection multiplicities of Chapter 3 honest, and says precisely what
smoothness means.

Exercises for Chapter 5

5.1. The function-field dictionary in examples. For each dom-
inant map below, identify the field homomorphism k(Y) < k(X),
g — go f, given by the function-field dictionary (Theorem 5.8), com-
pute its degree, and decide whether the map is birational.

(1) f: Al -5 Al t— " forn > 1.

(2) The parametrization A' — C, t — (2, %), of the cuspidal cubic
C =V (y*—2?). Conclude that this map is birational, although
the exercise “The cuspidal cubic” of Chapter 1 (Exercise 1.9)
shows it is not an isomorphism.

(3) The projection of the circle C' = V(2% + y* — 1) to the x-axis,
with char k # 2. Interpret the degree as the number of points
in a general fibre.

5.2. Rational functions and pole sets. Let V =V (XY — ZT) C
A*(k) and let z, y, z and t be the classes of the coordinate functions in
k[V]. Consider the rational function

T t
f=;:§€HW.

Show that it is impossible to write f = a/b, where a,b € k[V], with
b(P) # 0 for every P where f is defined. Show that the pole set of f is
exactly

{(z,y,2,t) | y =0 and z = 0}.

You may assume that k is algebraically closed.

5.3. Pullback of rational functions. Let f: Al — A? be the
regular map f(X) = (X,0), and let g: A? --s» A! be the rational
function g(X,Y) = X/Y. Show that the composite g o f is not defined
anywhere. What is the largest subring of k(A?) = k(X,Y") on which
the pullback f* is defined?
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5.4. The standard Cremona transformation. Let : P? --» P2,
(X:Y :Zl— [YZ:XZ:XY], be the Cremona transformation. The
Linear systems section (Section 4.10) of Chapter 4 shows that ¢ is its
own inverse, that it contracts each coordinate line to a point, and that
it is an isomorphism off the coordinate triangle V(XY Z). This exercise
follows curves through it.

(1) Show that the image of a line not through any coordinate
point is a conic through all three coordinate points, and that
conversely an irreducible conic through all three coordinate
points is mapped to a line.

(2) Let C' = V(F) be an irreducible curve of degree d containing
none of the three coordinate points. Show that its image is
the curve V(F(YZ,XZ, XY)) of degree 2d, and that it has a
point of multiplicity d at each coordinate point. (Hint: in the
chart X =1, with coordinates v =Y and w = Z, a monomial
XaY®tze¢ of F becomes v*ew*®. of degree d + a.)

(3) In particular a general conic is mapped to a quartic with
a double point at each coordinate point. The next exercise
(Exercise 5.5) runs this in the opposite direction, to simplify
singular curves.

5.5. Cremona equivalence. Show that the plane curves
C,=V(2ZY? - X+ X7, Cy=V(X*Z-Y?Z*+ X*Y?

are birational; assume char k # 2. Hint: use the standard Cremona
transformation (Exercise 5.4). Describe the singularities that occur.

5.6. A rational map from a product. Consider the rational
map P' x P! --» P2 given by ([s : t],[u : v]) > [sv : tu : tv] (check
first that this is well-defined, i.e. that all three coordinate functions
are bihomogeneous of the same bidegree (1,1) in (s,t) and (u,v)).
Determine whether this map is birational and find its inverse if it exists.

5.7. A birational plane map. Describe the regular map f: A2 — A2,
f(X)Y) = (X, XY),

geometrically. What is its rational inverse? Determine f~'(C'), where
C' is the curve V(X? — Y'9) with p,q > 1 relatively prime.

Quasi-affine varieties, rational varieties.

5.8. Rational conics. Here, exceptionally, let k£ be any infinite
field, and let f € k[z,y| have degree 2 and be irreducible even over
an algebraic closure of k. Show that the conic V(f) C A? is rational
over k, i.e. k[x,y]/(f) has fraction field isomorphic to k() as a k-field,
if and only if V(f) contains a point with coordinates in k. (Over an
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algebraically closed field the condition always holds. Over R, why does
z? + y* not contradict the statement?)

5.9. Rational hypersurfaces. Let
f(Xo, e ,Xn) = Xog(Xl, e ,Xn) + h(Xl, e ,Xn),

where ¢ is homogeneous of degree d — 1 and A is homogeneous of degree
d, with g # 0. Assuming that f is irreducible, prove that the variety
V(f) is rational.

5.10. Join varieties. Let X,Y C A? be varieties defined by

X ={(t,t,t,0) |t ek}, Y ={(0,u,0,1) | u € k},

where k is algebraically closed. The join variety of X and Y is
Jx,v)= |J PQca’

PeX,QeY

where PQ is the line through P and Q. Is J(X,Y) affine, quasi-affine,
or neither?

5.11. The punctured affine plane. Let k be an algebraically closed
field. Show that

W= A%(k)\ {(0,0)}
is not an affine variety. Hint: show that O(W) = k[X,Y].

5.12. Function field of a cubic surface. (x) Assume chark # 3,
and let X C P? be an integral cubic surface. Choose a point O ¢ X
and a plane H not containing O. Show that projection from O induces
an inclusion k(H) = k(u,v) < k(X) of degree 3. Describe the fibre
over a general point of H, meaning any point in a suitable nonempty
open subset. (Hint: take O =[0:0: 0 : 1] and regard the equation of
X as a cubic in the last coordinate; explain why the field extension is
separable under the stated characteristic assumption.)

Function fields and birational geometry.

5.13. Function field of a quadric. Compute the function field of
the affine quadric surface V(XY — Z2) C A3. Show that it is a purely
transcendental extension of k of transcendence degree 2 by writing it
explicitly as k(u,v).

5.14. Function field of a hypersurface. Let X C P" be an integral
hypersurface of degree d > 1, with n > 1. Describe k(X) using any
nonempty standard affine chart, and show that its transcendence degree
over kisn — 1.

5.15. Birational is weaker than isomorphic.
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(1) Using the function-field dictionary (Theorem 5.8), show that
P! x P! and P? are birational, by exhibiting an isomorphism of
their function fields. (Compare Exercise 5.6, “A rational map
from a product”, above.)

(2) Show that they are not isomorphic: find two disjoint curves on

P! x P!, and recall that any two curves in P? meet (Proposi-
tion 4.44 of Chapter 4).

5.16. Function field of an elliptic curve. Given an elliptic curve
E defined by a Weierstrass equation, determine the function field k(E)
and show that it has transcendence degree 1 over k.

5.17. Counting the fibres of a double cover. Assume char k # 2,
let A € k\ {0,1}, and let £ C P? be the smooth cubic Y?Z = X (X —
Z)(X — \Z), with point at infinity O = (0:1:0).

(1) Show that [X : Z] = [Y?: (X — Z)(X — AZ)] on E, and use
this to show that * = X/Z defines a morphism 7: E — P!
with 7(0) = oo.

(2) Show that [k(E) : k(z)] = 2.

(3) Show that the fibre of 7 over a point a ¢ {0, 1, A\, 0o} consists of
two points, and that the fibre over each of 0,1, A, oo is a single
point. So by Theorem 5.17 (every nonconstant morphism of
smooth projective curves is finite, Lemma 6.42), each of these
four points must count with multiplicity 2. (Exercise 6.19,
“Constant fibre degree by hand”, of Chapter 6 computes such
multiplicities directly.)

(4) Do the same for the projection of the conic X2 4+ Y? = Z2 to
[X : Z]: which fibres consist of a single point?

Resolution of singularities and blow-ups.

5.18. Resolving an affine rational map. Consider the rational
map : A% --» A x P! given by ¢(z,y) = (z, [z : y]). Show that it is
regular away from the origin, and that the blow-up of A? at the origin
(Section 5.10) resolves it: ¢ extends to a morphism on BlyA2. Why does
the same question for (z,y) — (z,y/z) into A% have no such answer?
(Hint: where does y/x have poles, and what does a blow-up at a point
do to them?)

5.19. Blowing up a divisor. Let X be an integral variety and
let Z C X be a closed subvariety of codimension one that is locally
principal: X is covered by affine opens U with I(ZNU) = (fy) C k[U].
(Chapter 6, Remark 6.33, shows that such a Z has a single local equation
in Ox p at every smooth point P; clearing denominators, that equation
generates [(Z NU) on a suitable affine neighbourhood U of P.) The
Remark on “Blowing up along a subvariety” (Remark 5.24) says that
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the blow-up of X along such a Z is X itself. This exercise makes the
contrast concrete.

(1) Blow up A® along the line V(z,y), i.e. take the closure of the
graph of (z,y, z) = [z : y] in A3 x P!, Show that every point of
the line is replaced by a copy of P!, and write the two charts.

(2) Blow up A? along the plane V(z) in the same way, with the
map (z,y,2) — [z] € P°, and show that nothing changes.

(3) Contrast this with blowing up a point in A% what changes
when the centre needs two equations?

5.20. Blowing up a singular plane curve. (x) Assume chark # 2.
Consider the plane curve C' C A2 given by y? — 23 — 22 = 0. Show that
C has a node at the origin, compute the strict transform after blowing
up the origin, and determine whether the singularity is resolved.

5.21. The blow-up of the plane. Compute the blow-up of P? at a
point in affine charts. (Define BlpP?, for P =[0: 0 : 1], as the closure
of the graph of [X : Y : Z] = [X : Y] in P2 x P!, ie. V(Xv —Yu).)
Describe the exceptional divisor, the strict transform of a line through
the point, and the strict transform of a line not passing through the
point.

5.22. The ordinary double point. Consider V (zy—zw) C A*. Show
that the gradient of xy — zw vanishes only at the origin. Blow up A? at
the origin, i.e. take the closure of the graph of (z,y, z,w) — [z 1 y : z : W]
in A* x P? (Remark 5.24 on “Blowing up along a subvariety”), and
show that in each of the four standard charts the strict transform
of V(zy — zw) is given by one equation with nonvanishing gradient.
Identify the exceptional locus of the strict transform with the quadric
V(XY — ZW) C P3. (After Chapter 6 you can phrase this as: the
singular locus is the origin, and one blow-up resolves it.)

5.23. Resolving ADE plane curve singularities. (xx) Assume
char k # 2. Resolve the following plane curve singularities by repeatedly
blowing up points:

A, Y2-X"l o>,
D,: XY?_-X"1 n>4,

Ee: Y3— X4
Er: Y3 -YX3
Ey: Y3— X5

Track the exceptional divisors and the strict transform at each step.



CHAPTER 6

Local geometry of varieties

Tangent spaces, smooth points, and local rings

The guiding question of this chapter is:
what does a variety look like under a microscope?
Set-theoretically, the two pairs of curves
y=0, =0 and y=0, y=2*

both meet in one point at the origin. Geometrically they do not meet
in the same way. The first pair crosses transversely; the second pair
is tangent. If we only remember the set of intersection points, this
distinction disappears.

V(zx)

V(y—a?)
—WV (y) : s —V(y)
(@] (@]
transversal tangent
two tangent directions one shared direction

F1GURE 1. The same set-theoretic picture — one in-
tersection point at the origin — but two different local
geometries. Left: V(y) and V (z) cross transversally; their
tangent directions are independent. Right: V(y) is tan-
gent to the parabola V (y — x?); both share the horizontal
tangent direction. The local ring records the difference:
dimension 1 in the first case, dimension 2 in the second.

To see the difference algebraically, we must focus on functions near
the point and ignore what happens elsewhere. This is the role of the
local ring: it is the coordinate ring viewed through a microscope at one
point. Local rings will let us define tangent spaces, detect singularities,
and count intersections with multiplicity.

The chapter has three parts. The first is the geometry of a sin-
gle point: the local ring, the embedded and Zariski tangent spaces,
smoothness and its algebraic form (regular local rings), and then what

176



177

the tangent space misses at a singularity — the tangent cone and the
branches seen by Hensel’s lemma (Theorem 6.26). The second counts:
local intersection numbers of plane curves and Bézout’s theorem with
multiplicities (Theorem 6.34). The third looks along a hypersurface
instead of at a point: the local ring at a prime divisor, its valuation,
and the first consequences for maps of smooth curves.

6.1. Two motivating examples
Crossing and tangency at one point

Crossing. Let
C=V(y), D =V(x)
in A%2. The two curves meet only at the origin. If we look at the
coordinate ring near the origin and impose both equations, we get

k[.ﬁE, y](w,y)/(iﬁ, y) = k.
This quotient has dimension 1 over k. Algebraically, the intersection

is one simple point. Geometrically, the two tangent directions are
different.

Tangency. Now compare this with
C=V(y), E=V(y-a)

Again the set-theoretic intersection is only the origin. But after imposing
both equations near the origin, we find

ke, Y@/ (v, y — 2°) = k[2]@) /(2?).

This quotient has dimension 2 over k. The two curves meet at one point,
but they meet with multiplicity 2. The nilpotent class of x records the
first-order direction in which the two branches continue to agree.

These examples explain why local rings and non-reduced quotients
are not technical decorations. They are the algebraic language for dis-
tinctions that are visible in the geometry but invisible in the underlying
set of points.

6.2. The local ring of a point

Germs of functions and their unique mazimal ideal

Let P € V be a point of an affine algebraic set. Consider the
collection &l of all open subsets of V' containing P. On (J;., O(U) we
define the equivalence relation r; € O(Uy) ~ 1y € O(Us) if there exists
an U C Uy NU;y € U such that |y = re|y. An equivalence class is
called a germ of a regular function at P.

Definition 6.1. Let P € V be a point of an affine algebraic set. Its
local ing Oy, p is the ring of germs of regular functions at P € V.

Remark 6.2. If V' is irreducible, then, with the function field k(V') of
Chapter 5,
Ovp ={re€k(V)|risregular in P} .
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Lemma 6.3. The ring Oy p is a local ring, that is, it has exactly one
maximal ideal, which s

mv’p:{T‘EOV’p|7‘(P):O}.

PROOF. Let I C Oy, p be an ideal which contains an f with f(P) #
0. Then 1/f € Oypand 1 = (1/f)- f € I. O

The same construction applies verbatim to a point P of a quasi-
projective variety X: germs only see an open neighbourhood of P, so
Ox,p = Oy p for every affine open U > P. Everything in this chapter
can therefore be computed in an affine chart.

To compute Oy p we recall localization from commutative algebra.
A multiplicative system in a ring R is a subset S C R containing 1 and
closed under products; we take 0 ¢ S. The localization Rg consists
of fractions r/s, r € R, s € S, where r1/s; = rg/ss if and only if
u(r189 — r281) = 0 for some u € S; the map R — Rg is injective if and
only if S contains no zero divisors. The cases we use are:

e Ry = Rymy = R[1/f] for an element f;

e R, = Rp\, for a prime ideal p (the complement of an ideal is
multiplicative exactly when the ideal is prime); this is a local
ring with maximal ideal pR,;

e for a domain, S = R\ {0} gives the field of fractions Q(R); in
general the non-zero-divisors give the total ring of fractions,
also denoted Q(R). For an irreducible affine V', Q(k[V]) = k(V)
(Chapter 5); for reducible V', the total ring of fractions Q(k[V])
plays the role of the ring of rational functions.

Lemma 6.4. Let I(P) = {f € k[V] | f(P) = 0} be the ideal of the
point P € V| in the notation of Chapter 2; it is a maximal ideal, by the
Nullstellensatz (Theorem 2.14). The local ring Oy p of a point P is the
localization k[V]ipy of k[V] with respect to k[V]\ I(P).

PRrOOF. The condition that two fractions % € O(Uy) and ¢ € O(Us)
represent the same germ is that they agree on the intersection with
an open subset of the type D(w) for some w € k[V]\ I(P), that is
whl(%—%) = w(fl—gh) =0 € k[V]. This is the definition of localization
with respect to k[V]\ I(P). O

6.3. Embedded tangent space and the Jacobian criterion
Detecting smoothness by differentiation

We now use the local point of view to define what it means for a
variety to be smooth. There are two notions of tangent space. The first,
treated in this section, is embedded: a linear subspace of the ambient
affine or projective space, cut out by the linear parts of the equations;
the projective one is the projective closure of the affine tangent space
in an affine chart. The second, the Zariski tangent space of the next
section, is intrinsic, defined without reference to an embedding; it is no
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restriction to treat it only in the affine case, since the tangent space
should be the best local approximation. Both give the same notion of
smoothness. In the case &k = C one gets, as it should be, that V C AV
is smooth at P if and only if V is a complex submanifold of AV in a
Euclidean neighbourhood of P; we do not use this.

We start with the hypersurface case, where we generalize the defini-
tion used for plane curves in Section 3.1.8 of Chapter 3.

Definition 6.5. Let V = (f) C P" be a projective hypersurface. The
tangent space TpV to V at P € V is the linear subspace

v (ﬁ(P)XO + 2 P)Xy 4 gn(P)Xn) .

The point P is a nonsingular point if TpV is a hyperplane, that is, if

df (P) = (F(P)..... 53 (P) #0.
The tangent space to an affine hypersurface V = (f) C A" in the

point P = (aq,...,a,) is the linear subspace
of of
V(5o -+t L0 - a)

Proposition 6.6. Let f € k[Xy,..., X,] a polynomial without multiple
factors. The set of nonsingular points of V.= (f) is an open dense

subset of V.

PrRoOOF. We have to show that the set of singular points is a proper
closed subset of each irreducible component. The singular set X is

V(f ani), so closed. Suppose that an irreducible component V'(f;) of V/

'3
is contained in Y. This means that all partial derivatives % vanish on

V(f;). By the product rule this is the case if and only if all g—z vanish
on V(f;). So we may as well assume that f is irreducible. We then have
that af C (f), and therefore 8f = 0, as its degree is lower than that
of f. If char k = 0, this implies that f is constant, contradicting our
assumption that V' is a hypersurface. If char k = p > 0, we conclude that

f is a polynomial in X7, ..., XP. Then f = gP, where the coefficients
of g are pth roots of those of f. This contradicts the fact that f has no
multiple factors. U

Example 6.7. Let f = ¢? for an irreducible polynomial g. Then every
point in V' (f) = V(g) is singular.

We now look at arbitrary algebraic sets.

Definition 6.8. Let V' be an affine or projective algebraic set. The
tangent space TpV to V in the point P € V is the linear space

TPV = (] TeV(f).
fel(V)



180

To describe the tangent space it suffices to use generators of the ideal.

In the projective case, if (f1,..., fx) generate the homogeneous ideal of
V, then TpV = V(Zj g—)fgj(P)Xj e ,Zj g—ffj(P)Xj), and analogously

in the affine case.

This last formulation works for any ideal. E.g., for the fat point
with coordinate ring k[X,Y]/(X,Y?) the tangent space at the origin is
V(X), whereas for the fat point with ring k[X,Y]/(X? XY, Y?) it is
A2,

Lemma 6.9. Let (f1,..., fx) generate the ideal of V. Then

: Ofi
dimTpV = n — Rank (8)@) (P),

where (%) is the Jacobian matriz.
J
The function V- — N, P — dimTpV, is upper semicontinous in the
Zariski topology on V. That is, for any integer r the subset {P € V|

dim TpV > r} is Zariski closed.

ProoF. This is just linear algebra. The Jacobian matrix has rank
at most n — r if and only if all the (n —r + 1) x (n — r + 1) minors
vanish. U

Example 6.10. Let V = V(X Z,YZ) C A3. Tts zero set consists of a
line L (the Z-axis) and a plane II (the X,Y-plane) through the origin
O. Then dimTpV =1 for P € L\ {0}, dimTpV =2 for P € I1\ {O}
and dimTpV = 3.

Example 6.11 (The Whitney umbrella). Let W = V(22 — y?2) C A3,
an irreducible surface. The Jacobian is (22, —2yz, —y?), which vanishes
exactly where x = y = 0 — and that whole line, the z-axis, lies on W.
So the singular locus of a surface can be a curve: here dimTpW = 3 at
every point of the z-axis and 2 everywhere else. Over R the singular
axis assembles three different-looking behaviours (see the figure): for
z > 0 two sheets cross transversally along the axis; at the origin they are
pinched together (the pinch point); and for z < 0 the axis continues as
a bare “handle”, part of the real zero set but attached to no sheet. The
Jacobian criterion (Lemma 6.9) sees all three uniformly. The umbrella
is studied further in Exercise 6.24.

Definition 6.12. Let P € VV C A" be a point of an algebraic set. The
local dimension of V' at P, written dimp V', is dim Oy p.

The dimension dimp V is the maximal dimension of an irreducible
component of V' containing P.

We always have dim7pV > dimp V' (Theorem 6.20 below). In
contrast to the hypersurface case, where one equation can lower the
dimension of the tangent space by at most one, this does not follow
directly from the definitions: the proof uses the intrinsic description of
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double curve

FIGURE 2. The Whitney umbrella 2% = y2z: two sheets
crossing along the positive z-axis, pinched together at
the origin, with the “handle” (the negative z-axis, in red)
completing the real zero set. The singular locus is the
entire z-axis.

the tangent space as the dual of m/m?, where m is the maximal ideal
of Oy p, together with Nakayama’s lemma (Theorem B.29) and Krull’s
theorem (Corollary 2.55). (Other routes exist — reducing to a birational
hypersurface, Theorem 5.21, plus upper semicontinuity, or a formal
implicit function theorem — but we do not need them.)

Definition 6.13. An algebraic set V in A™ or P" is smooth (or non-
singular) at P € V if dimTpV = dimp V. Then P is a smooth (or
nonsingular) point of V. Otherwise, V' is singular at P, and P is a
singular point or a singularity of V. (For a plane curve, this recovers ex-
actly the nonvanishing-gradient condition of Chapter 1 and the “simple
point,” mp(C) = 1, of Chapter 3 — three names for the same notion.)

The set Xy of singular points of V' is called the singular locus of V.
If Xy is empty, that is, if V' is smooth at each of its points, then V is
called smooth.

Example 6.14 (Smooth and singular points via the Jacobian criterion).
The definition turns smoothness into a computation.
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A smooth surface. Let V = V(z — 2* — y*) C A3 be the paraboloid.
The single defining equation is f = z — 2? — y?, whose gradient is
Vf = (-2x, =2y, 1). At the origin O = (0,0, 0) this equals (0,0, 1) # 0,
so the Jacobian has rank 1 and

ToV = V(z), dimTpV =2 =dim V.

The origin is a smooth point; its tangent space is the horizontal plane
{z = 0}. The figure shows the paraboloid with that tangent plane.

Singular points on curves. Recall from Chapter 1 (Sections 1.3.3.1
and 1.3.3.2) the node C' = V(y* — z*(z + 1)) and the cusp ' =
V(y* —x3). For the node, f = y* — 2 — 2% gives V f = (=322 — 2z, 2y),
which is (0,0) at the origin. Hence ToC' = A?, a plane of dimension
2 > 1 = dimC" the origin is singular. The same calculation for the
cusp gives Vf = (=32%2y) = (0,0) at O, so ToC' = A? as well.
The pictures in Chapter 1 show both singularities geometrically; the
Jacobian criterion is the algebraic certificate.

=2 4y

To:ZZO

FIGURE 3. The paraboloid V(z—z%—y?) C A3 is smooth
at the origin: the gradient (—2z, —2y, 1) evaluates to
(0,0,1) # 0 at O, so the tangent space Tp is the plane
{z = 0} (shaded), of dimension 2 = dim V. Compare the
Whitney umbrella above, where the singular z-axis has
Tp = A3 along it.
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6.4. Zariski tangent space
The tangent space without an embedding

The embedded tangent space was cut out by the linear parts of
the equations. To describe it without the embedding, let V' C A"
be an affine algebraic set with ideal J = (fi,..., fx) (so J = I(V)),
coordinate ring k[V] = k[Xy,..., X,,|/J, and let P = (a4,...,a,) €V,

with maximal ideal
I(P)= (X1 —ai,.... X, —ay)/J Ck[V].
By the formal Taylor formula every polynomial is

f:f(P)+vf<P)'(Xl_ala-“an_an)
+ terms of degree at least two in the X; — a;.

Since I(P)? contains all terms of degree at least two, the quotient
I(P)/I(P)? is spanned by the classes of X; —ay,..., X, — ay,: it is the
space of linear forms at P, modulo the linear relations V f;(P) - (X7 —
ai, ..., X, —ay,) coming from the generators of J (whose constant terms
f;(P) vanish). These are exactly the linear equations of TpV, so the
dual vector space of I(P)/I(P)? is the tangent space:

Tp(V) = (I(P)/I(P)*)".

The theorem below makes this precise, and shows that the local ring
alone suffices.

Theorem 6.15. Let P € V' be a point on an affine algebraic set V,
with mazximal ideal 1(P) C k[V]. Let mp be the mazximal ideal of P in
the local ring Oy p. Then:
(1) The k[V]-module I(P)/I(P)?* is a finite-dimensional k-vector
space.
(2) The Oy p-module mp/m% is also a finite-dimensional k-vector
space.
(3) There are natural isomorphisms of vector spaces:

Tp(V) = (I(P)/1(P)*)" = (mp/mp)",
where x denotes the dual vector space.

PrROOF. Both quotients are vector spaces over the residue field k,
and I(P)/I(P)? is spanned by the finitely many classes of X; — a;.
The localization map induces I(P)/I(P)* — mp/m%. For injectivity,
suppose f € I(P) maps into m%. Write f = Y, uv;/h in the local
ring, where u;,v; € I(P) and h(P) # 0. After multiplying h by a
further function not vanishing at P, this equality holds in k[V]. Thus
hf € I(P)* and ¢ = h(P) # 0. Since h — c € I(P),

cf =hf—(h—o)f e I(P),
and hence f € I(P)%. We show that the map is surjective. Let f/g
be a representative of a function germ in mp. Let ¢ = g(P). Then
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fle—flg = f(1/c —1/g) € m%, so the class of f/g in mp/m?% is
the image of the class of f/c € I(P)/I(P)* This also proves finite
dimensionality of mp/m%.

Finally, a functional A on I(P)/I(P)? is determined by b; = A(X; —
a;). Taylor expansion of each defining equation f; shows that its linear
relation is ) ,(0f;/0X;)(P)b; = 0. These are exactly the equations
for a tangent vector (b,...,b,). Conversely, any vector satisfying
them defines such a functional, since the linear parts of the generators
span all linear relations from the defining ideal. This proves the first
isomorphism in (3), and dualizing the localization isomorphism proves
the second. U

The Oy p-module mp/m% thus gives an intrinsic algebraic descrip-
tion of the tangent space at P, which is moreover local, as one expects
of a tangent space. In particular the tangent space of a quasi-projective
algebraic set does not depend on the affine chart used to compute it.

Definition 6.16. Let V' be a quasi-projective algebraic set, and P € V.
The Zariski tangent space to V at P is (mp/m%)*

Remark 6.17 (Tangent vectors via dual numbers). There is a useful
reformulation in terms of the fat points of Chapter 2. Consider the ring
of dual numbers kle] = k[t]/(t?) — the coordinate ring of a fat point
of multiplicity two. A point of an affine algebraic set V' is the same
as a k-algebra homomorphism k[V] — k (evaluation). Analogously,
a k-algebra homomorphism k[V] — k[¢] is an evaluation at a point
together with a first-order direction of motion: writing the coordinates
as a; + b;e and using €2 = 0, Taylor’s formula collapses to

f(a1+blg,...,an+bn5):f(al,...,an)—i—gaiaa—)é(al,...,an),

so such a homomorphism exists precisely when (b1, ..., b,) satisfies the
linear equations Y b2 (P) = 0 for all f € I(V) — that is, precisely

when it is a tangent vector at P. Tangent vectors at P are thus the
same as maps from the multiplicity-two fat point into V' hitting P. The
rule €2 = 0 is the algebraic version of the analyst’s “infinitesimal whose
square is negligible”, and it makes first-order computations mechanical,
as the next example shows.

Example 6.18. Let GL(n, k) be the variety of invertible n x n matrices
— an affine variety, being the basic open subset D(det) of the space of
all matrices (cf. Example 5.5). We compute its tangent space at the
identity matrix /. For an arbitrary matrix A we have det(I +cA) =
1 4+ eTr A, which is a unit in k[e]; so every direction is tangent, and
T; GL(n, k) = M(n,n; k), the space of all matrices. For the subvariety
SL(n, k) of matrices of determinant one, the condition det(/ +cA) = 1
becomes Tr A = 0, so

TrSL(n, k) ={A € M(n,n;k) | TrA=0} .
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Readers who have met Lie theory will recognize the Lie algebras gl,
and sl,,: the tangent space at the identity of an algebraic group is its
Lie algebra.

Definition 6.19. Let f: V — W be a regular map between affine
algebraic sets, and let f*: k[W] — k[V] be the corresponding map of
coordinate rings. Suppose f(P) = ). Then the dual of the induced
map f*: mQ/mé — mp/m% is the differential dpf: TpV — TogW of f
at P.

6.5. The dimension of the tangent space
Smooth points and regular local rings

Theorem 6.20. Let P € V be a point of an affine algebraic set. Then

PRrROOF. Let I(P) be the maximal ideal of P in k[V], and mp the
maximal ideal in Oy p. Then dim TpV = dimj mp/m%. Say that this
dimension is m. Choose elements fi,..., f,, € k[V], which project
onto a basis of I(P)/I(P)* = mp/m%. By Nakayama’s lemma (Theo-
rem B.29) (fi,..., fin) = mp. Therefore { P} is an irreducible compo-
nent of V(fi,..., f) C V, of dimension 0. Let V; be an irreducible
component of V' passing through P, with dimV} = dimp V. Then {P}
is also an irreducible component of V'(fi,..., f,,) C Vi, of dimension
0 > dim V; — m, by Corollary 2.55. Therefore m > dimp V. O

6.5.1. Regular local rings and smooth points. Theorems 6.15
and 6.20 together say that at every point of an affine algebraic set

dlmkmp/m% = dlmTpV Z dlmpv = dim(’)vvp.

Both ends of this chain are invariants of the local ring alone. The points
where equality holds are, by definition, the smooth points; commutative
algebra has its own name for the equality.

Definition 6.21. A Noetherian local ring (R, m) with residue field
k = R/m is reqular if

dim, m/m? = dim R.

By Nakayama’s lemma (Theorem B.29), dim, m/m? is the minimal
number of generators of m, so R is regular exactly when m can be
generated by dim R elements.

The inequality dim, m/m? > dim R holds in every Noetherian local
ring: an ideal with radical m generated by r elements forces dim R < r,
by the generalized Hauptidealsatz (Theorem C.34, quoted in Appen-
dix C). For the local rings of varieties this is Theorem 6.20. So regular
local rings are those whose maximal ideal needs as few generators as
possible.
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Proposition 6.22 (Smooth means regular). Let V' be an affine or
projective algebraic set and P € V. Then V is smooth at P, in the
sense of Definition 6.13, if and only if the local ring Oy p is a reqular
local ring.

PRrROOF. First let V' C A™ be affine. The local ring Oy,p = E[V](p)
is a localization of the Noetherian ring k[V], hence a Noetherian local
ring, with residue field k. By Theorem 6.15, dim TpV = dim;, mp/m%,
and by definition dimpV = dim Oy p. Smoothness at P is the
equality dim TpV = dimp V', which is therefore literally the equality
dimy, mp/m% = dim Oy p defining regularity.

Now let V' C P™ be projective, and choose a standard chart, say
Up = {Xo # 0}, containing P = (1 : a; : -+ : a,). Both sides
of the comparison can be computed in V N Uy. The local ring does
not change, Oy p = Oyny,,p, since germs only see a neighbourhood
of P. For the tangent space, let ' € I(V) be homogeneous and
f=FQ1,zy,...,2,). Then 0f/0z;(a) = 0F/0X;(P) for i > 1, and
Euler’s formula . X;0F/0X; = (deg F)) F' evaluated at P gives
OF/0Xo(P) = — > ,~,0;0F/0X;(P). So the projective linear form
> 0F/0X;(P)X; restricts on the chart to >..., 0f/07;(a)(x; — a;),
the affine linear form of f at P, and it is zero exactly when that affine
form is zero. The polynomials f obtained in this way generate I(V NUy):
they vanish on V N Uy, and if g vanishes on V' N U, then Xyg vanishes
on V' and dehomogenizes to g. Hence the projective tangent space TpV
meets Uy in the affine tangent space Tp(V NUj), and a projective linear
subspace through P has the same dimension as its trace on an affine
chart containing P. The projective case therefore follows from the affine
one. U

Thus smoothness is intrinsic: it depends only on the ring Oy p, not
on the equations or the embedding, and for a quasi-projective variety X
we may take “Ox p is regular” as the definition of smoothness at P. We
therefore also call a smooth point a regular point. (This is a third use
of the word, alongside regular functions and regular maps; the context
always decides.) Note that the comparison is with the local dimension:
on V(XZ,YZ) C A3, the union of a line and a plane, a point of the line
other than the origin is smooth, with dim7pV =1 = dimp V, although
dimV = 2. If V is equidimensional of dimension d, then P is smooth if
and only if dim; mp/m% = d.

Three consequences are used repeatedly.

(1) Every point of A™ and of P is smooth, so Ogn p and Opn p
are regular local rings of dimension n; their maximal ideal is
generated by the n affine coordinates z; — a; of a chart.

(2) A regular local ring is an integral domain (Proposition D.12).
The minimal primes of Oy p = k[V];p) correspond to the
irreducible components of V' through P, so a smooth point lies
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on exactly one irreducible component. The origin of V(X Z,Y Z)
lies on two, and is indeed singular.

(3) A regular local ring of dimension one is a discrete valuation
ring, and a regular local ring of dimension at most two is a
unique factorization domain (Theorem D.13). So the local rings
of a smooth curve are DVRs, and those of a smooth surface
are UFDs.

Remark 6.23 (Non-reduced structure). Theorem 6.15 and its proof
work for any defining ideal J = (fi,..., fx), radical or not, with the
local ring (k[X1,...,X,]/J) 1) of the k-variety defined by J. So this

local ring is regular exactly when the Jacobian matrix of the f; at
P has rank n — dimp. Since regular local rings are domains, a point
where the structure is non-reduced is never regular. For the double line
V(z?) C A? the Jacobian (2z,0) vanishes along the line, and indeed
m/m? is spanned by = and y at every point of the line (the classes of
x and y — b at (0,b)), a two-dimensional space on a one-dimensional
variety.

6.6. The tangent cone
What the tangent space misses at a singularity

We return to the embedded picture, and to what the tangent space
cannot see. At a smooth point the tangent space captures all first-order
local geometry: V looks like a hyperplane, and the Jacobian criterion
(Lemma 6.9) reads off its direction. At a singular point the tangent
space degenerates to all of A™ and loses this information entirely. The
tangent cone recovers a first-order picture by replacing the linear part
of f with the lowest-degree part.

Let P € V(f) € A™. Write f as a sum of homogeneous pieces
centred at P:

f:fm+fm+1+"', fm?éo

Definition 6.24. The integer m = mp(V') is the multiplicity of V' (or
of f) at P. The tangent cone to V = (f) at P is

CPV = V(fm),

the variety cut out by the leading-form polynomial.

When m = 1 the leading form is linear and CpV = TpV: the
tangent cone coincides with the tangent space exactly at smooth points.
When m > 2 the tangent cone is a proper subvariety of A", and it
retains the first-order shape that the tangent space has lost.

Example 6.25 (Node and cusp). Assume char k # 2 for the node. For
the node C = V(y? — 2?(x + 1)) from Chapter 1, expanding at the
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origin gives
F= = a2

so CoC =V (y?—2*) =V (y —x)UV(y+x): the union of the two lines
y =z and y = —x seen in the Chapter 1 picture.

For the cusp C" = V(y? — 2?), the expansion gives fy = y?, so
CoC'" =V (y?): the z-axis counted twice.

In both cases deg CpV = mp(V') = 2, and this is the general pattern.
The multiplicity mp(C') is exactly the one from Chapter 3’s intersection
theory (Definition 3.8): a curve of multiplicity m at P contributes at
least m to every intersection count at P.

y=ux

y =0 (x2)

y=—a
Node: fo=9y? —22=(y—x)(y+x) Cusp: fo =19%= (y)?

FIGURE 4. Tangent cones at the origin. The curve (grey)
recedes into the background; the tangent cone (blue) is
the leading-order shape. Left: the node’s leading form
y? — 22 splits into two coprime linear factors, giving two
tangent directions. Right: the cusp’s leading form y? is a
perfect square, giving one direction with multiplicity 2.
The key contrast is coprimeness, not multiplicity.

6.7. Hensel’s lemma and branches
Factoring equations in the completion

Assume char k # 2 in the node examples in this section. The node
and the cusp have the same multiplicity and the same (degenerate)
tangent space, yet the node has two branches and the cusp has one.
The tangent cone already sees this: the node’s leading form y? — 22 =
(y—=)(y+x) factors into coprime pieces; the cusp’s y* does not. Hensel’s
lemma promotes this first-order observation to a statement about the
full completed local ring.

Theorem 6.26 (Hensel’s lemma). Let P € V(f) be a point on a plane
curve with leading form f,,. Suppose f,, = g-h with g, h homogeneous
and ged(g,h) =1 (no common linear factor over k). Then there exist

o~

G,H € Op2 p with G = g modulo terms of degree > degg and H = h
modulo terms of degree > deg h, such that f = G - H in the completion.
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The ideals (G) and (H) give distinct minimal primes of (/’)\V(f)ﬁp when G
and H are irreducible. Thus the factorization separates formal branches,
although the completed local ring itself remains local.

SKETCH. Construct G and H degree by degree. Suppose their
homogeneous terms have been chosen through total degree r and that
f — GH starts in degree r 4+ 1. Correcting the next homogeneous terms
asks us to solve an equation of the form

gA+hB = (f — GH) 1.

To see why the correction exists, put a = deg g, b = degh. In degree
N >a+b—1, the map (A, B) — gA+ hB from k[z,y|n_o B k[z,y]n_b
onto klx,y|y is surjective: coprimeness makes its kernel the pairs
(hT, —gT), and subtracting dimensions gives N + 1. Here N =r +1 >
a + b. ITterating produces Cauchy sequences for the m-adic topology,
and completeness gives f = GH. Notice that (G) and (H) are not
comaximal: both lie in the maximal ideal. Hensel factorization produces
minimal primes, not a product decomposition of the local ring. U

Example 6.27. Node. The leading form y? — 2% = (y — z)(y + z)
has coprime factors. Hensel (Theorem 6.26) applies and the equation
factors in k[[z,y]] as G4 G_. Hence

@C,O = k[[z,y]]/(G+G-)

is a local ring with two minimal primes (G ) and (G_). Its normalization
is the product

E[[t2]] > E[[t2]],
one factor for each branch. These are exactly the two Puiseux expansions
y=xxv1+z==x(x+ % — -+ ) found in Section 1.3.4 of Chapter 1.

Cusp. The leading form 3? = y - y factors, but the two factors
sllare y: they are not coprime. Hensel does not apply, and indeed
Ocro = K[t %] C K[[t]] is a domain with one minimal prime. Its
normalization is the single DVR k[[t]]. The Puiseux parametrization
x = t%, y = t3 gives the normalization map.

The comparison also separates two uses of the word “component.”
An irreducible nodal cubic has one algebraic component because its
local ring is a domain, but it has two formal branches because its
completion has two minimal primes. Completion can reveal branches
without ceasing to be local.

Remark 6.28 (The smooth case and the Cohen structure theorem).
When mp(C') = 1, the leading form is a single nonzero linear polynomial,
irreducible over k. The point is then smooth, so by Proposition 6.22
the local ring O¢ p is regular of dimension one, that is, a DVR (discrete
valuation ring), and its completion is k[[¢]]. This is a case of the Cohen
structure theorem: the only complete regqular (Definition 6.21) local
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k-algebra of dimension 1 whose residue field is k via its structure map
is k[[t]], up to isomorphism.

Geometrically: all smooth points on all curves over k are locally
indistinguishable. The local parametrization ¢t — (z(t),y(t)) from
Chapter 1 is, algebraically, an isomorphism

Oc,p = k[[1]].

Singularities are precisely the points where this breaks down — either
because the completion is not a domain (node: it splits) or because it
is a domain but not a DVR (cusp: one generator is not enough).

6.8. Local intersections
Multiplicities from local rings, and Bézout in full

The chapter opened with two quotients of the local ring of the
plane at the origin: k[, y](z,)/(y,2) = k for two crossing lines, and
Kz, y)@y/ (Y, y — 2?) = klz]/(2?) for a line tangent to a parabola
(Section 6.1). Their dimensions, 1 and 2, are the numbers Chapter 3
was missing: the local intersection numbers Ip(C, D) that turn weak
Bézout (Theorem 3.22) into an equality (Remark 3.24). In this section
we define them for plane curves, compare them with the contact orders
of Chapter 3, and prove Bézout’s theorem in full.

6.8.1. Local equations and the definition. Let C' = V(F) C P?
be a plane curve of degree m, given by its equation F', possibly with
repeated factors. Near a point P the curve has a single equation in
the local ring. Choose a linear form L with L(P) # 0, for instance a
coordinate, and put

f = F/Lm € O]pa’P.
This is a local equation of C' at P. Another choice L’ changes it by
the unit (L/L’)™, and in the chart Z # 0 with L = Z it is simply the
dehomogenization F(z,y,1); for an affine curve V(f) C A? the local
equation is f itself. The ring in which these equations live is

OIP’Q,P = OAQ,P = k’[% y](a:fa,yfb)

for P = (a,b) in an affine chart. It is a regular local ring of dimension
two (Proposition 6.22), with maximal ideal mp = (x — a,y — b), and
a unique factorization domain, being a localization of the UFD k[z, y].
In particular a nonzero local equation is a nonzerodivisor.

Definition 6.29 (Local intersection number). Let C' and D be plane
curves in P2 (or in A?), each given by its equation, and let P € C' N D.
Here a curve is given by its equation, with multiplicity, and its local
equation at P is that equation near P: for C' = V(G?) it is the local
equation of G?, not of G. Let f, g € Opz p be the local equations of C
and D, and suppose that P is an isolated point of C'N D. Equivalently,
the ideal (f,g) is mp-primary; equivalently again, f and g have no
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common prime factor in Op2 p, that is, the two curves have no common
local branch through P. The local intersection number of C' and D at
Pis

[P(C, D) = dlmk (O]Pﬁ’p/(f, g))

The dimension is finite, since m¥ C (f,g) for some N, and it is
taken over the residue field k of Op2 p (k is algebraically closed). The
number is symmetric in C' and D, and it only depends on the two curves
near P. If P ¢ C'N D, one of f, g is a unit and the same quotient is zero,
so it is natural to put Ip(C, D) = 0 there. The two opening examples
give

Io(V(y), V(@) =1,  Io(V(y),V(y—a*) =2
The next lemma shows that when one of the curves is smooth, the new
number is the contact order ¢p that Chapter 3 computed by restricting
an equation to a parametrized branch (Section 3.4).

Lemma 6.30 (Smooth contact is local length). Let C, D be plane curves
with their given equations, let P € C'N D be an isolated intersection,
and suppose C' is smooth at P. Then

IP(C, D) = LP(C, D)

In particular, if both curves are smooth there, their two contact-order
computations agree.

ProoF. Translate P to the origin and choose affine coordinates
with f,(P) # 0, where f,d € k[z,y| are equations for C,D. Put
R = E[z,y](z4), m = (z,y)R, and J = (f,d)R. Since the intersection is
isolated, v/J = m. Thus z%, y* € J for some a,b > 1, and m" C J for
N =a+b—1. The natural maps give

R/J = R/(J +w") = klz,y]/((f,d) + (z,9)")
= k2, yll/((f,d) + (2,9)™) = Kl[z, y]]/(f, ).

Indeed, modulo (x,y)" every polynomial with nonzero constant term
has a polynomial inverse, by the finite geometric series, and every formal
series equals its polynomial truncation. These identifications carry the
images of f,d to the same elements. The final equality holds because
extending m¥ C J gives (z,y)Vk[[z,y]] C (f, d)k[[z,y]].

The formal implicit function theorem (Theorem 1.10) gives f =
U(y — g(z)) with U a unit. Substituting z = t, y = g¢(t) therefore
identifies the last quotient with

KI[1/(d(t, (1)) = E[[t]/ ("), r=orded(t, g(t)) = tp(C, D),

where 7 is finite since the quotient is killed by ¢V, and the equality
of ideals uses the unit multiplying ¢". The classes 1,t,...,t ! form a
basis, proving the claim. If both curves are smooth, interchange them
in the symmetric quotient Op2 p/(f, d). O
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When both curves are smooth and cross, the number is 1; and 1
occurs only then. This is where the Zariski tangent space earns its keep.

Proposition 6.31 (Transverse means multiplicity one). Let P be an
isolated point of C'N D, with local equations f,g. Then Ip(C,D) =1 if
and only if the linear parts of f and g at P are linearly independent,
that is, both given equations have nonzero gradient at P (so both curves
are smooth there) and their tangent lines at P are distinct.

PRrROOF. Since (f,g) C mp and Op2 p/mp = k, we have Ip(C, D) =
1 exactly when (f, g) = mp. By Nakayama’s lemma (Theorem B.29) this
happens exactly when the classes of f and g span the two-dimensional
space mp/m%, which has basis # — a,y — b. Modulo m%, the class of f
is its linear part 0f/0x(P)(x —a)+ 0f/0y(P)(y — b), and similarly for
g. A nonzero linear part is the gradient condition for smoothness, and
it defines the tangent line. U

Example 6.32 (Lines through a cusp and a node). Let C' = V(y* —z?)
be the cusp and Ly = V(y — Az) a line through the origin O. In Oz o
we may substitute y = Ax:

Op20/(y* — 2%, y — Az) = klz]/(2*(\ — 2)).

For A # 0 the factor A> — z is a unit, so the quotient is k[z]/(z?)
and Ip(C, L)) = 2; the same holds for the vertical line z = 0, which
gives k[y]/(y?). For the tangent line y = 0, the quotient is k[x](,/(z?),
spanned by 1,z, 2%, so Io(C, Ly) = 3: the cusp has contact of order
three with its tangent line.

For the node C" = V(y* — 2% — 23) (with chark # 2) the same
substitution gives k[z]()/(z*(A\* — 1 — 2)). So Io(C’, L)) = 2 unless
A ==+1, and Ip(C’, Ly1) = 3 for the two branch tangents y = £u.

In both cases a general line through the double point meets the
curve with multiplicity 2 = mo(C'), and the lines with more contact
are exactly the lines of the tangent cone of Section 6.6: V(y?) for the
cusp, V(y? — z?) for the node. So multiplicity 3 is not the signature of
a cusp; it is the signature of a line in the tangent cone. Exercise 6.10,
“Tangent cones and local intersection”, proves this for every curve. The
lower bound Ip(C, D) > mp(C) mp(D) of Remark 3.10, here I > 2-1,
is attained by the general line.

Remark 6.33 (Hypersurfaces at a regular point). The definition ex-
tends from the plane to any variety, and the extension is what later
chapters use. Let X be a projective variety over k (a quasi-projective
one will do, since only a neighbourhood of P matters), and let P € X
be a regular point. Put n = dim Ox p, the local dimension at P, which
need not equal dim X if the components of X have different dimensions.
Thus Ox p is a regular local ring of dimension n (Proposition 6.22). The
general theorem that a regular local ring is a UFD is a standard input
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from commutative algebra; Appendix D proves the low-dimensional
cases needed for curves and surfaces (Theorem D.13). Thus every
height-one prime ideal of Ox p is principal. In geometric terms, for a
reduced, irreducible hypersurface H C X through P, the ideal of H at
P has height one, and hence is principal:

I(H)Oxp = (f).

We call f a local equation of H at P; it is a nonzerodivisor, since
Ox p is a domain. A hypersurface given with multiplicity has the
corresponding power, or product, as its local equation, exactly as
in the plane. The regularity assumption at P is crucial: if Oxp
were not regular, height-one primes might not be principal, and the
correspondence H <> (f) could fail locally. Hypersurfaces are therefore
locally principal at regular points, hence Cartier divisors in the language
of Chapter 8 (Section 8.2). In P™ itself this is elementary: a hypersurface
is cut out by one homogeneous polynomial, and in an affine chart one
still sees a single equation.

Now let Hi,...,H, C X be hypersurfaces through P with local
equations fi,..., f,, and suppose that P is an isolated point of H; N
-+~ N H,, equivalently that (f1,..., f,) is mp-primary. (For n = 2 this
says that the two curves have no common local branch through P; in
higher dimension a pairwise no-common-component condition is not
sufficient.) One defines

[p(Hl, .. ,Hn) = dimk<OX7p/<f1, .. .,fn)).

The residue field is k; over a field that is not algebraically closed one
would use the length of the quotient, or its dimension over the residue
field of P at a k-rational point. As in Proposition 6.31, the number is
1 exactly when the classes of fi,..., f, form a basis of mp/m%, that
is, when the H; are smooth at P and meet transversely; tangential
or singular intersections give larger quotients. For n = 1 (a single
hypersurface, that is a point, on a smooth curve), Ox p is a DVR and
dimy, Ox p/(f1) = vp(f1) is the order of vanishing of f; at P. For n = 2
(two curves on a smooth surface) it is the local intersection number of
Chapter 8 (Section 8.3); for X = P? it is Definition 6.29.

6.8.2. Bézout’s theorem with multiplicities. Chapter 3 proved
only weak Bézout (Theorem 3.22) and treated the counted statement
as a question: which local numbers turn the bound into an equality?
The intersection numbers just defined give the answer.

Theorem 6.34 (Bézout’s theorem, full counted form). Let C' and D be
plane curves in P? over an algebraically closed field, of degrees m and
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n, with no common component. Then

Z Ip(C, D) = mn,

PeCnD

where Ip(C, D) = dimy Op2 p/(f, g) is the local intersection number
of Definition 6.29, computed with the local equations f,g of the given
(possibly non-reduced) curves. (With the equations of the reduced curves
the formula would fail: for V(X?) and V(Y') it would give 1 rather than

2.)

The proof separates the local and global parts of the statement.
The local part says that local intersection numbers assemble into the
dimension of one global algebra. The global part says that this algebra
has dimension mn.

Proposition 6.35. Let f,g € k[X,Y] be non-constant polynomials
without common factor, let C =V (f) and D = V(g) with these equa-
tions, and let {Py,..., B} = V(f,qg) be their (finitely many) common
zeros. Then

S I, (C,D) = dimy kX, Y/(f.9)

=1

PrROOF. Write I = (f,g) and let I = q; N --- N g5 be a minimal
primary decomposition (Chapter 2, Theorem 2.70). Every prime ideal
containing I corresponds to an irreducible subvariety of the finite set
V' (I), hence to one of the points Pj; so every associated prime of [ is
one of the maximal ideals I(P;). These are minimal over I, so there
are no embedded primes, s = r, and after renumbering /q; = I(F).

The q; are pairwise comaximal: if q; + q; were a proper ideal, it
would be contained in some maximal ideal containing both I(F;) and
I(P;), which is impossible for i # j. The Chinese remainder theorem
therefore gives an isomorphism of k-algebras

HX V)T = JIHX.Y]/a;

a product of fat-point coordinate rings, one for each intersection point.

It remains to identify each factor with the corresponding local
contribution, i.e. to show k[X,Y]/q; = Op2p /(f,g). Localize the
displayed isomorphism at I(P;). For i # j choose h € I(P;) with
h(P;) # 0; in the factor k[X,Y]/q; the element h is nilpotent (as
h € \/9;), while localization at /(P;) makes it invertible — so that factor
localizes to 0. The factor with ¢« = j is already a local ring: since
Va4 = I(P)), its unique prime ideal is I(F;)/q;, and localizing at it
changes nothing. Hence

Ouny[(f.9) = (HX.YV/I), ) = KXY/, .
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and taking dimensions over k in the product decomposition finishes the
proof. O

Proposition 6.36 (The global complete-intersection count). Let F,G €
k[X,Y, Z] be homogeneous forms of degrees m,n with no common factor.
Suppose the line Z = 0 contains no point of V(F,G). If f = F(X,Y,1)
and g = G(X,Y,1), then

dimy k[ X, Y]/(f,g) = mn

ProoF. Put S = k[X,Y,Z] and B = S/(F,G). Since F and G
have no common factor, multiplication by F' is injective on S, and
multiplication by G is injective on S/(F'). The two resulting graded
exact sequences give

(1= tm)(1 = 1)

Hilbp(t) = =

Equivalently, for d > 0,
d+2 d — 2
(17 (1)
2 2
B d—n-+2 . d—m—n+2
2 2

=mn.

It remains to relate this stable graded piece to the affine quotient.
We prove directly that multiplication by Z on B is injective. Write
F = F(X,Y,0) and G = G(X,Y,0). These are nonzero and coprime
in k[X,Y]: a common homogeneous factor would give a common point
on Z = 0, and if one restriction were zero the other, of positive degree,
would give such a point as well. Suppose ZH = UF + WG in S.
Reducing modulo Z gives U F + W G = 0. Coprimeness gives U = ¢G
and W = —cF for some ¢ € k[X,Y]. Lift c to S. Then U — ¢G = ZU,
and W + cF = ZWj, so cancellation of Z in S yields H = U F + W1 G.
Thus ZH = 0 in B implies H = 0 in B, as required, without an
unmixedness theorem. Dehomogenizing gives

kX Y/(f,9) = (BZ)OzhAl(Bo £>B1 iBg Z, )

The maps are injective and the dimensions stabilize at mn, so the direct
limit has dimension mn. U

PrROOF OF THEOREM 6.34. Since C' and D have no common com-
ponent, their intersection is finite. Choose coordinates so that the line

at infinity contains none of the points of C' N D, and write the affine
equations on Z # 0 as f,g € k[X,Y]. Set A = k[X,Y]/(f,g9). By
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Proposition 6.35,
> Ip(C, D) = dim;, A,
PeCnD
Proposition 6.36 gives dimy A = mn, and the theorem follows. O

6.9. The local ring at a prime divisor
Order of vanishing along a hypersurface

So far every local ring we have used, Ox p, has been attached to a
single point P. There is a second, coarser localization that turns out
to be exactly the right tool for measuring zeros and poles of functions
along a whole hypersurface, rather than at one point of it — and, looking
ahead, for defining divisors in Chapter 7.

Definition 6.37. Let X be an integral variety and let Z C X be an
irreducible closed subvariety of codimension 1 (a prime divisor). Choose
an affine open U C X meeting Z, with coordinate ring A = k[U], and
let pz C A be the prime ideal of Z NU. The local ring of X along Z is
the localization

Oxz = Ay, = {g : f,g €A, g%pz} C k(X).

Concretely, Ox z consists of the rational functions on X that can be
written with a denominator not identically zero on Z — i.e. functions
that are regular somewhere on Z, even if not at every point of Z. As
with Ox p, this does not depend on the choice of U.

Proposition 6.38. If X is smooth, then Ox z is a discrete valuation
ring (DVR): a Noetherian local domain whose mazimal ideal my is
principal, generated by some t € Ox 7 (a local equation for Z).

SKETCH. Ox 7 is a localization of A = k[U], hence Noetherian,
local, and a domain (as A is a domain). Its Krull dimension is 1: this
is the height of pz, which equals 1 because Z has codimension 1 in
the integral variety X. A Noetherian local domain of dimension 1 is
a DVR exactly when it is regular in the sense of Definition 6.21 (see
Theorem D.13 in Appendix D); it is also the local input for the finite-
morphism argument below. Smoothness of X along Z is what supplies
regularity here: for any P € Z N U the local ring Oy p is regular by
Proposition 6.22, and Oy 7 is a further localization of Ox p, at the
prime of Z. That regularity is preserved under localization is a deeper
theorem of commutative algebra, which we quote (Stacks Project, Tag
0AFS; see Proposition D.2). For a curve, where Z is a point P, no
quotation is needed: Ox z = Ox p. O

Definition 6.39. Let ¢t be a local equation for Z as above. Every
nonzero f € Ox z can be written uniquely as f = wut" for a unit
u € O% , and an integer n > 0; we call n = vz(f) the order of vanishing
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of f along Z. This extends to all of k(X )* by vz(f/g) = vz(f) —vz(g),
giving a surjective group homomorphism

Vz: k’(X)X —)Z,

the discrete valuation associated to Z.

Example 6.40. Let X = A% and Z = V (z), the y-axis. Then py =
() C klz,y] and Ox 7 = k[z,y|(), a DVR with uniformizer ¢ = . For
instance vz (z?y(y — 1)) = 2, since y(y — 1) ¢ (z) is a unit in Ox »
— it does not vanish identically on Z, even though it vanishes at the
two points (0,0) and (0,1) of Z. This is the key feature distinguishing
Ox,z from Ox p: a function can vanish at isolated points of Z without
affecting its order of vanishing along Z.

On a smooth curve every point is a prime divisor, so every local ring
Oc¢,p is a DVR. This has a consequence used constantly in the next
chapter.

Proposition 6.41 (Rational maps from smooth curves extend). Let
C be a smooth integral curve and ¢: C --+ Y a rational map to a
projective variety Y C P™. Then ¢ is a morphism, i.e. extends uniquely
to a map regular at every point of C'. In particular a nonconstant
f € k(C) defines a morphism f = (f : 1): C — P, and a birational

map between smooth projective curves is an isomorphism.

PROOF. Let P € C, and write ¢ = (fo : --- : f,) with f; € k(C)
not all zero. By Proposition 6.38, applied to the prime divisor P of C,
the ring O¢ p is a DVR; let ¢ be a uniformizer and m = miny, .o vp(f;).
Multiplying all coordinates by the same nonzero rational function
does not change the rational map, so also ¢ = (£ fy : -+ : 7 f,).
Now every t~™f; lies in O¢ p, and the one with vp(f;) = m is a
unit there. So near P the map is given by regular functions not all
vanishing at P, and it is regular at P by the local criterion of Chapter 4
(Example 4.29). Tt factors through Y with its given structure: for every
homogeneous equation A in the defining ideal of Y, the substitution
At fo, ..., t7™f,) is zero in k(C'), hence zero in O¢ p C k(C). This
also covers a non-reduced target. The local extensions agree on overlaps:
their cross-products of coordinates agree as rational functions, hence as
regular functions.

For the last statement, if ¢: C' --» C” is birational with inverse ),
both extend to morphisms, and ¥ o ¢ and ¢ o ¢ agree with the identity
on dense open subsets, hence everywhere, since the equality locus of
two morphisms to projective space is closed. O

The source C' need not be projective, but the target hypothesis
matters: z — 1/z on A does not extend to a morphism into A' at 0;
as a map into P! it extends by x — [1 : z].
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We can now prove the constant-fibre-degree statement from the
morphisms chapter (Theorem 5.17): a nonconstant map of smooth
projective curves has fibres of constant total multiplicity. First we need
to show that f is affine-locally finite — that some affine neighbourhood
of every point of D pulls back to an affine open of C' with a module-
finite coordinate-ring extension. The curves C' and D need not share a
common projective embedding, so we cannot simply apply the earlier
argument for a linear projection. The main theorem of elimination
theory (Theorem 4.52) supplies the needed affine neighbourhoods.

Lemma 6.42 (A morphism of curves is affine-locally finite). Let
f: C — D be a nonconstant morphism of smooth integral projective
curves. For every QQ € D there is an affine open neighbourhood U C D
of Q such that V := f~Y(U) is affine and the induced map on coordinate
rings, A = k[U] — B := k[V], is a finite (module-finite) ring extension.

The proof uses projectivity twice: to choose affine neighbourhoods
around an entire fibre, and to show that no value of an affine coordinate
can escape to infinity over a point of the target. The second step gives
monic equations, hence module finiteness. The complete elimination
argument is in Section 6.10; the next example isolates its algebraic
mechanism before we use the lemma to count fibres.

Example 6.43 (The mechanism, when it works and when it fails). For
an inclusion A C B of domains and a nonzero b € B, put

J = ker(A[f] — B[1/b], t+> 1/b).

A polynomial F' € J with constant term 1 gives a monic equation for b:
reverse its coefficients to obtain t4°8 ¥ F(1/t).

First take f: P! — P! [S : T] ~ [S? : T?. Over the chart
U = {Xy, # 0} with coordinate z, the preimage is V = {S # 0} with
coordinate s, and f is z = s%; so A = k[z] C B = k[s]. Take b = s. In
Blt]/(st —1) = k[s, 1/s] we have 2t = s*-s2=1,80 F =1 —xt? € J,
with constant term Fy = 1. Reversing, G(t) = t?F(1/t) = t* — x, and
indeed b = s is a root: s> — 2z = 0 is the monic equation the proof
promises.

Now take the open inclusion V = A'\ {0} < U = A!, so A =
klz] C B = k[z,1/x], and b = 1/x. Here bt — 1 = 0 means t = z, so
¢: klx,t] - B sends t — z and J = (t — z). Every element (t — x)H
of J has constant term —zH (x,0) € (z), never 1: the recipe produces
no monic equation, and indeed 1/x is not integral over k[z]. The
failure is visible geometrically. The image of V(bt — 1) in U x A} is
{(z,z) : x # 0}, which is not closed; its closure V' (J) = {t = x} meets
{t =0} at (0,0), lying over the point = 0 of U where b = 1/x goes to
infinity and which has no preimage in V. The projectivity hypothesis in
Lemma 6.42 rules out exactly this failure: the image is already closed.
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PrROOF OF THEOREM 5.17. Fix ) € D and choose the affine neigh-
bourhood U C D of @) supplied by Lemma 6.42, with coordinate ring
A = k[U]; the lemma gives that f~'(U) is affine with coordinate ring
B, a finite A-algebra. Let R = Op ¢ and

M = B ®j R.

The map is dominant, so A <— B; since B is a domain, M is a finite
torsion-free R-module. The ring R is a DVR by Proposition 6.38,
applied to the point () on the smooth curve D. The structure theorem
for finite modules over a PID therefore makes M free of some rank r.

Let mg be the maximal ideal of R. Reducing modulo mg gives the
coordinate algebra of the fibre with multiplicity:

M/mQM: H Ocyp/mQOC’p.
pPef~HQ)

Because the ground field is algebraically closed, the dimension of each
factor over k is its length, hence its multiplicity in the fibre. (This
multiplicity of P is exactly the ramification index ep(f) that Chapter 7
defines intrinsically (Definition 7.29) via a valuation, ep(f) = vp(f*t)
for a local parameter ¢ at ): since O¢ p is a DVR with uniformizer
s and mgOcp = (f*t) = (s**)) up to a unit, the two descriptions,
dimy, ((’)C, p/mgOc¢, p) and vp(f*t), agree by definition of the valuation
on a DVR.) Since M ~ R", the sum of these multiplicities is

dimy (M /moM) = r.

On the other hand, tensoring M with the fraction field k(D) gives k(C),
S0

The right-hand side is independent of (), proving that every fibre has
the same total multiplicity. O

Remark 6.44. This proves the constant-fibre-degree statement of
Chapter 5 (Theorem 5.17). For [S : T] + [S? : T?] in characteristic
different from 2, the two points of a general fibre merge at 0 or oo, but
the local quotient there still has length two. In characteristic 2, every
fibre is a single point of length two. The module rank is the algebraic
reason that the count does not change.

This completes the chapter’s account of local properties of vari-
eties: Ox p measures behaviour at a point, Ox » along a hypersurface,
and both will reappear constantly from here on. In the next chapter
(Chapter 7), valuations become zeros and poles of rational functions
on curves, and divisors become the language of Riemann—Roch. After
that, on surfaces (Chapter 8), the local intersection numbers of this
chapter become the pieces of a global intersection product for curves
on a surface.
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6.10. Technical details: finiteness of curve maps
The affine neighbourhoods used in the fibre count

We prove the affine-local statement used above. The rank argument
for constant fibre degree needs only its conclusion. Here the work is to
deduce that conclusion from projective closedness without assuming a
general theorem about proper morphisms.

PrROOF OF LEMMA 6.42. Embed D C P* and C' C P™. The image
of f is closed and infinite, hence all of D, and every fibre is a proper
closed subset of the integral curve C', hence finite. Renumber coordinates
so that @ € D (X,,). Choose an affine chart W = CN D, (L) containing
the finite set f~1(Q). Each rational function r; = f*(X;/X,) is regular
at every point of that set. There is a common denominator b € k[W],
nonzero at all these points, with a; = br; € k[W]: the denominator ideal
for each r; is contained in none of their maximal ideals, so finite prime
avoidance (Lemma D.11) supplies such denominators; take their product.
Homogenize ay, . ..,a,_1,b to one degree using powers of L. This gives
forms G, ..., G, representing f with no base point on f~1(Q). These
forms may still have common zeros elsewhere on C': let ¥ C C' be this
finite set of base points, which contains no point of f~1(Q). On C'\ ¥
the forms define a morphism agreeing with f near f~(Q), hence on all
of C'\ X, since the equality locus of two morphisms to projective space
is closed and C' is irreducible. After this choice, take a form H on P”
with H(Q) # 0 that vanishes on the finite set f(X) (a product of linear
forms, one through each point of f(X) and none through Q). Set

U=DND(X,H), V=f"'U)=CnD(G,HGy,...,G)).

The second equality holds because at P € C'\ ¥ the point f(P) is
[Go(P) : -+ : Gu(P)], while at P € ¥ all G; vanish and f(P) lies
on V(H), so P is in neither set. Without shrinking by H, the set
C' N D, (G,) could miss base points lying over D N D, (X,,).

Both U and V are affine, for the same reason: if X C PV is projective
and F' is a form of degree r, then X N D, (F) is affine. Indeed, the
Veronese embedding v,: PV — PM of degree r (Section 4.7) turns
the hypersurface {F' = 0} into an honest hyperplane section, so v,
restricts to an isomorphism of X N D, (F') onto v,.(X) N D, (L) for the
corresponding linear form L, a closed subvariety of the standard affine
open D (L) C PM. Let A = k[U], B = k[V], and let f|y: V — U
correspond to the induced ring map A — B; it is injective because a
nonconstant map of irreducible curves has infinite, hence dense, image,
so f is dominant.

We now carry out the mechanism of Example 6.43. The ring
Blt]/(bt — 1) is B[1/b], with t standing for 1/b — the same device as
Rabinowitsch’s trick in the proof of the Nullstellensatz (Theorem B.9).
So the polynomials F' € A[t] we look at are those with F/(1/b) = 0.
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Clearing denominators, b F((1/b) = 0 says that b is a root of the re-
versed polynomial t F(1/t), whose leading coefficient is the constant
term Fy of F'. Hence b is integral as soon as some such F' has constant
term 1. Geometrically, that fails exactly when 1/b can tend to 0 —i.e. b
can tend to infinity — over some point of U, and it is the closedness of
f that rules this out.

We claim A — B is integral, i.e. every b € B satisfies a monic
polynomial equation over A. Consider

: Alt] — B[t] — BJ[t]/(bt — 1), J = ker ¢.
If FeJ,write F' = (bt — 1)q for some ¢ = Y, ¢;t" € BJt]; writing also
F=53 Fit' with F; € A and setting ¢_; = 0, matching coefficients

gives F; = bg;_1 — q;, so that for any N > degq (so that ¢; = 0 for all
i > N, and in particular ¢y = 0),

N N
Z Fith = Z(b%q — gtV
i=0 =0

= (-0 at" ") —an
= (b—1) (Z qitN_i_l) :

using gy = 0 in the last step. So G(t) := 31, FitV=" € AJt] satisfies
G(t) = (b—1)S(t) exactly, for S(t) := >, ¢;t" "' € B[t]; in particular
G(b) = 0. Since G = tNF(1/t) is F with its coefficients reversed, its
leading coefficient is Fy; so if Fy = 1 can be arranged, GG is a monic
polynomial over A with root b, proving b integral over A.

Whether Fy = 1 is achievable is equivalent to J + () = A[t], i.e.
to the algebraic set V(J + (t)) C U x A} being empty. Consider the
two algebraic sets V(bt — 1) C V x A} and V(J) C U x A}, with
V(J+(t)) =V(J)NnV(t). The map V(bt — 1) — V(J) induced by
Alt]/J — BJt]/(bt — 1) is dominant, since that ring map is injective
(A — B); we show its image is also closed — this is the missing ingredient,
and it is exactly Corollary 4.54 of Chapter 4, applied with V = C| f
the given morphism C' — D, U = D (the whole target, open in itself),
and Z = A}: it gives directly that f~1(D) x Al — D x Al i.e.

fxidg: C x A — D x A}

(since f~1(D) = (), is closed. Restricting this closed map to the
open set U x A} C D x A}, whose preimage is exactly V x A}, shows
V x Al — Ux A} is itself closed (a closed map restricted to the preimage
of an open subset of the target is closed onto that subset). Hence the
image of V (bt — 1) is closed in V(J), and also dense (as just noted),
so it is all of V(J). But the projection V' x Al — U x A} preserves
the Al-coordinate, and ¢t # 0 on V (bt — 1) (there t = 1/b), so the
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image of V' (bt — 1), namely all of V(J), is disjoint from V' (¢); that is,
V(J)NV(t) = V(J+(t)) = @, which is exactly Fy = 1 being achievable.
This proves b is integral over A, for every b € B; since B is generated as
an A-algebra by finitely many such b (it is a finitely generated k-algebra,
and A already contains k), Corollary C.10 of Appendix C (an integral
extension of finite type is finite) gives that B is a finite A-module. [

Exercises for Chapter 6

6.1. Local rings and subvarieties. Let Oy p be the local ring
of a variety V' at a point P. Show that there is a natural one-to-one
correspondence between the prime ideals in Oy p and the irreducible
subvarieties of V' that pass through P.

6.2. Local rings distinguish branches. (x) Consider the following
algebraic sets in A?(C):

V =V(XY), W=V({Yy?*-X?-X?.

The first curve consists of the coordinate axes, and the second is a cubic
curve with a double point at the origin.

(1) Show that the local ring of V' at a point P = (0,y), y # 0, is
isomorphic to C[t](;), the local ring of the affine line at a point.
Thus the other component of V' is not visible in the local ring
at P.

(2) Show that the local ring of W at the origin is an integral domain,
but that the local ring of V' at the origin is not. Explain how
this distinction records irreducible components, but does not
yet count formal branches.

(3) Complete the local ring of V' at the origin and compare with
the completion of W computed in Example 6.27: show that
C[[X,Y]]/(XY) and C[[X,Y]]/(Y? — X? — X3) are isomorphic.
(Hint: Y2 - X? - X3 = (Y — XV1+X)(Y + XV1+ X) in
C[[X,Y]; takeu =Y —Xv1+ X andv=Y + X1+ X as
new formal coordinates.) So the completions agree although
the local rings do not.

6.3. Vanishing partial derivatives in characteristic p. Show
that if & is a field of characteristic p > 0, and f € k[X;,..., X,,], then

ZL = 0if and only if f € k[Xy,..., X?,..., X,]. Conclude that all the

AL are zero if and only if f € k[X],..., X?].
6.4. Tangent hyperplane sections. Prove that the intersection of
an irreducible hypersurface V' = V(f) C A" (not a hyperplane) with
the tangent hyperplane TpV in a nonsingular point P € V is singular
at P. (Here one defines the intersection by the ideal (f,[), where [ is
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the linear equation for the tangent hyperplane.)
Show that this need not be true if one defines the intersection with
reduced structure, i.e., by the radical of the ideal (f,1).

6.5. A singular surface. Assume chark # 2. Find the singular
points of the surface Z2 = X2Y +Y? in A3, and of its projective closure
V(Z*W — X?Y — Y3) C P3. Make a sketch of the real points and
compare with the Whitney umbrella (Example 6.11), whose singular
locus is a whole line.

6.6. The Steiner quartic. Find the singular points of the Steiner
quartic

V(X5X5+ X7PX3+ X7X5 — Xo X1 X0 X3)
in P3.

6.7. Components and singular locus. (x) Find the irreducible
components of V(I) C AT, where [ is the ideal

(A1Dy — SA3Ds, B1Dy — SByDs, A1 Dy + AyDy, B1Dy + ByDy).

Determine the singular locus of V(). (This is a substantial computation
by hand. Lab 6 (Section A.3.6) of Appendix A asks for the same ideal,

with the variables renamed, so you can check your answer by machine.)

6.8. Minimal generators. Find an ideal of k[X,..., X,] which
admits minimal sets of generators differing in their number of elements;
here minimal means that no proper subset generates.

6.9. First local intersection numbers. Compute [p(C,D) =

dimy, k[, y] 2/ (f,9) at P = (0,0) for:

(1) € =V(y—a?) and D =V (y);

(%67‘4y—x)wdD=V@%

(3) C = V(y* —2*) and D = V(a);

(4) C=V(y*— 333) and D = V(y* + 2?), assuming char(k) # 2.
In each case compare the answer with what the tangent cones suggest.
Hint: because each quotient is supported at the origin, localization does
not change its dimension. Simplify (f, ¢g) to a monomial ideal and count
a monomial basis of the quotient. Then compare the answer with the
lower bound mp(C)mp(D) from Remark 3.10. In which cases is the
bound strict, and how can the tangent cones already warn you that
extra contact is present?

6.10. Tangent cones and local intersection. Let C' be a plane
curve, P € C'; and L a line through P that is not a component of C.
Prove that L is a component of the tangent cone of C' at P if and only
if

Ip(C, L) > mp(C).
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(Hint: L is smooth, so by Lemma 6.30 Ip(C, L) is the order in t of
f(P + tv), where v spans L. Expand f = f,, + fous1 +-+-2)

The next exercises return to the resultants from Chapter 3 (Section 3.4).
The point is not to use the resultant as the definition of intersection
multiplicity, but to compare its computations with the local-ring defini-
tion.

6.11. Additivity of local intersections. Let C' = (f), D = (g)
and £ = (h) be plane curves, and let D + E = (gh) denote their union.
Prove, using local rings, that

Ip(C,D + E) = Ip(C, D) + Ip(C, E)

for all P € CN(DUE), whenever the local intersection numbers are finite.
Compare this with the resultant identity R(f, gh) = R(f,g)R(f,h).

6.12. Changing equations locally. Suppose deg f < deg g and let a
be homogeneous of the appropriate degree so that g+af is homogeneous.
Let C = (f), D = (9), and E = (g + af). Prove, using local rings, that

Ip(C,E) =Ip(C, D)

for all P € C'N D. Compare this with the resultant identity R(f, g +
af) = R(f,g).

6.13. Cubic intersections. Let C;, Cy C P?(k), with k algebraically
closed of characteristic zero, be cubic curves with homogeneous equations

Ci:  (X+2P+3Y°-27°=0,
Co: X+ X (Y+2Z2)+XZ2+Y?=0.

Compute the intersection points of C'; and C5 and their local intersection
multiplicities.

6.14. Explicit local intersection numbers. Assume chark = 0.
Find all points of intersection of the following pairs of curves, and
compute the local intersection numbers at these points:

(1) Y2Z - X(X —=2Z) (X + Z) and Y2 + X? —2X Z.

(2) (X2 + Y2)Z + X34+ Y3and X3 4+Y? - 2XYZ.

(3) Y5 —X(Y2—-XZ)?and Y44+ Y3Z — X272

(4) (X2 + Y32 +3X2YZ - Y37 and (X% +Y?)? —4X2Y2 72

6.15. Where the Bézout count lives. Let ' =Y 7 — X2, so that
C = V(F) C P? is a smooth conic.
(1) Let G = Y. Show that V(F,G) = {[0 : 0 : 1]}, that
dimy, k[z,y]/(y — z*,y) = 2, and compute Ip(C,V(G)) at
P = [0 : 0 : 1] once from the definition and once with
Lemma 6.30, parametrizing C by z = t, y = t2.
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Now let G = X. Show that V(F,G) consists of [0 : 0 : 1]
and [0 : 1 : 0], that dimy k[z,y]/(y — 2%,) = 1, and that
both local intersection numbers are 1. Which hypothesis of
Proposition 6.36 fails, and where exactly does its proof break?
Show that Z is a zerodivisor on B = k[X,Y, Z]|/(F, G).

In both cases compute the Hilbert function of B and check
that it is eventually 2 = deg F'deg GG, although in (2) the affine
quotient only sees 1.

6.16. Orders of vanishing along a curve in the plane. Let X =
A? and recall the valuation vz of a prime divisor Z (Definition 6.39).

(1)

(2)

(3)

For Z =V (y—?), compute vz(y* — 2*), vz ((y — 2%)*/2°) and
vz(z), assuming char k # 2. What changes for the first one in
characteristic 27

For Z = V(z) and P = (0,0), show that Ox p C Ox 7, and
that the inclusion is strict: 1/y lies in Ox z but not in Ox p.
Explain this in the language of the chapter’s example (Exam-
ple 6.40): a function in Ox z need only be regular somewhere
on Z.

Show that vz(fg) = wvz(f) + vz(g) and vz(f + ¢g) >
min{vz(f),vz(g)}, with equality when vz (f) # vz(g). Give
an example with Z = V(z) where the inequality is strict.

6.17. A line on the quadric cone. (x) Let X = V(zy — 2?) C A®
and let Z =V (z,z) C X, the y-axis.

(1)
(2)
(3)

(4)

Show that X is integral of dimension 2 and that Z is a prime
divisor on X, with prime ideal p; = (z,2) C k[X].

Show that the maximal ideal of Ox 7 is principal, generated
by z. (Hint: y is a unit in Ox z.)

Compute vz(x), vz(y) and vz(z). Interpret vz(x) = 2 geomet-
rically: the plane # = 0 meets the cone in the line Z counted
twice.

The cone is singular at the origin, which lies on Z, so Propo-
sition 6.38 does not apply as stated. Explain why Ox 7 is
nevertheless a DVR: inverting every function that does not
vanish on all of Z means Ox z only sees a neighbourhood of a
general point of Z, where X is smooth.

6.18. Extending maps from curves, and where it fails.

(1)

Let C =V(XZ—-Y?) CcP?and let ¢ = [X : YV]: C --» P}
the formula is undefined at P = [0: 0 : 1]. In the chart Z =1,
with © = X/Z and y = Y/Z, show that y is a uniformizer
of O¢ p and compute vp(z) and vp(y). Follow the proof of
Proposition 6.41 to find ¢(P), and compare with the second
chart in Example 4.32.
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(2) Let ' = V(ZY? — X3) and ¢ = [X : YV]: C' --» P! again
undefined as a formula at P = [0 : 0 : 1]. Using ¢ — (¢, %),
identify Ocs p with the ring of fractions a/b, a,b € k[t?, %],
b(0) # 0. Show that neither y/x = t nor z/y = 1/t lies in
Oc¢r p, and conclude that 1) is not regular at P for any choice
of value. Which hypothesis of Proposition 6.41 fails?

(3) Show that the composite of 1 with Al — C’, t — (t2,13),
extends to a morphism A!' — P!, and identify its value at
t=0.

6.19. Constant fibre degree by hand. Let n > 2 and let f: P* — P!
be [S: T] +— [S™: T"]. Over the chart U = {Xj # 0} with coordinate
x, the preimage is {S # 0} with coordinate s, and f is given by
x = s"; so A =k[x] C B=kl[s| and, as in the proof of Theorem 5.17,
M =B ®40Op,g, where C =D = P!

(1) Show that B is a free A-module with basis 1,s,...,s" !, and
conclude that [k(C) : k(D)] = n.

(2) Assume chark { n. For the point @ = {z = ¢} of U, show
that M/mgoM = k[s]/(s" — ¢). Decompose this algebra as in
the proof: for ¢ # 0 the fibre is n points of multiplicity 1, and
for ¢ = 0 it is one point of multiplicity n. Check that this
multiplicity is the ramification index vp(f*(z — ¢)).

(3) Use the other chart to treat the point [0 : 1] at infinity, and con-
clude that every fibre has total multiplicity n, with ramification
only over 0 and oo.

(4) Now let char k = p and n = p. Show that every fibre is a single
point of multiplicity p. The theorem still holds — the total is
still p = [k(C) : k(D)] — but now every point is ramified.

6.20. Why the curves must be projective. Let C' = V(zy — 1) C
A?and f: C — A, (z,y) — =
(1) Show that the fibre over ¢ # 0 is one point and the fibre over 0
is empty, so the fibre degree is not constant.
(2) Show that k[C] = k[z,1/x] is not a finite k[z]-module. Which
step in the proof of Lemma 6.42 fails for this map? (Compare
the second half of Example 6.43.)
(3) Show that f extends to an isomorphism from the projective
closure C' = V(XY — Z?) C P? onto P! (hint: on C, [X : Z] =
[Z : Y], or apply Proposition 6.41), and find the point of C
over x = ( that was missing from C'.

6.21. Finite projections. (x) Let V' C P" be a projective variety of
dimension d < n, over an algebraically closed field. Show that there exist
disjoint linear subspaces Lqg and L/, _, ; of dimension d and n —d — 1,
such that projection from L, ; maps V onto Ly and over every point
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of Ly lie only finitely many points of V. (Hint: choose L/, ; disjoint
from V, possible since dimV + dim L' < n. The fibre over y € L, is
VN (L' y), a closed subset of the (n — d)-plane (L', y) that misses its
hyperplane L'; by Proposition 4.44 it is finite. The image is closed, since
V' is projective, and by the fibre-dimension theorem (Theorem 5.19),
applied to a reduced irreducible component of dimension d and its
image, that image has dimension d, so it is all of L,.)

6.22. Projection as an isomorphism. (x) Let V' C P™ be a smooth
projective variety. Show that projection from a point P € P" outside V'
induces an isomorphism from V' onto its image if and only if for all lines
[ through P the intersection multiplicity of V" and [ is at most 1, that is
no line intersects V' in two points, or is a tangent. (Here the intersection
number means the total length of V' NI: on an affine chart of [ containing
this finite intersection, it is dimy k[l N A"] /Iy k[l N A™]. Length at most
1 means that there is at most one point (), and that [ is not contained
in the projective tangent space TpV. Hint: put P=[1:0:---:0]. A
homogeneous equation of V' not vanishing at P gives a monic equation
for the remaining coordinate on each target chart; thus the projection
is finite. Its fibre algebras are these line-intersection algebras. Apply
Nakayama’s lemma (Theorem B.29) to the finite local coordinate-ring
extensions over its image: a one-dimensional fibre algebra is generated

by 1.)

6.23. Embedding by projection. (xx) Show that a smooth va-
riety V' C P of dimension d (over an infinite field) can be projected
isomorphically onto a smooth variety in P21, (Hint: combine the
previous two exercises, Exercises 6.21 and 6.22 — count the dimension
of the variety of secant lines (covered by the projection-to-Lg exercise’s
generic-disjointness argument) and of tangent lines (via the previous
exercise’s criterion) to show that for n > 2d + 1 a generic projection
point P avoids every secant and tangent line of V', then induct on n.)

6.24. The Whitney umbrella (Example 6.11). (x) Let W =
V(x? —y?z) C A3(k), with char k # 2.

(1) Consider o: A2 — W, (u,v) — (uv, u, v?). Show that o is
surjective when k is algebraically closed. Which points of W (R)
are missed when k = R?

(2) Show that o is injective away from the line {u = 0}, and exactly
two-to-one on it away from the origin, whose only preimage
is (0,0). Explain how this produces the self-crossing of the
surface along the positive z-axis in the real picture.

(3) Compute the tangent cone of W at the origin. Then, at a point
(0,0, ¢) with ¢ # 0 a square in k, write the two branches of W as
graphs x = +y,/z near the point and check that their tangent
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planes are distinct — a transversal crossing, in the language of
Chapter 3.



CHAPTER 7

The geometry of curves

Riemann—Roch changes everything

Throughout this chapter, C' is a smooth projective irreducible curve
over the algebraically closed field k, and K = k(C) is its function field.
The guiding question of this chapter is:

how many rational functions can a curve have with prescribed poles?

On the projective line this question has a simple answer. If a rational
function is allowed to have a pole of order at most d at infinity and no
other poles, then it is a polynomial of degree at most d:

d
aog +a1x + -+ aqgxr”.

There are d + 1 independent choices.

On a general smooth projective curve the same question becomes
much subtler. One can still prescribe possible poles, but the curve may
not have enough rational functions to realize every prescription. The
missing functions are not a nuisance; they are part of the geometry of
the curve. Riemann—Roch is the theorem that measures this failure
precisely.

The language of divisors packages zeros and poles. The language of
differentials explains the correction term. The genus of the curve appears
as the invariant measuring how far the curve is from the projective line.

7.1. Rational functions on curves and order functions
Zeros and poles, counted with order

Let P € C' and let R = O¢ p. Since C' is smooth, R is a discrete
valuation ring. If ¢t generates its maximal ideal, every nonzero f € R
has a unique expression

f=ut™, ue R, m>0.
We define the order of vanishing of f at P by vp(f) = m. Equivalently,

vp(f) = dimg R/(f),
because R/(t™) has basis 1,¢,...,t™ ! over the residue field k.
Example 7.1. Take C' = A', P =0, so R = k[z](;) with maximal ideal
(z). For f =a™, R/(f) = k[z])/(z™) is spanned by 1,,...,2"™"!, so
vo(x™) = m: the order function simply counts the multiplicity of the

root, exactly as for a polynomial. More generally, for any unit u € R
(i.e. u(P) # 0), vp(uaz™) = m as well, since u does not change the

209
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dimension of the quotient — this is the additivity property proved next,
applied to vp(u) = 0.

The factorization in the DVR immediately gives

vr(fg) = vp(f) +vr(g),

for nonzero f,g € R.
Using this property, we can extend the definition of vp to rational
functions f/g € K*, where f,g € R and g # 0. We define:

vp(f/g) = ve(f) —vp(g).

Positive values record zeros and negative values record poles.

7.2. Divisors on curves and the Picard group
The additive bookkeeping of zeros and poles

In Chapter 3, a line meeting a cubic gave a sum P + () + R, or
2P+ R when it was tangent. We now allow such sums without choosing
a plane embedding, and allow negative coefficients to record poles.

A divisor on a smooth projective curve C' is a finite formal sum of
points

D= nplPl, npel,

and its degree is deg D = > np. Using the order functions of the
previous section (Section 7.1), every nonzero rational function f €
K* = E(C)* has a divisor

div f = 3 up(f) [P

recording its zeros and poles with multiplicity; divisors of this form are
called principal. Two divisors are linearly equivalent, written D ~ D',
if D — D' =div f for some f € K*.

FIGURE 1. A divisor made visible: D = 2[P] + [Q] — [R],
of degree 2. A global section of O(D) is a rational function
that is allowed a double pole at P and a simple pole
at (), and is required to vanish at R. Riemann—-Roch
(Theorem 7.14) is the exact count of such functions.
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Definition 7.2. The Picard group of C' is the group of divisors modulo
principal divisors:

Pic(C) = {divisors on C'}/{principal divisors} .

Remark 7.3 (Degree descends to Pic). A nonconstant f € k(C') defines
a morphism f: C — P! (Proposition 6.41), finite by Lemma 6.42,
and div f is the difference of the fibres over 0 and oo, counted with
multiplicity. By the constant-fibre-degree theorem of that chapter
(Theorem 5.17), both fibres have total size deg f, so

degdivf=0.

“A rational function has as many zeros as poles.” Degree is therefore well
defined on linear equivalence classes, and Pic(C) is graded by degree,

Pic(C) = ||, Pic*(C).

Definition 7.4. Let D be any divisor. The space of global sections of
D is defined as

I'(D)={0}u{f e K*|divf+ D > 0}.

Proposition 7.5. The space I'(D) is a k-vector space, and the following
hold:

(1) T'(0) = k: the only everywhere-reqular rational functions on C
are the constants.

(2) For any point P € C' there is an inclusion I'(D) C I'(D + P),
and the quotient T'(D + P)/T'(D) is at most 1-dimensional.

(3) If I'(D) # 0, then deg(D) > 0.

(4) T(D) is finite-dimensional; in fact dim, T'(D) < degD + 1
whenever deg D > 0.

PrOOF. That I'(D) is a k-vector space is straightforward to verify.

(1) An element of I'(0) is a rational function with div f > 0, i.e.
with no poles, hence a regular function on all of the projective curve C;
by Remark 4.22 in Chapter 4 such a function is constant.

(2) The inclusion is clear. For the quotient, let ¢ be a uniformizer
at P and write n = D(P) for the coefficient of P in D. An element
f € T(D + P) satisfies vp(f) > —n — 1, so t" f lies in the local ring
at P, and we may define a linear map

AT(D+P)—k,  A(f)= (" f)(P).

Its kernel consists exactly of those f with vp(f) > —n, i.e. of I'(D).
Hence I'(D + P)/I'(D) embeds into k.

(3) If f € I'(D) is nonzero, then div f + D > 0; taking degrees and
using deg div f = 0 (Remark 7.3) gives deg D > 0.

(4) If deg D < 0, then I'(D) = 0 by (3). If deg D > 0, fix a point P
and apply (2) repeatedly, descending from D to D — (deg D + 1) P:

dim I'(D) < dim (D — (deg D+ 1)P) + degD +1 = degD +1,
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since D — (deg D + 1) P has negative degree, so its I" vanishes. O
We denote its dimension by ¢(D).
Lemma 7.6. If D ~ D', then (D) = {(D").
PrROOF. Write D — D' = div g with g € K*. For f € I'(D) we have
div(fg)+ D' =div f+(D—D')+ D' =div f+ D > 0, so multiplication
by g maps ['(D) into I'(D’); multiplication by 1/g is its inverse. O

7.3. Kahler differentials and canonical divisors
A divisor class the curve carries with it

Definition 7.7. For a k-algebra R, the module of Kahler differentials
Qp/k is the R-module generated by symbols df, for f € R, subject to
d(f +9) =df +dg,  dAf) =Xdf,  d(fg) = fdg+gdf

for f,g € R and \ € k.

Proposition 7.8. For every R-module M, composition with d: R —
Qg/k gives a natural bijection

Hompg(Qpg/k, M) «— {k-derivations R — M}.
PROOF. The defining relations of {1g/; are exactly the relations that
a k-derivation satisfies. Thus an R-linear map out of Qg is uniquely

determined by, and may be constructed from, its values on the symbols
df . O

Lemma 7.9. The familiar formal rules hold:
[\ _gdf —fdg — Oh
d\ = dl = | = —/———— dh = dz;.

The middle identity is interpreted after localizing at g, and the last holds
for h € klxy,... x,).

PROOF. The equality d1 = 0 follows from the Leibniz rule, and then
d\ = 0 by k-linearity. Differentiating g-¢g~! = 1 gives d(¢~') = —g2dy,
which gives the quotient rule. The polynomial rule follows from the
Leibniz rule applied to monomials. Il

Let U C C be an affine open part, embedded in A™ with coordinate
ring A = k[U] = k[z1,...,2,]/I. The equations give the conormal
sequence

[/[2—>Adx1@~'~@AdanQA/k—>0, f|—>zafdxi.
- €

0

Indeed, €24, is obtained from the free differentials of the polynomial
ring by imposing df = 0 for every equation f € [.

Proposition 7.10. Let P € C, let R = O¢ p, and lett be a uniformizer.
Then Qg is a free R-module of rank one, with basis dt.
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PROOF. At a smooth point of a curve the Jacobian has rank n — 1.
After localizing at one nonzero (n — 1) x (n — 1) minor, elementary row
and column operations in the conormal sequence show that its cokernel
is free of rank one. Hence €g/; is free of rank one.

The cotangent map

mp/m?g—>QR/k ®r k, fr—df,

is an isomorphism: both sides are generated by the coordinate incre-
ments at P, with relations given by the linear terms of the equations,
that is, the rows of the Jacobian at P. The class of a uniformizer ¢
generates the one-dimensional space on the left, so dt is nonzero modulo
mp. Nakayama’s lemma (Theorem B.29) now shows that dt generates
the free rank-one module Qg/;, and is therefore a basis. Il

Proposition 7.11. The space of meromorphic differentials
Qi = K Qg Qg
18 a one-dimensional K -vector space.

PRrROOF. Localization commutes with Kahler differentials. Tensoring
the free rank-one module of Proposition 7.10 with its fraction field gives
the result. O

For a nonzero w € 2k, and a uniformizer ¢ at P, write w = fdt
and define vp(w) = vp(f). This does not depend on ¢: if ¢’ is another
uniformizer, then both dt and dt’ are bases of Qo .k, s0 dt' = u dt for
a unit u. On a nonempty affine open, one of the coordinate differentials
generates () after inverting a nonzero Jacobian minor. There w = hdx;
for a nonzero rational function h, which has only finitely many zeros
and poles. The complement of this open is finite as well. Thus only
finitely many vp(w) are nonzero, and hence

div(w) = Z vp(w)[P]

pPeC

is a divisor.

Definition 7.12. The divisor of any nonzero meromorphic differential
is a canonical divisor. Its linear-equivalence class is the canonical class,
denoted K.

Indeed, if W' = gw, then div(w') = div(w) + div(g). Thus all
nonzero meromorphic differentials determine the same divisor class.
This class packages exactly the correction term that Riemann-Roch
(Theorem 7.14) needs.

7.3.1. The canonical divisor of a smooth plane curve. For
a smooth plane curve there is a classical choice of differential, and its
divisor can be computed with nothing more than the conormal sequence.
Let C = V(F) C P? be a smooth plane curve of degree d > 1, with
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F € k[X,Y, Z] homogeneous, and choose coordinates so that C' is not
the line Lo, = V(Z). Write f(z,y) = F(x,y,1) for the affine equation
of the affine part Cp = CN{Z # 0} = V(f), and f,, f, for its partial
derivatives. On Cj the conormal sequence says that €) is generated by
dx and dy subject to the single relation

fedr + f,dy = 0.

Since Cj is smooth, f, and f, have no common zero on Cjy; in particular
at least one of them is a nonzero element of K = k(C'). Hence there is
exactly one w € Qg with

(8) fyw=dz and few = —dy.

Indeed, if f, # 0 in K, then w = dz/f, satisfies the first equation,
and the relation turns f, dz/f, into —dy; if f, # 0, take w = —dy/ f,
symmetrically. The difference of two solutions is killed by a nonzero
element of K, hence is zero. We write

_dx dy

Jy fa
the two expressions agreeing wherever both denominators are nonzero.
For the points at infinity we need the line section of L..: for P € C
choose a coordinate X; with X;(P) # 0 and put

Hy, =Y vp(Z/X)[P).

pPeC

w

Changing ¢ multiplies Z/X; by a unit at P, so the coefficient is well
defined, and it is positive exactly at the points of C' N L,,. Since
Ocp = Op2p/(F) (with F' dehomogenized at P), the coefficient is
dimg Ocp/(Z/X;) = Ip(C, Ly), the intersection number of Defini-
tion 6.29.

Proposition 7.13 (Canonical divisor of a smooth plane curve). With
this notation,

div(w) = (d — 3) Hw.
Consequently Ko ~ (d — 3)H, where H is the divisor cut out on C' by
any line, and deg Ko = d(d — 3). No hypothesis on the characteristic
of k is needed, and L, 1s allowed to be tangent to C.

PROOF. The affine part. Let P € Cy and R = O¢ p. By Proposi-
tion 7.10, Qg is free of rank one. An element of it has order 0 at P
exactly when it is a basis, and by Nakayama’s lemma (Theorem B.29)
this happens exactly when its image in Qg ® g k is nonzero. Localizing
the conormal sequence at P and tensoring with the residue field gives

Qr/k Ork = (kdx ® kdy)/(fx(P) dz + f,(P) dy),

where (f,(P), f,(P)) # (0,0) because C' is smooth. If f,(P) # 0, the
image of dx is nonzero, so vp(dx) = 0; as f,, is a unit at P, the first
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equation of (8) gives vp(w) = 0. If f,(P) # 0, the same argument with
dy and the second equation gives vp(w) = 0. So w has no zeros and no
poles on Cj.

The points at infinity. A point of C' N Ly has X # 0 or Y # 0.
Suppose the chart X # 0 meets C, and use its coordinates s = Y/ X
t = Z/X. There C is the smooth affine curve V(g) with ¢(s,t) =
F(1,s,t), and x = 1/t, y = s/t on the overlap with Cy. The affine
argument applied to g gives w' € Qg with g, w’ = dt and g, = —ds,
without zeros or poles on C'N {X # 0}. We claim that

w= -3y
Since F'x and Fy are homogeneous of degree d — 1,

folw,y) = 7 Fx(1,5,1),  fylz,y) = 7By (1,5,8) = 117,
Euler’s identity X F'x + Y Fy + ZF; = dF' holds in every characteristic
(check it on monomials). At (1,s,t), where F' = 0 on C, it gives
Fx(1,s,t) = —sgs — t g;. With d(1/t) = —dt/t* and d(s/t) = (tds —
sdt)/t? we get

Ty (_td_sw/) = _t_QQs W= —t"%dt = dx,
Ja- (_td_gw/) - t_2(595 + tgt) W= t_Q(S dt — tds) = —dy.

So —t473w’ satisfies both equations (8), and the claim follows from
uniqueness. Hence vp(w) = (d — 3)vp(Z/X) at every P € C with
X (P) # 0, which is the coefficient of P in (d — 3)H.. The chart Y # 0,
with coordinates r = X/Y, w = Z/Y and h(r,w) = F(r,1,w), is the
same computation with  and y exchanged, and gives w = w?3w” for
the corresponding w” without zeros or poles. This proves div(w) =
(d — 3)H .

Consequences. If L is a linear form not vanishing on C| its line
section Hy, = Y, vp(L/X;)[P] satisfies H, — Hy, = div(L/Z). Hence
Ko~ (d—=3)Hs ~ (d—3)Hy. Finally degHy =) pIp(C, L) =d
by Bézout’s theorem (Theorem 6.34), so deg K¢ = d(d — 3). O

The first four degrees are worth checking by hand.

ed = 1: C is a line, and Ko ~ —2H has degree —2. For
C' =V(Y) one has f =y and w = dx, with its double pole at
the point at infinity (compare the example after Theorem 7.19).

e d=2: Ko~ —H, of degree —2: a smooth conic is a copy of
P!, For XY = Z? one has f = xy — 1, w = dx/z, with simple
poles at the two points (1:0:0) and (0:1:0) at infinity.

e d=3: K¢ ~ 0, sow is a regular differential without zeros. For
y? = % — x (with chark # 2) it is dz /2y, half the differential
used in Remark 7.18.

e d=4: Ko ~ H, of degree 4: the canonical class of a smooth
plane quartic is its line section. This is used for the bitangents
in Section 7.7.



216

Once Riemann—Roch gives deg K¢ = 2g — 2 (Proposition 7.22), the
equality deg K¢ = d(d — 3) is a third proof of the degree—genus formula
(Subsection 7.6.1). The same class appears on a surface as (Kp2 + C)|¢
by adjunction (Theorem 8.29), and there w is the residue of dx A dy/ f
along C' (Chapter 8, Example 8.31).

7.4. The Riemann—Roch theorem

The dimension count that governs all curves

We can now state the main theorem for curves. From here on we
also adopt the standard notation: for a divisor D we write

HYO(D)) = T(D), (D) = dim H(O(D)) = (D).
and for meromorphic differentials we set
H(QD)) = {0} U{w € Qg \ {0} | divw + D > 0} .

In particular H°(Q) = H°(Q(0)) is the space of everywhere-regular
differentials on C'.

There are three related descriptions of genus. Over C, a smooth
projective curve is a compact surface and its topological genus counts
handles. Chapter 4 attached an arithmetic genus to an embedded pro-
jective curve through its Hilbert polynomial (Definition 4.40). Riemann—
Roch (Theorem 7.14) will show that, for a smooth projective curve, this
number is intrinsic and equals the dimension of the space of regular
differentials.

Fix a projective embedding C' C P™ and a linear form L not vanishing
identically on C. Its hyperplane-section divisor is

H = ZUP(L/Xi)[P]a Xi(P) #0.

Changing ¢ multiplies the local equation by a unit, so the coefficients
are well defined. This is a nonzero effective divisor: a hyperplane meets
a projective curve (Proposition 4.44). Write the Hilbert polynomial as

Po(m) =em+1—p,(C), e =degC.

We will also check that this Hilbert-polynomial degree e equals deg H,
the sum of the local orders just defined. For the proof below we set
g = po(C). The final formula will identify g with dim H°(Q), so in
particular it will show that ¢ is independent of the chosen embedding.
For a singular curve this conclusion fails in exactly the expected way: the
arithmetic genus belongs to the projective variety, while the geometric
genus belongs to its normalization.

Fix a nonzero meromorphic differential wy and put K¢ = div(wy).
Every meromorphic differential is uniquely fwqy for some f € K*, and

f— fwo
identifies HY(O(K¢ — D)) with H°(Q(—D)). Thus the two forms of
the following theorem are equivalent.
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Theorem 7.14 (Riemann-Roch for curves). For every divisor D on
C,
dim H°(O(D)) — dim H°((—D)) = deg D — g + 1.
Equivalently,
D) —l(Kec—D)=degD — g+ 1.

The proof follows a Fulton-style route, in three steps. Write R(D) =
(D) — {(K¢c — D) — deg D; the theorem says R(D) =1 — g.

(1) Base case. For large m, the Hilbert polynomial and Theo-
rem 4.35 compute {(mH), and {(Kc — mH) = 0 for degree
reasons.

(2) One-point step. Principal-parts duality (Theorem 7.19) shows
that R(D + P) = R(D) for every divisor D and point P.

(3) Propagation. Any two divisors differ by adding and removing
finitely many points, so R is constant; comparing with the
base case determines the constant and identifies the Hilbert-
polynomial degree with deg H.

On a first reading, accept Theorems 4.35 and 7.19, and read the base
case and the propagation: that already shows how the formula arises.
The complete proof of duality is collected in Section 7.9.3; its Step 2
gives the whole duality theorem for P! by partial fractions.

7.4.1. The Hilbert-polynomial base case. We first connect the
graded coordinate ring to the spaces of sections used in this chapter.
The rational-quartic calculation in Exercise 4.17 shows why we must
allow small degrees to behave differently.

Lemma 7.15 (Sections in large degree). For m > 0,
Ho(m) = dim H°(O¢(mH)).
Consequently,
((mH) =em+1—p,(C)
for all sufficiently large m.

PROOF. Let A = k[ Xy, ..., X,]/I(C) be the saturated homogeneous
coordinate ring, a domain since C' is integral. Dividing a degree-m
section by L™ identifies the compatible fractions defining H(C, Oc(m))
with I'(mH): on the chart X; # 0 the resulting function is regular after
multiplication by (L/X;)™ exactly when its order is at least —mH (P)
at every point there. This uses the DVR description of the local rings
of a smooth curve. Theorem 4.35 identifies A,, with H°(C, O¢(m)) for
m > 0, so altogether

A, = HYC,0c(m)) = T'(mH) = H(Oc(mH)),  F+— F/L™,
the first isomorphism by that theorem and the second as just shown.

By definition dimy A,, = Hc(m), and the Hilbert-polynomial formula
for a projective curve (Definition 4.40) gives the second display. U
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For m > 0 the divisor K¢ — mH has negative degree, so (Ko —
mH) = 0. Lemma 7.15 therefore gives

{mH) —U(Kg —mH) =me+1—g.

The one-point argument below will show that ¢(D) — (Ko — D)—deg D
is independent of D. Applied to all sufficiently large mH, the displayed
formula then forces e = deg H and identifies that constant as 1 — g.

7.4.2. Residues and the one-point step. The residue calcula-
tions below are done over an arbitrary algebraically closed field, with
some care in characteristic p, because Chapter 8 applies Riemann—Roch
to curves over I, in its surface proof of the Weil bound (Section 8.13).

Let t be a uniformizer at P. In the completed local ring a meromor-
phic differential has a Laurent expansion

w= ( > ajtj> dt.

J>»—0

Its residue is resp(w) = a_;. We also use this definition for formal
differentials: arbitrary Laurent series times dt, with differentiation of
series performed term by term. Such a series need not be the expansion
of a rational differential on C.

Lemma 7.16 (Independence of the uniformizer). The residue of a
formal differential is unchanged by a substitution u = cit + cot® + - - -
with ¢; # 0, in every characteristic.

The coefficient calculation, including the characteristic-p case, is
given in Section 7.9.1.

Proposition 7.17 (Global residue theorem). For every meromorphic
differential w on C,
E resp(w) = 0.

peC

On the projective line this is a partial-fraction calculation. The
proof for a general curve reduces to that case by a separating map
and field trace; see Section 7.9.2. We first use the theorem to see why
prescribed poles can obstruct one another.

Remark 7.18 (What differentials forbid). Why should differentials
control which poles a function can have? For this example assume
chark # 2. On the smooth projective model of E: y?> = 23 — z the
differential w = dz/y has no zeros or poles (Proposition 7.13 with
d = 3). If a function f had a single simple pole at P, with leading
term c¢/tp and ¢ # 0, then fw would have exactly one pole, with
residue cw(P) # 0 (writing w = w(P)dtp at P), contradicting the
residue theorem (Proposition 7.17). So no such f exists. Principal-parts
duality (Theorem 7.19) says that this is the only kind of obstruction: a
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prescribed collection of principal parts is realized by a rational function
exactly when every regular differential pairs with it to zero.

We now make “principal parts: precise. Let Kp be the fraction
field of the completed local ring O¢ p; after choosing a uniformizer,
Kp = k((tp)). For a divisor D =), D(P)[P], put

/

P(D) = P —pmt

peete” Vk[tp]]

The prime means that only finitely many components are nonzero. A
rational function has a pole at only finitely many points, so Laurent
expansion gives a principal-part map

pp: K — P(D).

Its kernel is exactly H°(O(D)). Write Q(D) = coker(pp); it measures
the obstruction to realizing prescribed local principal parts by one
rational function.

Theorem 7.19 (Principal-parts duality). The space Q(D) is finite-
dimensional. Residues give a perfect pairing

QD) x H' QD)) — k,  ((fp)p,w) — Y _resp(fpw).

In particular,
dim Q(D) = dim H°(Q(—D)).

The proof is in Section 7.9.3. Its idea is to read a functional on
principal parts as local differential coefficients, then show that these
coefficients come from one rational differential. Partial fractions do
this on P!; the trace pairing transfers the argument to C. For now,
the dimension equality is the ingredient that makes the one-point step
work.

Example 7.20. On P! with coordinate x and u = 1/z at oo: for
D = 0, partial fractions realize any finite collection of principal parts, so
Q(0) = 0; and H°(Q) = 0, since dz = —u~?du has a double pole at oco.
For D = —2[o0], the finite points impose nothing and at oo one works
modulo u?k[[u]]; a polynomial can supply the constant term but never
a term v = 1/x, so Q(D) is one-dimensional, spanned by the class of u
at oo. Correspondingly H°(Q2(2[c0])) is spanned by dz, and the pairing
gives resq(u - (—u~2du)) = —1 # 0. (Both cases check Riemann—Roch:
1-0=0+1land0—1=—2+1.)

For a divisor D and a point P, set
a(D,P)={(D+ P)— (D),
b(D, P) = dim H*(Q(—D)) — dim H°(Q(-D — P)).
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Both numbers are either 0 or 1: for a(D, P) this is Proposition 7.5(2),
and for b(D, P) the same one-dimensional-quotient argument applies

verbatim to differentials (or transport the statement through the identi-
fication H*(Q(—D)) =2 HY(O(K¢ — D))).
Lemma 7.21 (The residue alternative). For every divisor D and point
P,

a(D,P)+b(D,P)=1.

PROOF. Increasing D(P) by one enlarges the local lattice by the
one-dimensional quotient

tp Tk [te]) /R )] =

Comparing the two principal-part maps and applying the kernel-
cokernel sequence (a direct diagram chase, or the snake lemma) gives
an exact sequence

0 — H°(O(D)) — H°(O(D + P)) — k
— Q(D) — Q(D+ P) — 0.
Taking alternating dimensions and using Theorem 7.19 gives
a(D, P) + (dim H*(Q(-D)) — dim H*(Q(—D — P))) =1,
which is a(D, P) + b(D, P) = 1. O
The residue alternative is curve-level duality in precisely the form
needed here. It is often packaged as Serre duality. The proof in

Section 7.9.3 reduces it to partial fractions on P!, the field trace pairing,
and the local trace-residue identity.

7.4.3. Propagation and conclusion. Define
R(D) = {(D) — dim H*(Q(—D)) — deg D.
By Lemma 7.21,
R(D+ P)— R(D)=a(D,P)+b(D,P)—1
=0.

Thus R(D) is unchanged when a point is added or removed. Every
divisor can be reached from a sufficiently large mH by finitely many
such steps. The Hilbert-polynomial calculation gives R(mH) = m(e —
deg H) + 1 — g for every sufficiently large m. As this is independent of
m, we obtain e = deg H and R(mH) =1 — g. Hence

R(D)=1-g
for every divisor D, which is exactly Theorem 7.14.
Proposition 7.22. The genus has the intrinsic descriptions

g = dim H°(Q), deg Ko = 2g — 2.
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ProoF. Take D = 0 in Riemann-Roch. Since ¢(0) = 1, we obtain
dim H°(Q2) = g. Taking D = K¢ then gives g — 1 = deg K¢ — g + 1,
and therefore deg Ko = 29 — 2. U

Remark 7.23 (Arithmetic and geometric genus). The proof began
with g = p,(C) from one projective embedding and ended with

g = dim H°(Q),

which depends only on the abstract smooth curve. It therefore proves
at the same time that the arithmetic genus of a smooth projective
curve is independent of its embedding and equals its geometric genus.
For a singular projective curve, the arithmetic genus remains attached
to the singular variety, while the geometric genus is the genus of the
normalization.

7.5. What the theorem answers
Prescribing poles, counting exactly, and a first classification

Riemann’s original question was concrete: given points on a curve, is
there a nonconstant rational function with poles only there, of bounded
order? On P! partial fractions manufacture such functions at will. On a
general curve the answer is governed by the genus, and Riemann—Roch
(Theorem 7.14) is the exact bookkeeping. This section harvests the
theorem, in order of increasing depth.

7.5.1. Existence: every curve covers the line.

Proposition 7.24. Let C have genus g and let P € C. Then ¢((g +
1)P) > 2: there is a nonconstant rational function with a pole only at
P, of order at most g + 1. Consequently, every smooth projective curve
of genus g admits a finite morphism C — P! of degree at most g + 1.

PROOF. Riemann-Roch gives (((g+1)P) > (g+1)+1—g = 2, the
discarded term ¢(Kc— (g+1)P) being nonnegative. A nonconstant f €
['((g+1)P) is arational map C' --» P!, hence a morphism, since rational
maps from smooth curves are everywhere defined (Proposition 6.41);
its degree is the number of poles counted with multiplicity (constant
fibre degree, Theorem 5.17), which is at most g + 1. O

This is the theorem in its role as an existence statement — the role
Riemann needed it for. Nothing in the definition of an abstract curve
promises any nonconstant function with controlled poles; the genus is
exactly the price list.

7.5.2. Exact counting: the mystery zone is finite.

Proposition 7.25. IfdegD > 2g — 2, then
((D)=degD+1—g.
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PROOF. deg(K¢— D) =2g—2—deg D < 0 by Proposition 7.22; so
({(K¢c— D) = 0 by Proposition 7.5, and Riemann—Roch has no correction
term. U

So the count of functions is completely mechanical except in the

window
0 < degD < 29g—2,

pictured in Figure 2. Divisors in the window with ¢(K¢ — D) > 0 are
called special; the canonical class itself is the most special of all, sitting
at the right-hand edge with ¢(K¢) = g, one more than the generic
value. All the classical geometry of curves — Weierstrass points, theta
characteristics, the bitangents at the end of this chapter — lives inside
this finite window.

(D)

6 4

5 4

4 1

the special wind()WK )
31 (’.Z gD + 1 — g exactly
2 4
D=0
1
+ + + + + + + deg D
-2 -1 1 2 3 4 5 6 7 8

FIGURE 2. What {(D) can be, drawn for g = 3. Left
of degree 0: nothing. Right of degree 2g — 2: the exact
formula, no mystery. In the window between, /(D) ranges
between the two dashed bounds (max(0,deg D + 1 — g)
from Riemann-Roch and deg D +1 from Proposition 7.5);
the canonical class sits at the right edge with ¢/(K¢) = g,
one above the generic value.

7.5.3. The fingerprint at a point: Weierstrass gaps.

Theorem 7.26 (Weierstrass gap theorem). Fiz a point P on a curve
of genus g. Call an integer n > 1 a gap at P if there is no rational
function on C with a pole of exact order n at P and no other poles.
Then there are exactly g gaps, and they all lie in {1,...,2g — 1}.

PROOF. A function with a pole of exact order n at P and no other
poles is an element of I'(nP) \ I'((n — 1) P); so n is a gap exactly when
{(nP) = {((n — 1)P). Each step of the sequence £(0),¢(P),{(2P),...
is 0 or 1 (Proposition 7.5); the sequence starts at £(0) = 1 and, by
Proposition 7.25, reaches {(nP) = n+1— g for all n > 2g — 1. Between
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n =0 and n = 2g — 1 there are 2g — 1 steps and the total climb is g — 1,
so exactly (2g — 1) — (g — 1) = g steps are flat; from n = 2g — 1 on,
every step climbs. U

L(nP)

gaps

FIGURE 3. The Weierstrass staircase at a generic point
of a genus-3 curve in characteristic 0: ¢(nP) stays flat
exactly g = 3 times (at n = 1,2, 3, the gaps) and then
climbs by 1 forever, joining the Riemann—Roch line. At
special points — the Weierstrass points — the gap sequence
is different, and it is a genuine fingerprint of the pair
(C, P). In positive characteristic even the generic gap
sequence can differ from this picture; the gap theorem
itself holds in every characteristic.

For g = 0 there are no gaps: partial fractions again. For g = 1 there
is a single gap, at n = 1: on an elliptic curve no function has just one
simple pole (compare the residue argument of Remark 7.18). That one
missing function is exactly what powers the group law via Pic” in the
applications below (Subsection 7.7.1), where the equality ¢([P]) =1 is
the engine of the whole argument.

7.5.4. A first classification: genus zero.

Proposition 7.27. A smooth projective curve of genus 0 is isomorphic
to PL.

Proor. Pick P € C. Since deg[P] = 1 > 2g — 2 = —2, Propo-
sition 7.25 gives {(P) = 2. A nonconstant f € I'(P) is a morphism
f: C — P! whose degree is the pole count, namely 1. A degree-one
finite morphism induces an isomorphism of function fields, so f is bira-
tional; and a birational map between smooth projective curves is an
isomorphism (Proposition 6.41). O
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Remark 7.28 (The ladder upward). The proposition is the ground
floor of the classification of curves, and each next floor is again Riemann—
Roch. Genus 1: curves that carry a group structure; the applications
section works this out via Pic’ (Subsection 7.7.1). Genus > 2: the
canonical class itself has enough sections (¢((K¢) = g > 3 for g > 3)
to map the curve to projective space, and this canonical map is the
organizing tool of the deeper theory. More generally, for any divisor
with deg D > 2g + 1 the exact count gives

(D—-P—-Q)={D)—-2 for all points P, @,

because both sides are computed by Proposition 7.25; the linear system
|D| therefore separates any two points (and, taking P = @, tangent
directions), which is precisely what is needed to embed C' into projective
space. Making that deduction precise is a pleasant exercise in using the
exact range (Exercise 7.5).

7.6. Riemann—Hurwitz
What a covering does to the genus

A finite morphism f: C — C’ between smooth projective curves
(see Chapter 5) relates the genus of C' to the genus of C’ and the local
behaviour of f.

Definition 7.29. Let f: C' — C’ be a finite morphism of smooth
projective curves, Q € C, and Q' = f(Q). Let ¢ be a local parameter
(uniformizer) at Q)" and s a local parameter at Q). The ramification
index of f at @ is eq 1= vo(f*t), i.e. the unique integer with f*t = u s
for some unit u € (’)aQ; this does not depend on the choice of ¢ or
s. We say f is ramified at Q) if eq > 1, and unramified otherwise. If
f is separable, i.e. k(C)/k(C") is a separable extension (automatic in
characteristic 0), then eg = 1 away from finitely many points of C'.
Without separability this fails: for the Frobenius [S : T + [S? : T?] in
characteristic p, every eq equals p.

Remark 7.30. This is the same number computed, by a different route,
in the proof of the constant-fibre-degree theorem (Theorem 5.17, proved
in Chapter 6) — though under different letters there: that proof uses
f: C"— D with the target point called () and a point of its fibre called
P, whereas here (following this chapter’s own convention) the roles are
reversed, with @ a source point and Q' = f(Q) its image. Translating
that proof’s P + this chapter’s @, and its ) — this chapter’s Q"
there, the fibre multiplicity of P appeared as dim;(Oc,p/moOc,p),
which in the present notation reads dimy(Oc,q/moOc,q) = eq, and
the theorem’s conclusion ) pc (1o ep(f) = deg [ becomes, in this
chapter’s letters, exactly the identity used below, ZQGf,l(Q,) eq = deg f.
Beware the tempting shortcut of counting fibres by raw cardinality
instead: #f1(Q') < deg f always, with equality precisely when f is
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unramified at every point over @)’ (for separable f, this holds for all
but finitely many @’); at a ramified point, the raw count silently drops
points that are still there with multiplicity, and undercounts.

Theorem 7.31 (Riemann-Hurwitz). Assume char(k) =0 (or, more
generally, that p = char(k) divides no ramification index eq — the tame
case). Let f: C'— C" be a finite morphism of degree n between smooth
projective curves. Then

29(C) —2 = n(29(C) =2) + > (eq—1) .
QeC

SKETCH. Let w’ be a nonzero meromorphic differential on C’, with
canonical divisor div(w’) = K. Pull back to w = f*w’, a meromorphic

differential on C'. At a point @) € C' with Q' = f(Q), write ' = g(t) dt
near ()’ for a local parameter t¢; since f*t = u s,

w= f*w' = g(us@) d(us?) = (unit) s°@~* ds
once g(Q") # 0,00, so
v(w) = equg (W) + (e — 1) .
(The tameness assumption p { eqg is exactly what keeps the extra
d(s°@) = egs“@ tds term from vanishing.) Summing over Q € C, and

using that every point )’ € C’ has exactly n preimages counted with
multiplicity eg (Theorem 5.17),

deg(K¢) = deg(divw) = n - deg(K¢r) + Z(GQ —1).
Q

Since deg K¢ = 2¢(C) — 2 (Proposition 7.22), this is the stated formula.
U

Example 7.32 (Hyperelliptic curves). Assume char k # 2. Let f: C' —
P! be a degree-2 morphism, unramified over oo, given over A! by
y* = h(z) with h of degree 2d + 2 without repeated roots (d > 1). Over
each of the 2d+2 roots of h, the two sheets y = £+/h(x) come together,
so eg = 2 there and eg = 1 everywhere else (including, by assumption,
over 00). Riemann-Hurwitz (Theorem 7.31) with n = 2, g(P') = 0
gives

29(C)—2=2(-2)+ (2d+2)2—-1)=2d—2, so g(C)=d.
This is exactly the genus computation asked for in the hyperelliptic-curve
exercise among this chapter’s exercises (Exercise 7.9), with ramification

points located at the zeros of h(z) as hinted there.
For a concrete example over C, take the smooth projective model of

v = (22 = 1)(2* — 4)(z* - 9).

All six branch values are real: —3, —2,—1,1,2,3. Each contributes one
to the ramification sum. There are two distinct unramified points over
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infinity, as the coordinates u = 1/z, v = y/23 give v = £1 at u = 0.
Thus 2g — 2 = —4+ 6 = 2, so this is a genus-2 curve.

Y’ =(2?~1)(a? - 4)(@? - 9)

Y

z:C— P!

®
®
®
)
N 3
w®

FIGURE 4. Six real branch values of a degree-two map to
P!. The upper picture shows only the real affine points
of the genus-2 curve; the vertical scale is compressed. At
each marked point the two real arcs join, and locally z —a
is a unit times 3%, so e = 2. Intervals with no real points
above them still have two complex points in each fibre,
just as in the Noether-normalization picture of Chapter 2
(Figure 5).

This theorem is the missing tool behind the genus computations
in this chapter’s exercises (Exercises 7.9, 7.11 and 7.16): whenever a
curve is presented as a finite cover of P!, or of another curve of known
genus, with explicit and computable ramification, Riemann—Hurwitz
turns this into a one-line genus calculation.

7.6.1. The degree—genus formula, three ways. We computed
the arithmetic genus of a plane curve from its Hilbert polynomial in
Chapter 4, just after Definition 4.40. For a smooth curve this is now
the genus g. We give that argument again in the present notation and
compare it with a second proof using Riemann-Hurwitz and a third
using the canonical divisor.

Theorem 7.33 (Degree—genus formula). A smooth plane curve C' C P?
of degree d has genus

(d—1)(d—2)

9= )
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FIRST PROOF: HILBERT POLYNOMIALS. The Hilbert polynomial
of a plane curve of degree d was computed in Chapter 4:

(d-1)d-2)

2 )
: : : _ (d-1)(d-2) :
so the arithmetic genus is p,(C) = 5. And the proof of Riemann—

Roch in this chapter showed (Remark 7.23) that for a smooth projective
curve the arithmetic genus equals the genus. U

Pc(m):dm+1—

SECOND PROOF. Assume char(k) = 0. Project from a general point
O € P2\ C: this defines a morphism 7: C' — P! sending P to the line
OP, of degree d, since a general line through O meets C' in d points. The
map ramifies at P exactly when the line OP is tangent to C' at P — two
sheets colliding — so the ramification points are the points of tangency
of the tangent lines through O. For general O, the dual-curve section of
Chapter 3 (Section 3.8) provides what is needed: the tangency points of
the tangent lines through O are cut out by the polar curve, C'N Po(C),
and for general O these are d(d—1) distinct simple tangencies — the polar
computation deg CV = d(d — 1) (Proposition 3.46) and the genericity
discussion given there. So there are d(d — 1) ramification points, each
with eg = 2. Riemann-Hurwitz (Theorem 7.31) then reads

20—2=d(2-0-2)+dd—-1)-(2—1)=d*-3d,

which is the formula. (Exercise 7.16, Fermat curves and Riemann—
Hurwitz, runs the same computation for the Fermat curve with an
explicit, non-generic projection.) U

THIRD PROOF: THE CANONICAL DIVISOR. Proposition 7.13 gives
deg K¢ = d(d — 3), in every characteristic and with no general-position
hypothesis. By Proposition 7.22, 2g — 2 = d(d — 3), so g = w =
(d—1)(d—2) n

5 :

Remark 7.34 (Genus as the master obstruction). The theorem turns
the genus into a computable invariant, and it is worth pausing on what
kind of invariant it is. First, it is intrinsic: ¢ = dim H°(Q2) depends
only on the abstract curve (Proposition 7.22), not on any equation or
embedding, so it can genuinely obstruct. Second, it decides rationality:

C' admits a rational parametrization <= ¢(C) =0.

Indeed, genus 0 curves are isomorphic to P! (Proposition 7.27); con-
versely a parametrization is a nonconstant morphism P! — C, so the
function-field dictionary (Theorem 5.8) embeds k(C') in k(t). Liiroth’s
theorem (Theorem D.24 in Appendix D) makes k(C) a rational func-
tion field. The resulting birational maps between C and P! extend
everywhere by Proposition 6.41; their composites, being the identity
on a dense open, are the identity everywhere. Thus C' ~ P! and g = 0.
This argument also works in positive characteristic, without a tameness
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assumption. In particular the descent theorem of Chapter 1 (Theo-
rem 1.11: no rational parametrization of the Fermat curve 2" + y" =1
for n > 3) is revealed as a genus computation in disguise: by the

degree—genus formula the Fermat curve has genus w > 1in
characteristic zero. The elementary non-parametrization theorem now
has an explanation in terms of genus.

Third — and this we can only report, not prove — over Q the genus
governs a striking arithmetic trichotomy. A smooth projective curve
over Q with g = 0 has either no rational points or infinitely many (the
conic dichotomy: one point plus the line trick gives all). For g = 1,
if there is a rational point, choosing one as origin makes the rational
points a finitely generated abelian group under the chord—tangent law
(the Mordell-Weil theorem). For g > 2, the set of rational points is
finite — Faltings’ theorem, formerly the Mordell conjecture. For the
Fermat curves with n > 4 this gives g > 3, hence at most finitely many
rational solutions of 2™ 4+ y™ = z" for each n: geometry does not quite
prove Fermat’s Last Theorem, but the genus explains why the equation
was right to feel so constrained. The single integer computed by the
theorem above controls all of this.

7.7. Applications of Riemann—Roch
From elliptic curves to the twenty-eight bitangents

We return to two constructions from Chapter 3: the addition law
on a smooth cubic and the bitangents of a quartic. Divisor classes let
us interpret both without repeating the plane configurations.

7.7.1. The group law on an elliptic curve via Pic’. Let F
be a smooth projective cubic curve, so g(E) = 1. Riemann—Roch
(Theorem 7.14) with g = 1 reads

D) —{U(Kc— D) = deg(D).

Since deg(K¢) = 29 — 2 = 0, the canonical class on an elliptic curve
has degree zero. For any single point P € E, apply Riemann—Roch to
D = [P]: since K¢ — [P] has degree —1, we have ¢{(K¢c — [P]) = 0, and
therefore ¢([P]) = 1. In other words, the only effective divisor linearly
equivalent to [P] is [P] itself.
Proposition 7.35. For a smooth cubic E and any two points P,(Q) € E,
we have [P] ~ [Q] in Pic(E) if and only if P = Q. Consequently, the
natural map
e: E — Pic'(E), P —— [P]

1s a bijection.

Proor. If [P] ~ [Q], there is a rational function f with div(f) =
[P] — [@]. It has at most a simple pole at () and no other poles, so
div(f) +[Q] = [P] > 0, i.e. f € I'([Q]). We saw above that ¢([Q]) = 1,
and the constants already lie in I'([Q]); hence f is constant, div(f) =0,
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and P = ). The map ¢ is therefore injective; it is surjective since
every degree-1 class contains an effective divisor (apply Riemann—Roch:
(D) = deg(D) =1 > 0 for any degree-1 divisor D). O

7.7.1.1. From Pic! to Pic’. Fix a base point O € E. The map
¢: E — Pic’(E), P +~— [P—O0)]

is a bijection (by Proposition 7.35). This transfers the group structure
of Pic’(E) to a group structure on E with neutral element O: define

P® @ = the unique R € E such that [P] + [Q] — [O] ~ [R].

Riemann-Roch guarantees that [P] + [Q] — [O] is a degree-1 class with
a unique effective representative, which is the point R.

7.7.1.2. Why this matches the geometric law from Chapter 3. In the
geometric construction of Chapter 3 (Theorem 3.15), a line L through
two points P, () on E meets the cubic in a third point R’ (Bézout,
Theorem 6.34), and one sets P @ ) to be the third intersection of the
line OR’ with E. Since any three collinear points on a cubic are cut
out by a line, their divisor sum is linearly equivalent to a hyperplane
section H - F:

[Pl+[QI+[R] ~ H-E ~ [O] +[R] + [R],

where the second equivalence uses the line OR’ (meeting E in O, R, R').
Cancelling [R'],

[P]+[Q] - [O] ~ [R],
which is precisely the Picard-group condition defining P & @Q = R.
Thus the two descriptions of the group law are the same, and the group
axioms (commutativity, associativity, inverses) all follow from properties

of Pic’(E).

7.7.2. Bitangents and theta characteristics. Let C' C P? be a
smooth quartic curve of degree 4, over a field of characteristic different
from 2. By the degree-genus formula (Theorem 7.33 above), g(C) =
5(4 —1)(4 — 2) = 3. Proposition 7.13 with d = 4 gives K¢ ~ H|,,
the class of a line section. (The adjunction formula of Chapter 8,
Remark 8.30, gives the same class as (Kp2 + C)|¢ = (d — 3)H|¢.)
Consistently,

deg(K¢g) =4=2g — 2.

Moreover, ((H) = {(K¢) = g = 3. The three linear coordinate forms
give independent sections because C' lies in no line, so they give all
sections of H. Every divisor in |H]| is therefore cut out by a line. Two
distinct points impose two independent conditions on these forms; a
double point does too, since requiring a line through P to be tangent at
P is one further independent condition. Consequently ¢/(H —P—@Q) = 1,
also when P = (), and Riemann—Roch gives

UP+Q)=UKo—P—Q)=1.
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This will ensure uniqueness in the correspondence below.

Definition 7.36. A theta characteristic on a smooth curve C' of genus
g is a divisor class 1 € Pic?”'(C) satisfying

27] ~ Kc.

For a quartic (g = 3), a theta characteristic is a class € Pic*(C)) with
2’/7 ~ KC-

7.7.2.1. Bitangents give theta characteristics. Suppose L is a bi-
tangent line to C, tangent at points P and @ (possibly P = @ in a
higher-order case, but generically P # Q). As a divisor on C, the
intersection L-C = 2P+ 2(Q). Since L is a line, [L-C] = [H-C| ~ K¢ in
Pic(C). Therefore 2[P + Q] ~ K¢, so [P + @] is a theta characteristic.
Moreover /([P + Q]) > 1 because the effective divisor P + Q lies in its
own linear system; such theta characteristics are called effective (or odd,
for reasons of parity that we explain below).

7.7.2.2. Theta characteristics give bitangents. Conversely, let n =
[D] € Pic*(C) be an effective theta characteristic, so D = P + @ is an
effective degree-2 divisor and 2[D] ~ K¢ ~ H| . Then the complete
linear system |2D)| contains the divisor 2D = 2P + 2@, which is the
intersection of a line L with C": the line cutting out P+ Q) on C' twice is
a bitangent. Hence effective theta characteristics and bitangents stand
in bijection.

7.7.2.3. Counting: why 28?2 The set of theta characteristics forms a
torsor under the 2-torsion subgroup Pic’(C)[2]: the difference of two
theta characteristics is a 2-torsion class, and adding a 2-torsion class to a
theta characteristic gives another one. Over an algebraically closed field
(of characteristic # 2), the group Pic’(C)[2] is isomorphic to (Z/2)% —
a fact we quote from the general theory of the Jacobian. So

#{theta characteristics on C} = 2%.

For g = 3: there are 25 = 64 theta characteristics in total.
Among these, Riemann—Roch constrains £(n) via

ln)—Ul(Kc—mn) = deg(n) —g+1=2-3+1=0.

Since 2n ~ K¢ we have Ko —n ~n, so ¢(n) = {(K¢ —n) = £(n), which
is consistent but gives no parity constraint directly. The substantial
extra input, quoted here, is the Riemann—-Mumford parity theorem: for
a theta characteristic 7, the function ¢, (o) = £(n + a) + ¢(n) (mod 2)
is a quadratic refinement of the Weil pairing on Pic’(C)[2], and its Arf
invariant equals ¢(n) (mod 2). One calls n odd if ¢{(n) is odd (¢(n) > 1),
and even if £(n) is even. A general result in the theory of theta functions
shows that among the 229 theta characteristics, exactly

2971(29 — 1)
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are odd. For g = 3:
22(2° —1) = 4.7 = 28.

For a smooth plane quartic, the effective theta characteristics are
exactly the odd ones: the calculation ¢(P + @) = 1 above shows that
every effective theta characteristic has exactly one section up to scalar.
Each odd theta characteristic corresponds to a unique bitangent. This
is the conceptual explanation of the twenty-eight bitangents announced
in Chapter 3 (Section 3.8): they are the 28 odd theta characteristics on
a genus-3 curve.

Remark 7.37. The parity formula 2971(29 — 1) for odd theta charac-
teristics is a theorem about quadratic forms over Fy: the Weil pairing
makes Pic’(C)[2] a symplectic space over Fy of dimension 2¢, and each
theta characteristic defines a quadratic refinement; the number of qua-
dratic forms of Arf invariant 1 on a 2g-dimensional symplectic Fo-space
is 2971(29 — 1), and of Arf invariant 0 is 297(29 + 1). Their sum is 229,
as expected.

7.8. Further remarks

Genus, Jacobians, and the proof in perspective

e The integer g is the genus of the curve C| also interpretable
topologically over C as the number of “holes” of the Riemann
surface.

e The Jacobian of C, denoted J(C), is the group Pic’(C)
equipped with the structure of a g-dimensional projective
algebraic variety. For an elliptic curve E (g = 1), the Jacobian
is F itself, via the bijection ¢ of §7.7.1. For higher genus, J(C')
is an abelian variety encoding the global geometry of C.

e The proof of Riemann-Roch (Theorem 7.14) follows a Fulton-
style strategy: the Hilbert polynomial supplies one large-degree
case, and principal-parts duality (Theorem 7.19) shows that the
formula survives adding or removing one point. This separates
the numerical origin of the term 1 — g from the local residue
calculation that propagates it.

e The residue and trace calculations used here are algebraic and
work in arbitrary characteristic because the separating map
gives a finite separable extension of function fields. The one
quoted local input is the wild case of Proposition 7.38. Over C
one may instead prove the same statements analytically using
holomorphic differentials.

With Riemann—Roch proved and put to work, the story that began
with the circle has reached one of its main answers. A parametrization
that missed one point led us to projective space; a bijection that flattened
a cusp led us to local rings; intersection counts that failed led us to
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multiplicity and Bézout’s theorem; and the question of which curves
can be parametrized at all — unanswerable in Chapter 1 — is settled
by a single invariant, the genus, whose theory this chapter built out of
zeros and poles.

The next chapter uses this curve theory as fuel rather than as
a destination. On a surface, divisors are themselves curves; genus,
linear systems, Riemann—Roch, and local intersection multiplicities all
reappear at once. That is why surfaces make a natural capstone: they
test whether the tools developed for curves can control a genuinely
two-dimensional geometry.

7.9. Technical details: residues and duality
The proofs behind the one-point step

The Riemann-Roch argument used the global residue theorem and
principal-parts duality. We now supply their proofs, together with
the uniformizer calculation needed to define residues. None of the
applications of Riemann—Roch is used here, so this section may be
read either at the earlier proof references or after the geometric payoffs.
The trace argument is needed in characteristic zero as well; only the
wild local trace identity below is an additional quoted input in positive
characteristic.

7.9.1. Changing the uniformizer.

PROOF OF LEMMA 7.16. It suffices to compute the residue of u" du
for integers n. For n > 0 this is a regular differential, so its residue is
zero. For n = —1, write u = tv with v a unit; then du/u = dt/t + dv/v
has residue 1.

For n = —m, where m > 2, there is a small characteristic issue:
we cannot simply divide by 1 — m in k. Instead do the coefficient
calculation universally. The coefficient of ¢~ in w~™/(t) depends only
on cy,..., ¢, and is a Laurent polynomial

P € Zlcy, it coy ey Ol

This follows by expanding the negative integer power of ¢; + cot + - - -
through degree m — 1; its binomial coefficients are integers. Over
Q(eq, - -+, ) We may write
1-m
u " du = —d(u )
1—m
A derivative of a Laurent series has zero residue, so P, is zero over Q.
The integer Laurent-polynomial ring injects into its rational counterpart;
hence P, is identically zero over Z. Specializing the coefficients proves
the same identity in any field.
Thus res;(u™ du) is 1 for n = —1 and 0 otherwise. Only finitely
many negative terms of a Laurent series can contribute to its residue,
so the result follows by linearity. O



233

7.9.2. Trace and the global residue theorem. The next identity
must also apply to formal series: these will arise when we prescribe
local principal parts, before we know whether they come from a global
differential.

Proposition 7.38 (Local trace-residue identity; wild case quoted). Let
F =k((u)) C L =EK((t)) be a finite separable extension of completed
local fields, with k algebraically closed. Since du = u/'(t) dt # 0, define
the trace of a formal differential by

TI'L/F(CL(t) dt) = TrL/F <Z/(—(tt))) du

For every formal differential 6 € L dt,

9) res, (TrL/F (9) = res;(6).

PROOF IN THE TAME CASE. Let e = v;(u) be prime to the charac-
teristic (with no restriction in characteristic 0). Write u = t°a(t), where
a(t) is a unit. The formal implicit function theorem (Theorem 1.10)
gives an e-th root b(t) of a(t): choose a root of a(0) in k, and use that
e is invertible. The new uniformizer v = tb(t) satisfies u = v¢. The

powers 1,v,...,v° ! form an F-basis of L, and
r/e |

eu elr

Trp p(v") = ’ ’

v/r () {0, efr.

For example, this follows by summing over the automorphisms v — (v,
where ¢ ranges over the e-th roots of unity. Since du = ev®dv, it
follows that

umt/ el qy, e | (n+1),

Treyr(v" dv) = {o, et (n+1).

Grouping a Laurent series by its exponents modulo e proves (9); the
residue on either side is precisely the coefficient of v™"'dv. Lemma 7.16
allows us to return to the original uniformizer ¢. O

In wild ramification we quote (9): see J. Tate, Residues of dif-
ferentials on curves (1968), Theorem 4, specifically its assertion for
completed local fields. Thus the quoted input has exactly the formal
scope needed below, not merely a statement about globally rational
differentials.

Corollary 7.39. The local trace of a reqular formal differential is
reqular.

Proor. If 0 € k[[t]] dt, then w6 is regular for every j > 0. Equa-
tion (9) gives res,(u’ Trz/p0) = 0. As j varies, these equalities say that
every negative Laurent coefficient of the trace is zero. U


https://www.numdam.org/item/10.24033/asens.1162.pdf
https://www.numdam.org/item/10.24033/asens.1162.pdf
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PROOF SKETCH FOR PROPOSITION 7.17. Choose a separating el-
ement x € K: an element such that K/k(x) is finite and separable.
One exists — in characteristic 0 any nonconstant x works, and over our
algebraically closed k in general this is part of the primitive-element
discussion of Appendix D (Proposition D.20). Geometrically z is a finite
map 7: C'— PL. Since dx # 0, write w = hdx. The trace differential is

(for the trace of a finite field extension and its pairing, see the finiteness-
of-the-integral-closure section of Appendix C, Theorem C.28). Com-
pleting at ¢ € P! gives

(10) K @) k((ug)) = [] K,

Pr—q

where Kp = Frac (’A)C, p. Indeed, the finite integral closure over the local
ring at ¢ splits on completion by the Chinese remainder theorem; then
invert u,. Field trace becomes the sum of the local traces under this
base change. Consequently (9) gives

res, (TrK/k(z) w) = Z resp(w).

Pr—q

Summing over ¢ reduces the assertion to P!, where it is the ordinary
partial-fraction identity saying that the sum of the coefficients of (x —
a)~tdz, including the coefficient at infinity, is zero. U

7.9.3. Principal-parts duality.

PrROOF OF THEOREM 7.19. First check that the formula descends
to the displayed spaces. If fp € t;D(P)k[[tp]] and w € H°(Q(-D)),
then fpw is regular at P and has zero residue. If (fp)p is the Laurent
expansion of one f € K, the sum is zero by Proposition 7.17. Thus the
pairing is well defined on Q(D).

We prove surjectivity onto the full algebraic dual Q(D)*; no conti-
nuity assumption on its linear functionals is needed. Besides the global
residue theorem used above, the argument uses the formal local identity
(9) (quoted in the wild case).

Step 1: read a functional coefficient by coefficient. Let X € Q(D)* and
regard it as a functional on P(D) vanishing on K. The monomials t{g,
j < —D(P), form a basis of the local quotient. There is therefore a
unique formal differential

wWp = Z )\p(tl_pr_l)trpdtp
r>D(P)

such that Ap(f) = resp(fwp). Although this is an infinite series, each
principal part pairs with only finitely many coefficients. For every
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f € K we consequently have

(*) Z resp(fwp) = 0.

P
Outside the finite support of D, the differential wp is regular. The issue
is to prove that these local series belong to one rational differential.

Step 2: the assertion on the projective line. Suppose formal differentials
n, on P are regular except at finitely many ¢ and satisfy Tesq(rng) =
0 for every r € k(x). Partial fractions give a rational differential n with
the same polar parts: match the finite poles using (z — a)7dx, and
match terms of order at most —2 at infinity using polynomials times dzx.
The remaining residue at infinity agrees because the sum of residues is
zero (take r = 1). Subtracting n, we may assume every 7, is regular.
Now r = (x —a)™/, for j > 1, has no other poles and tests every
coefficient of 7, in turn; hence 1, = 0 at every finite point. Finally
r=a’, j > 1, tests every coefficient at infinity. Thus 7, = 0 there too.
This proves the assertion on P*.

Step 3: descend to the line and return by the trace pairing. Choose a
separating element x, put F' = k(z), and choose an F-basis by, ..., b
of K, with trace-dual basis b, ..., b%. For g € P! form

Ma =D Tercpr,(biwp),  Fy=k((ug)).
P—q
Here trace has exactly the meaning of Proposition 7.38, so it applies
to the formal wp. By Corollary 7.39, these traces are regular outside
finitely many ¢: both the b; and the wp are regular away from finitely
many points. Applying the same identity to (x) with f = r(x)b; gives

Zresq(rmq) =0 (rebl).
q
Step 2 yields a rational differential n; = h; dr whose expansions are the

1iq- Define
w= (Z h,»b;‘) dx € Qg i
=1

Then Trg/p(biw) = n; for every i.

At each ¢, the completed-field decomposition (10) identifies K @ F;
with HPHq Kp. Under it, the base change of Trg/r is the sum of the
local field traces. This is a product of finite separable field extensions,
whose trace pairing is nondegenerate. The b; remain a basis after this
base change. Since the traces against all b; of (wp)p — (w|p)p vanish,
this tuple is zero. Thus w has exactly the prescribed local expansions,
and vp(w) > D(P) everywhere. It represents .

Finally, a nonzero differential is detected by one local principal part:
if its leading term is atpdtp, then pairing with t;’”_l gives a # 0. We
have proved Q(D)* ~ H°(Q(—D)). The latter is finite-dimensional
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by Proposition 7.5, applied to Ko — D. A vector space with finite-
dimensional algebraic dual is itself finite-dimensional (independent
vectors admit independent coordinate functionals). The pairing is
therefore perfect, as asserted. O

Exercises for Chapter 7

7.1. Riemann—-Roch on P!. Let co = [1: 0] € P! and let D = d[o0].

(1) Show directly that I'(D) consists of polynomials in the affine
coordinate t of degree at most d when d > 0.

(2) Compute (D) for all integers d.

(3) Use the differential dt to show that Kpi1 ~ —2[o0].

(4) Check the Riemann-Roch formula (Theorem 7.14) for D =
d[o0].

7.2. Residues by hand. The residue theorem (Proposition 7.17)
is the engine of the chapter’s proof of Riemann-Roch; this exercise
computes with it. Assume char k # 2.

(1) On P* with affine coordinate z, compute resp of w = dx/ (z(z—
1)) at P =0, P=1and P = oo (at oo use the uniformizer
t =1/z), and check that the residues sum to zero.

(2) Let E be the smooth cubic y?> = 3 — z. Show that dx/y has
neither zeros nor poles on F: at the three points with y = 0
use y as a uniformizer and 2y dy = (32®> — 1) dx, and at the
point at infinity use z/y.

(3) Show that w = dx/(xy) has exactly one pole on E, a double
pole at (0,0). Deduce from the residue theorem, without
computing anything, that res(g)(w) = 0.

(4) Now verify this directly. With the uniformizer y at (0,0), show
that z is a power series in 3? (the equation is unchanged by
y — —vy), and conclude that the Laurent expansion of w in
y contains only even powers of y, so the coefficient of y~!dy
vanishes.

(Part (2) is the fact used in Remark 7.18.)

7.3. Principal parts on an elliptic curve. Assume chark # 2.
Let E be the smooth projective model of y? = 23 — x, let O be its
point at infinity, Py = (0,0) and w = dx/y. From the previous exercise
(Exercise 7.2) you may use that w has no zeros or poles, that y is a
uniformizer at Py and t = x/y at O, and that vp (x) = 2, vo(z) = —2,
vo(y) = —3.

(1) Show that H°(Q)) = kw. Deduce from Theorem 7.19, with
D = 0, that Q(0) is one-dimensional, and that a finite collection
of principal parts (fp)p comes from a rational function on £
if and only if > ,resp(fpw) = 0.
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Let P # () be points with uniformizers tp,?o, and write w =
(ap+--+)dtp near P and w = (ag + - - ) dtg near ). Show
that some rational function has principal part ¢/tp at P, ¢ /tg
at @, and no other poles, if and only if cap + 'ag = 0. Explain
why the case ¢ = 0 is Remark 7.18.

Let f = y/x. Using y/x = (2? — 1)/y, show that div f =
(1,0)] + [(-1,0)] — [Ry] - (O]

Show that fw = dz/x and that resp(dx/x) = vp(x) for every
point P. Then check the criterion of part (2) by hand: write
r = y*w near Py and v = ¢t 2u near O with units w,u, and
find ¢, ap,, ao.

Conclude that ¢([Py]+[O]) = 2, with basis 1, y/z, and compare
with Riemann—Roch (Theorem 7.14).

7.4. The edges of the special window. Let C' be a smooth
projective curve of genus g > 1 and let D be a divisor.

(1)
(2)

(3)

Suppose deg D = 2g — 2. Show that (D) = g if D ~ K¢ and
(D) = g — 1 otherwise.

Suppose deg D = 2g — 1. Show that /(D) = ¢ and that
(D — P) = g—1 for every point P except when D — P ~ K.
How many such exceptional points can there be?

Suppose deg D = 0. Show that ¢(D) € {0, 1}, with ¢/(D) =1
exactly when D ~ 0, and read off /(Ko — D).

7.5. Point separation and embedding (the ladder-upward
exercise). Let C be a smooth projective curve of genus g and let D
be a divisor with deg D > 2¢g + 1. For a basis fo, ..., f. of T'(D), the
associated rational map is ¢p| = [fo : -+ : fr]. At a point P, use a
uniformizer ¢ and evaluate the regular functions t”) f; as homogeneous
coordinates; the first part will show that they do not all vanish.

(1)

Using Proposition 7.25 (the exact range of Riemann—Roch),
show that for any two points P,@ € C (allowing P = @),

(D -P)=0D)—1, {D—-P—Q)={D)—2

Deduce that the displayed coordinates define a morphism on
all of C.

Deduce that the linear system |D| separates points: for P # @),
some f € (D —Q)\['(D— P — Q) satisfies vp(f) = —D(P)
and vg(f) > —D(Q). Explain why this sends P, @ to distinct
points under ¢|p|, even if D is not effective.

Taking P = @, deduce that |D| also separates tangent di-
rections, and conclude that ¢p: C — P71 is a (closed)
embedding. (Hint: choose f € I'(D — P) \ I'(D — 2P) and
h € T'(D)\I'(D— P); the local coordinate f/h has a simple zero
at P. You may use the following standard criterion, quoted
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here: a morphism from a smooth projective curve to projective
space that is injective on points and has injective differential
at every point is a closed embedding.)

7.6. Genus zero needs a point. Proposition 7.27 shows that a
smooth projective curve of genus 0 over an algebraically closed field is
isomorphic to P!,

(1) Go through its proof and mark the step that uses a point
P € C'. Which steps would still make sense over a field that is
not algebraically closed, provided a point P with coordinates
in that field is given?

(2) Let C = V(X? +Y?+ Z?) C P2 Show that over C it is a
smooth conic, hence of genus 0 by Theorem 7.33, and that it
has no point with real coordinates.

(3) Conclude that C' is not isomorphic to P! by a map given by
real polynomials. (Hint: such a map would send the real point
[1:0] to a real point of C'.)

7.7. Genus as a birational obstruction.

(1) Show that birational smooth projective curves are isomorphic
and hence have the same genus (Propositions 6.41 and 7.22).

(2) Assume char k = 0. Show that the Fermat curves z¢ + y? = 24
with d > 3 are pairwise non-birational, and determine which
of the Fermat curves with d < 3 are birational to P'.

(3) Is a smooth plane quartic ever birational to a smooth plane
cubic?

7.8. Elliptic curves and small divisors. Let E be a smooth
projective curve of genus 1, and fix a point O € E.

(1) Show that ¢(P + Q) = 2 for any two points P, € E, and that
((nO) =n for all n > 1.

(2) Using ¢(20) = 2 and £(30) = 3, choose z € I'(20) \ I'(O) and
y € T'(30)\T'(20). Show that 1,z,y, 2, xy, 23,3 lie in the six-
dimensional space I'(60), and deduce a cubic relation between
x and y in which both 2® and 3? have nonzero coefficients.
(Hint: their pole orders at O are 0,2,3,4,5,6,6; a term of
strictly highest pole order cannot cancel.)

(3) Explain how part 1 supports the Picard-group construction of
the group law in the chapter (Subsection 7.7.1).

7.9. Hyperelliptic genus by Riemann—Hurwitz. Suppose that
f: C — P! is a morphism from a smooth projective curve, with no
ramification at infinity (i.e., no points @ € C' at which the ramification
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index eg > 1 lies above co € P!), and assume char(k) # 2. Suppose
also that over A = P!\ {co}, the curve is given by an equation

y2:h($) e Q;2d+2+...’

where h is a polynomial without multiple roots, d > 1, and f(z,y) = x.
Compute the genus of C in terms of the degree of h(z). (Hint: the
ramification points correspond to the zeros of h(z); use the Riemann—
Hurwitz formula, Theorem 7.31, applied to the degree-2 map C' — P!;
this is the same computation as the chapter’s own hyperelliptic-curve
Example 7.32, so use it to check your answer rather than as the goal.)
For the following two explicit sextics, assume further that chark = 0
or chark > 5. Apply the formula to hi(z) = 2% — 1 and hy(z) =
x(z—1)(r—2)(x—3)(x —4)(x —5): verify both give genus 2. Show that
t(x,y) = (z, —y) extends to an automorphism of C' with fo: = f, that
its fixed points are exactly the six ramification points of f, and that
the functions h € k(C') with h ot = h are exactly k(z). (So ¢ is a deck
transformation of f in the sense of the exercise below, Exercise 7.15.)

Note. The above is a so-called hyperelliptic curve, a higher-genus
analogue of the elliptic curve y?> = 2% +ax +b. Notice that this equation
does not give a smooth plane curve: if you homogenize it, you get
a singularity at [0 : 1 : 0]. (For d = 2 no smooth plane model can
exist, since 2 is not of the form (e — 1)(e — 2)/2.) More generally, a
hyperelliptic curve is a degree-2 cover of P!, which locally can be written
in the form

v +g(x)y = h(x).

7.10. Genus-two curves. (x) Show that any smooth projective
curve C' of genus 2 is hyperelliptic, in every characteristic. (Hint: first
show that ¢((P) = 1 for every P € C, since a nonconstant function
with at most one simple pole would give an isomorphism C = P!
Riemann—Roch (Theorem 7.14) then gives deg K¢ = 2, {(K¢) = 2, and
((Ke — P) = 1. Thus the canonical system has no base point; show
that its two sections give a morphism C' — P! whose fibres have total
degree 2.)

7.11. Intersection of two quadrics. (x) Assume chark ¢ {2,3}.
Consider the intersection C' of the two quadratic surfaces in P? given
by the homogeneous equations

X2+ Y2+ 7224+W?=0 and X?+2Y?2+3Z2+4W? =0.

(1) Show that this intersection is a smooth curve (thus a smooth
projective algebraic curve when viewed in projective space).

(2) Show that C' has genus 1. Hint: forgetting X gives a degree-
2 map to the smooth conic Y? 4 222 + 3W? = 0, which is
isomorphic to P!. Show that it has exactly four ramification
points, all with index 2, and apply Theorem 7.31.
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In particular, using Picard group techniques (Subsection 7.7.1), this
implies that the intersection of these two quadrics (and more generally,
any smooth intersection of two quadric surfaces) admits a group law,
which is not at all obvious a priori.

7.12. Extending derivations to the function field. (x) Let R
be an integral domain over k, and let K = Frac(R). Show that any
k-derivation D: R — K uniquely extends to a k-derivation D: K — K.

7.13. The Gauss map, revisited. Assume chark = 0, as in the
dual-curves section of Chapter 3 (Section 3.8); in characteristic p the
Gauss map can fail to be birational (try the Fermat curve of degree
p+1). Let C be a smooth plane curve of degree d > 2, given by an
equation F' =0, and let v: C' — (P?)Y, P — [F,(P): F,(P) : F.(P)],
be the Gauss map of Chapter 3, with image the dual curve CV.

(1) Show that 7 is a morphism on all of C' (not just a rational
map).

(2) For d =2, v is an isomorphism onto the dual conic (see Exer-
cise 3.33, “The dual conic, explicitly”, in Chapter 3). Now let
d > 3, and recall from Chapter 3 that CV has degree d(d — 1)
(Proposition 3.46) and that v is birational onto it (this follows
from the biduality statement quoted there, Remark 3.51). Sup-
pose v were an isomorphism C' — CV. Then CV would be a
smooth plane curve of degree d(d — 1); compare the genera of
C and CV given by the degree-genus formula (Theorem 7.33)
to get a contradiction. So for d > 3 the dual curve is always
singular.

(3) Where are the singularities? Explain, using Lemma 3.49 on
nodes and cusps of the dual curve, why flexes of C' produce
points where ~ is not an isomorphism onto its image even
though ~ is injective near them (provided the flex tangent
touches C' nowhere else), and why bitangents produce points
where « is not injective. The next exercise (Exercise 7.14)
shows what the bitangents mean intrinsically.

7.14. Bitangents and theta characteristics. Let C C P2 be a
smooth plane quartic, and use the fact from the chapter that Ko ~ H|¢
(Proposition 7.13).

(1) Assume chark # 2,3. Show that the 12 lines X =&Y, Y =
eZ, 7 = ¢X with ¢* = —1 each meet the Fermat quartic
C =V(X*+Y*+ Z%) in a single point with multiplicity 4
(hyperflex lines), and conclude that 2P is a theta characteristic
for each such contact point P.

(2) Show that the 16 lines X + aY 4+ bZ = 0 with a* = b* =1 are
bitangents with two distinct contact points. (Hint: substitute
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Y'=aY and use X*+Y" + (X +Y")* =2(X?+ XY'+Y"?)%)
Compare 12 + 16 with the count of odd theta characteristics
in the chapter (Subsection 7.7.2).

(3) Which part of the chapter’s argument (bitangents <+ odd theta
characteristics) uses the fact that C' is a plane quartic rather
than an abstract genus-3 curve?

(4) Verify the chapter’s correspondence concretely: find one actual
bitangent line L of the Fermat quartic C' = V(X* +Y* + Z4)
(over an algebraically closed field of characteristic 0; use the
symmetry of C' to guess a candidate line and check that it
meets C' in exactly two points, each with multiplicity 2), and
exhibit the resulting D = P + @) as an effective divisor with
2D ~ K.

7.15. Deck transformations. (x) Let C,C’ be two smooth projective

curves, and suppose f: C — (' is a nonconstant morphism. An
automorphism of f is an automorphism g: C — C such that f =
f o g. Show that the group of such automorphisms (i.e., the deck
transformations of f) is finite.

7.16. Fermat curves and Riemann—Hurwitz. (%) Analyze the
map

z:y:z] = [x:y
from the curve z¢ 4 y¢ = 2¢ (in characteristic 0) to P! in the following
sense:

(1) Determine the points where the map is ramified.

(2) Compute the ramification indices at these points.

(3) Conclude from these computations, using the Riemann-
Hurwitz formula (Theorem 7.31), that the genus g of the curve
is

(d—1)(d—2)

g = 5



CHAPTER 8

The geometry of surfaces

What changes in dimension two

On a plane curve, divisors are built from points. On a surface,
divisors are curves. This small change creates a new kind of geometry.
Curves on a surface can move in families, meet each other, acquire
self-intersection, and sometimes be contracted. The guiding question of
this chapter is:

how do curves live on a surface?

The answer begins with Bézout’s theorem, but it does not stop there.
On P? every curve is measured by its degree. On a general surface there
are many different directions in which curves can move, and degree is
replaced by the intersection product.

This chapter is a capstone for the intersection-theoretic side of the
course. It shows what the language of divisors can do once divisors
themselves are curves: prove new versions of Bezout, organize blow-ups
and linear systems, explain the lines on a cubic surface, and give a
surface proof of the Weil bound for curves over finite fields.

For a first reading, the chapter has a spine and a set of payoffs.
The spine, to be read in order, is: divisors on surfaces (Section 8.2);
local and global intersection numbers (Section 8.3); principal divisors
have degree zero, which is the continuity principle (Section 8.4); the
moving lemma and the intersection pairing (Section 8.5); the canonical
class of a surface (Section 8.6); blow-ups and the linear systems they
resolve (Sections 8.7 and 8.8); and adjunction (Section 8.9). The payoffs
— fibrations (Section 8.10), the twenty-seven lines (Section 8.11), and
the index theorem with the Weil bound (Sections 8.12 and 8.13) — can
be sampled independently once the spine is in place. The Weil bound
is the deepest, and the index theorem it rests on is the one place where
a fact is quoted from the cohomology of surfaces. Two starred sections
near the end, on Chow groups (Section 8.14) and on the arms of real
affine surfaces (Section 8.15), are optional: nothing else depends on
them. The verification of the general blow-up charts is collected in
Section 8.16; the construction and intersection calculations remain in
the main discussion. Expect surfaces to feel genuinely newer than curves:
they are treated less often at this level, and they support phenomena
that curves cannot — points can be blown up, curves on them move
in families, and a surface can fibre over a curve. Keep the running
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examples close: P2, the quadric P! x P!, blow-ups of P2, and the cubic
surface.

Throughout this chapter, a surface means an integral smooth pro-
jective variety of dimension 2 over an algebraically closed field &, unless
something else is explicitly stated.

8.1. From plane curves to surfaces
What carries over, and what is new

Let C, D C P? be plane curves of degrees m and n, with no common
component. Bézout’s theorem (Theorem 6.34, Chapter 6) says that

Z Ip(C, D) = mn.

PeCnD

This can be rewritten in a way that already sounds like surface theory.
If H denotes the class of a line in P2, then a curve of degree m behaves
like mH, a curve of degree n behaves like nH, and

C-D=(mH)-(nH) =mnH? = mn,

where H? = 1 because two general lines meet in one point.

The point of the notation is not to hide Bézout. It is to reveal what
should survive when P? is replaced by another surface. On P! x P!,
for example, there are two obvious families of curves: horizontal and
vertical copies of P'. Let

Flz]PlX{Q}, ng{p}XIP’l.

Then
F2=0, F} =0, F,-Fy=1.

Here a fiber does not meet a general nearby fiber in the same family,
while a horizontal and a vertical fiber meet in one point. Already this
shows that degree in the plane is too small a language. A curve on
P! x P! has two degrees, one in each ruling.

The word fibre is doing real work here: F; and a nearby horizontal
curve are two fibres of the projection P* x P! — P!, and the continuity
principle of Section 8.4 says that fibres of a map to P! are interchange-
able in every intersection count; F? = ( says that a fibre can be moved
off itself.

Example 8.1. The Segre map (Definition 4.49)
P! x P! — P, ((s:t),(u:v))—> (su:sv:tu:ty)
identifies P! x P! with the smooth quadric surface
XoX3 — X7X9 =0.

The two rulings are the two families of lines on the quadric — pictured in
the Products section of Chapter 4 (Section 4.6). This is the first surface
where one can literally see that curves come in different directions.
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8.1.1. A small gallery of surfaces. Before developing the inter-
section theory, it is worth keeping several surfaces in view. The pictures
in this section are affine charts or affine projections of projective surfaces.
That distinction matters: the long arms in the drawings do not mean
that the projective surface has loose ends; they mean that our chosen
affine chart has removed a divisor at infinity.

The quadric P! x P! is the first ruled surface. The next natural
examples are the Hirzebruch surfaces

F, = Pp: (O ® O(n)).

(We do not construct these surfaces formally: the notation Pp:(-) belongs
to the theory of projective bundles, which is beyond this book. Here
they serve as pictures and as a supply of examples.) They are “almost
products”: each comes with a projection F,, — P! whose fibres are
copies of P'. But for n > 0 there is also a distinguished section E with
self-intersection £? = —n. Thus the family already contains much of
the geometry we want to understand: fibres, sections, self-intersection,
and negative curves. The case Fy is P! x P!, while F; is the blow-up of
P? at one point.

A closely related example is the cubic scroll. In its natural embed-
ding it is the rational normal scroll S(1,2) C P, isomorphic to F;. It is
swept out by a one-parameter family of lines, so it is a surface analogue
of a parametrized rational curve. In the language of this chapter, it is
also a good reminder that linear systems do not only cut curves on a
fixed surface; they can also map the surface into projective space.

Cubic surfaces give a second set of test objects. The Cayley cubic

XYZ+ XYW+ XZW+YZW =0 c P?

has four ordinary double points. Its affine chart W = 1 has equation
ryz + xy + vz + yz = 0, but three of the nodes lie outside that chart.
Figure 2 instead uses X +Y + Z + W =1 to bring all four into view.
By contrast, the Clebsch diagonal cubic

4 4
Y xi=0, > X!'=0 cP
i=0 i=0
is smooth when chark # 3,5, and highly symmetric. It is one of
the cleanest real models for the theorem that a smooth cubic surface
contains 27 lines (Section 8.11).
Finally, smooth quartic surfaces show that higher degree quickly
changes the landscape. The diagonal quartic

X4 vi—Zt—Wwit=0cCP?

is smooth in characteristic different from 2. In the affine chart W =1
we see

:c4—|—y4—z4:1,
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[F5: contraction to a cone Cubic scroll: a projection

FI1GURE 1. Two ways to make ruling lines visible. Left:
the quadric cone obtained by contracting the negative sec-
tion of [Fy to its vertex; the cone is not Iy itself. Right: a
projection of the cubic scroll. Its affine chart (u, ut, 1,¢,¢?)
projects to (u,ut,t?), on the cubic y* = x?z. Fixing ¢
gives a straight ruling line (gold). The self-intersection
belongs to the projected image, not to the smooth scroll.

whose real locus has exactly two arms stretching toward the divisor at
infinity — one opening upward and one downward, meeting at the waist
squircle 2 4+ y* = 1. These arms are explained by Harnack’s theorem
(Theorem 3.39) in the optional Section 8.15 at the end of the chapter.

8.2. Divisors on smooth surfaces
Curves play the role that points played

A prime divisor on a surface X is an integral curve C C X. A Weil
divisor is a finite formal integer combination

It is effective if all n; > 0. We should think of D as a curve with
multiplicities, although negative coefficients are allowed.

The reason smooth surfaces are especially friendly is that
codimension-one geometry is locally given by one equation.

Proposition 8.2. Let X be a smooth surface. Every Weil divisor on X
18 locally principal. Equivalently, every Weil divisor on X is a Cartier
divisor.

PROOF. It is enough to consider a prime divisor C' and a point
P € X. The local ring Ox p is regular. If P ¢ C, then C is cut out by
the unit equation locally. If P € C, then the ideal of C' in Ox p has
height one. A regular local ring of dimension at most two is a unique
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Cayley: four nodes Clebsch: a smooth cubic

)|

FIGURE 2. The singular Cayley cubic and the smooth
Clebsch diagonal cubic. The four marked points on the
Cayley model are its nodes; the Clebsch model has no
singularities. These are bounded windows in real affine
charts, so the surfaces continue beyond the edges. The
27 lines on the Clebsch surface are shown separately in
Figure 6.

Horizontal sections

an
)

Diagonal view Side view

FIGURE 3. The diagonal quartic surface z* +y* — 2% =1
seen from three perspectives. Left: diagonal view with
horizontal section curves at z = 0 (green waist, squircle
z* +y* = 1), 2 = +1 (blue), and 2z = +2 (gold); the
coloured curves are the cross-sections x* + y* = 1 + 2%,
which are squircles that grow as |z| increases. Centre: side
view (y-axis direction), showing the two arms funnelling
outward from the waist as z — £oo. Right: top view
(looking down the z-axis), showing the nested squircle

cross-sections — all the same shape, just scaled by (1 +
A4,

factorization domain (proved in the appendix, Theorem D.13; this is
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the low-dimensional case of the Auslander-Buchsbaum theorem), so
every height-one prime is principal. Thus C' is cut out locally by one
nonzero element. Finite sums of such divisors are cut out locally by
products and quotients of local equations. O

This proposition is one of the places where smoothness pays rent.
On a singular surface, a curve may fail to be locally the zero set of one
equation. Intersection theory then becomes more delicate.

vertex

FIGURE 4. The quadric cone Q = V(zy — z?), the sim-
plest singular surface. The ruling L = V(z,2) C @Q is
a prime Weil divisor that is not Cartier at the vertex:
no single equation cuts it out there. Its double is: the
function x vanishes on @) exactly along L, to order two,
so div(z) = 2L. Proposition 8.2 says smoothness rules
out exactly this behaviour.

Definition 8.3. Two divisors D and D’ on X are linearly equivalent,
written D ~ D', if

D — D' =div(f)
for some nonzero rational function f € k(X)*.

Linear equivalence is the first way in which curves move. If D is
a divisor, then the complete linear system |D| is the set of effective
divisors linearly equivalent to D.

We use the notation

H°(X,0x(D)) = {0} U{f € k(X)* | div(f) + D >0}

for the rational functions whose poles are bounded by D: the space of
global sections of D, exactly as for curves in Chapter 7 (Definition 7.4).
Despite the cohomological notation, this is only a space of rational
functions, and no higher cohomology is needed to define it; Section 8.6.1
records the few surface-cohomology facts that we quote.

Proposition 8.4. Let D be a divisor on a smooth projective surface
X. The effective divisors linearly equivalent to D are parametrized by
the projective space

ID| = PHY(X, Ox(D)).
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PROOF. A nonzero section s € H°(X, Ox (D)) satisfies div(s)+D >
0, and determines this effective divisor in | D|. Multiplying s by a nonzero
scalar gives the same divisor. Conversely, if £ > 0 and E ~ D, then
E — D = div(f) for some rational function f, and f is a section of
Ox (D) with associated effective divisor E. Finally, equal divisors give
div(s/t) = 0. In every local ring of X, unique factorization cancels the
numerator and denominator of s/t: zero order along every prime curve
makes the quotient a unit. Thus s/t is globally regular, hence constant
on the integral projective variety X. This proves injectivity as well. [

The adjective “complete” means that we use all sections of Ox (D).
A linear subsystem is obtained by choosing a nonzero vector subspace
V C H'(X,Ox(D)).

Then PV C |D| is a smaller family of curves. Its base locus is the set
of points that lie on every curve in the family. Thus there are two
questions attached to a divisor class:

which curves move in the class?
where are they forced to pass?
Blow-ups enter precisely because a base point is not only a nuisance; it

contains geometric information. After blowing up the base point, this
information becomes an exceptional divisor.

Example 8.5. On P2, the linear system |dH]| is the projective space of
homogeneous polynomials of degree d in three variables:

dH| = PK[X. Y, Z]..

dim |[dH| = (d;2) —1;

lines form a P2, conics form a P?, and cubics form a P?. Asking a curve
of degree d to pass through a fixed point imposes one linear condition.
Asking it to pass through a point with multiplicity at least m imposes
the vanishing of all terms of order < m at that point, hence

1
1+2+-+m= (m; )

linear conditions, when these conditions are independent.

Thus

8.3. Local and global intersection numbers
Counting the meetings of curves on a surface

Let D and E be two effective divisors on a smooth surface X, and
suppose that they have no common irreducible component. If P € DNE,
choose local equations f,g € Ox p for D and E. The local intersection
number is

Ip(D, E) = lengthy, , Ox,p/(f.9)-
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Over an algebraically closed field this is also the dimension as a k-vector
space, and the reader may take dim; as the working definition of length
here.

Local intersection numbers are additive: with A = Ox p, if neither
a nor b shares a prime factor with g, then Ip(ab, g) = Ip(a, g)+ Ip(b, g).
Indeed, multiplication by b gives an exact sequence

0 — A/(a,g) -2 A/(ab, g) — A/(b,g) — 0.

Only injectivity needs checking: if bh = abc + gd, then b(h — ac) = gd,
and since b and ¢ are coprime in the UFD A, b divides d, say d = bd’;
cancelling b gives h = ac+ gd’ € (a, g). Taking lengths proves additivity,
including repeated components. Additivity in the second slot follows
from the symmetry Ip(f,g) = Ip(g, f).

Definition 8.6. The global intersection number of D and F is
D-E= Y Ip(D,E).

PeDNE
More generally, if D =3, n;C; and E = 3 m;C] are divisors with no
common component, set

Ip(D,E) =Y nm;Ip(C;,C)),  D-E=Y Ip(D,E).
irj P

In particular D - C' =Y. n; (C; - C) for a prime curve C different from
all the C;.

This is exactly the local definition used for plane curves, but now the
ambient local ring is the local ring of the surface. The definition is local,
while the notation D - F suggests something global. The bridge is that
the number only depends on the divisor classes, not on the particular
equations, once we pass to linear equivalence; that is the business of
the next two sections.

Example 8.7. Let X C IP? be a smooth surface of degree d, and let H
be the hyperplane class on X. Two general hyperplanes cut X in the
finite set X N L, where L C P? is a general line. This set has d points,
by the geometric characterization of the degree (Theorem 4.46). Thus

H*=d.
The degree of the surface is the self-intersection of a hyperplane section.

8.3.1. Degree and the Hilbert polynomial. The Hilbert poly-
nomial first appeared as a projective invariant. On a surface, the same
polynomial becomes a numerical shadow of intersection theory. This
subsection can be read quickly: it records deg X = H?, used once in the
index-theorem section, and the first place where curve Riemann—Roch
(Theorem 7.14) is used on a surface.
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Let X C PV be a projective surface, and let H be the hyperplane
class. By the general Hilbert polynomial theorem (Theorem 4.37 and
Definition 4.38), the Hilbert function Hx(n) agrees, for n > 0, with a
polynomial Py (n) of degree 2 = dim X and leading coefficient deg X /2!.
Identifying deg X with H?:

2

Px(n) = 7722 + lower order terms.
That identification is exactly the self-intersection computation of the
Example above (H? = d for a degree-d surface in P?; for general

X C PV one intersects with a general codimension-two linear subspace
L = HN H' — note that a general line in PV misses a surface entirely
once N > 3 — and L meets X in deg X points, each contributing 1 to
the product H - H' of the two general hyperplane sections). So the
formula

deg X = H?

is not a new fact about surfaces — it is the Hilbert-polynomial degree of
Theorem 4.37, read through intersection theory.
If ¢ C X is a smooth curve, then for n > 0

Pe(n)=(C-H)n+1—g(C).

So the coefficient of n is the degree of C' in the given projective
embedding, while the constant term remembers the genus. This is
our first dividend from Chapter 7: for n > 0 the Hilbert function
counts global sections, Ho(n) = dim H°(C, O¢(nH)) (Lemma 7.15),
and Riemann—Roch (Theorem 7.14) evaluates that dimension exactly,
((nH|c) = (C - H)n+ 1 — g(C): the correction term ¢(K¢ — nH|¢)
vanishes as soon as n(C' - H) > 2¢g(C') — 2, since a divisor of negative
degree has no sections (Proposition 7.5).

Example 8.8. Let C' C P? be a smooth plane curve of degree m. Then
C ~mH, so C'- H=m. The Hilbert polynomial is
(m—1)(m —2)

Po(n)=mn+1— 5 :

The genus appearing here is the familiar plane curve genus (Theo-
rem 7.33)

m—1)(m —2
9(C) = ( )2( 3

Linear systems are a natural enlargement of Hilbert functions. The
Hilbert function of X C PV studies the dimensions Hy(n) attached to
multiples of the hyperplane class. But once we are on a surface, there

is no reason to look only at multiples of the hyperplane class. For any
divisor D, the vector space H°(X, Ox (D)) controls the curves in |D|.
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8.4. Principal divisors have degree zero
The continuity principle: fibres are interchangeable

The key compatibility is the following statement. It is the surface
version of the elementary fact that a rational function on a complete
curve has as many zeros as poles, counted with multiplicity.

Before proving it, it is worth saying what the statement means,
because it is the conceptual engine of the whole chapter. A rational
function f on X is the same thing as a rational map f: X --» P!, and
its divisor is the difference of two fibres:

div(f) = f7(0) = f*(0)

— zeros over 0, poles over co. So the theorem below says that the fibre
over 0 and the fibre over co have the same intersection number against
every fixed curve C; and since a coordinate change on P! moves any two
points to 0 and oo, all fibres are interchangeable. This is a continuity
principle: as the parameter moves through P!, the fibre sweeps across
the surface, and the intersection count with C' — taken with the correct
multiplicities — never jumps. It is the rigorous form of the classical
idea from Chapter 3 that one may “move one of the curves until the
intersection is transverse”: linear equivalence is precisely the license to
move, and the theorem is the invariance of the count under the motion.
Intersection theory on a surface attaches numbers to classes rather than
to individual curves exactly because members of a moving family are
interchangeable.

We prove it in two steps: a local lemma identifying the intersection
number with data on the normalization of C', and then the global count
of zeros and poles.

Lemma 8.9. Let X be a smooth surface, C' C X an integral curve
with normalization v: C — C (a smooth projective curve: its local rings
are integrally closed of dimension one, hence discrete valuation rings —
Chapter 6, Proposition 6.38), and f € k(X)* a rational function such

that no component of div(f) equals C. Write fo = fov € k(C)* for
the restriction. Then for every P € C,

Ip(div(f).C) = > wolfe).

Qev—1(P)
and consequently div(f) - C' = degdiv(fc).

PROOF. The question is local, so fix P and write f = a/b with
a,b € Oxp. Since X is smooth, the prime divisor C' has a local
equation ¢ at P. The hypothesis that C' is not a component of div(f)
says that a and b contain the same power of ¢; cancel it. The images
a,b € Oc,p are then nonzero. By the local additivity just proved, the
signed local contribution is

Ip(div(f),C) = length O¢ p/(a) — length O¢.p/(b).
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Now let O be the integral closure of O := Ocp in k(C). It is
the semilocal ring of functions on C' near the finitely many points

Q € v 1(P), and O/O has finite length by finiteness of normalization
(Appendix C, Theorem C.28). For every nonzerodivisor h € O,

length O/hO = length O/hO.
Indeed, compute the length of O /hO along the chains
ROChOCO, hOCOCO.

Multiplication by h identifies O /O with hO /hO, so the common finite-
length term cancels and gives the displayed equality.

The localizations of O at its maximal ideals are the DVRs (95,@.
Length over a semilocal ring is the sum of the lengths after localization.
Applying this first to h = @ and then to h = b gives

Ip(div(f),0) = Y (vola) —vq(b))

Qev=1(P)

= Y walfo).

Qev—1(P)

Summing over the finitely many points in the support gives the global
statement. U

Theorem 8.10. Let X be a smooth projective surface, let C' C X be an
integral curve, and let f € k(X)* be a rational function whose divisor
has no component equal to C'. Then

div(f) - C = 0.

PRrROOF. By Lemma 8.9, the intersection number div(f) - C' equals
the degree of the divisor div(fs) on the smooth projective curve C,
where f¢ is the restriction of f along the normalization.

By Chapter 7, Remark 7.3, a rational function on a smooth projective
curve has as many zeros as poles: this is the content of the constant-
fibre-degree theorem of Chapter 5 (Theorem 5.17), applied to the finite
morphism f¢: C' — P! when fc is nonconstant. If it is constant, its
divisor is zero directly. Hence degdiv(fc) = 0. OJ

Corollary 8.11. For a prime curve C, if neither D nor D' ~ D
contains C in its support, then D -C = D" -C.

PROOF. If D' ~ D, then D' — D = div(f) for some rational function
f. By Theorem 8.10, (D" — D) - C = 0. 0
8.5. The intersection pairing

Moving curves off each other, and off themselves

So far D - F is only defined when D and E have no common
component. To define self-intersection, we need to move a divisor away
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from finitely many prime curves; the moved divisor need not be effective.
The lemma is the surface analogue of finding a rational function on
a curve with prescribed orders at finitely many points, the curves C;
playing the role of the points. For example, on P? let D = L = V(I) be
a line and Cy = L: for a second linear form !’, the function f =1/l has
div(f) = L' — L, so D 4+ div(f) = L' no longer contains L.

Lemma 8.12 (Moving away from finitely many curves). Let X be a
smooth projective surface. Given a divisor D and distinct prime curves
Cy,...,Cs on X, there is a rational function f € k(X)* such that
D + div(f) has coefficient zero along every C;.

ProoOF. Choose a hyperplane containing none of the Cj; one exists
because, after picking a point ); on each C};, the hyperplanes through
@; form a hyperplane in the dual projective space, and finitely many
hyperplanes do not cover it (k is infinite). Its complement in X is
affine and meets every C; in a dense open set. Write its coordinate ring
as A, and let p; be the corresponding height-one primes. Localize at
S = A\, p; and put B = S~'A. By prime avoidance (Lemma D.11),
the maximal ideals of B are exactly m; = p;B, and By, = A, is the
height-one DVR already used to define vg,.

Choose a; € m; with valuation 1 at m;: a uniformizer in B, has a
numerator in B with that valuation. Since the m; are distinct maximal
ideals, m? and the m; (j # ) are pairwise coprime, so the Chinese
remainder theorem supplies u; € B with

ui=a; (modm?), w;=1 (modm;) (j#1i)

Thus ve, (u;) is 1 for j =i and 0 otherwise. If d; is the coefficient of C;
in D, then f = [[,u; * has ve,(f) = —d;, as required. For an empty
list take f = 1. O

Proposition—Definition 8.13 (The intersection pairing). Let X be
a smooth projective surface. Then there is a unique pairing Div(X) X
Div(X) — Z, (D, E) — D-E, which is symmetric and bilinear, depends
only on the linear-equivalence classes of D and E, and agrees with the
definition above when D and E have no common component. It therefore

descends to a symmetric bilinear pairing on Pic(X). In particular
D? = D - D is defined for every divisor.

PROOF. Definition. Given D = > n;C; and E, choose E' ~ E with
no component among the C; (Lemma 8.12), and set D-F = > n, (C;-E’).

(a) Well defined. If also E"” ~ E, then E' — E"” = div(f) has no
component among the C;, so C; - div(f) = 0 by Theorem 8.10, using
local symmetry.

(b) Bilinear. For additivity in D, choose one E’ avoiding the supports
of both Dy and D,. For additivity in £, choose Ej, E); avoiding the
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support of D; their sum is an allowed representative for F; + E5. The
signed local sums give both equalities.

(¢) Invariant under linear equivalence. Invariance in FE is built
into the definition. For D" ~ D, choose E’ avoiding both supports.
Every component of £’ then avoids the support of D' — D = div(f),
so the principal-divisor theorem (Theorem 8.10), summed over those
components, gives D' - E =D - E.

(d) Symmetric. Choose D' ~ D avoiding E. The products D' - E
and E - D" are both the original signed local sum, hence equal, and (c)
givesD-E=F-D.

(e) Agrees with the local definition. If D and E have no common
component, F' = F is an allowed representative.

(f) Unique. Any pairing with these properties must use the same
moved representatives. U

Example 8.14. On P2, a line L has L? = 1: a second line L’ satisfies
L' ~ L (as in the example before Lemma 8.12, L' — L = div(l’/l)) and
meets L transversally in one point, so L? = L - L' = 1. The same
reasoning gives H? = d for a hyperplane section of a surface of degree
din P?, and C - D = deg C deg D for plane curves, as Bézout’s theorem
(Theorem 6.34) requires.

We record the continuity principle itself in fibre language.

Corollary 8.15 (Fibres are interchangeable). Let f: X — P! be a
nonconstant morphism from a smooth projective surface. Fort € P! let
F, denote the fibre over t, counted with multiplicities: F; is the divisor
of zeros of go f for any coordinate g on P! vanishing simply at t (this
does not depend on the choice of g). Then:

(1) any two fibres are linearly equivalent, Fy, ~ Fy;
(2) F;-C is independent of t, for every curve C C X;
(3) F?=0: a fibre can be moved off itself.

PROOF. (1) For t # t’ choose a coordinate g on P! with divp (g) =
[t] — [t']. Then divy(go f) = Fy — Fy, which is precisely the statement
F, ~ Fy. (2) follows from (1) and Proposition—Definition 8.13, even
when C' is a component of a fibre. (3) Two distinct fibres are disjoint
as sets, so all their local intersection numbers vanish and F; - Fy, = 0;
by (2), applied to each curve in the divisor F}, the self-intersection F}?
equals F; - Fy = 0. ]

Example 8.16. Let X = P! x P!. Two distinct horizontal fibres
are disjoint, as are two distinct vertical fibres, and any two fibres of
one projection are linearly equivalent (Corollary 8.15(1)). With the
extension to divisor classes (Proposition—Definition 8.13), this gives
F} = F} = 0, which is part (3) of the corollary. A fiber of the first
projection and a fiber of the second projection meet transversely in one
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point, so F1Fy = 1. Therefore
(aF1 + ng) . (CFl + dFQ) = ad —+ be.

We shall meet the principle again on blow-ups and fibrations. It is
worth internalizing the slogan: on a surface, intersection numbers are
continuous in families, and fibres of a map to P! form the basic moving
family.

8.6. The canonical class of a surface
Two-forms, one degree up from differentials

On a curve, the canonical class is the divisor class of any meromor-
phic 1-form (Chapter 7, Definition 7.12). On a surface the construction
is the same, one degree up. A rational 2-form on X —locally g dx Ady for
a rational function g and local coordinates z, y — has a well-defined order
of vanishing along every prime divisor Z (measured by the valuations vz
of Chapter 6, Proposition 6.38), hence a divisor div(w) =, vz(w) Z;
and any two rational 2-forms differ by a factor in k£(X)*, so the class

Ky = [div(w)]

is independent of w. It is called the canonical class of X. (That
vz(w) does not depend on the choice of local coordinates is the same
verification as for curves, and we do not repeat it.) The canonical class
is used in every later section of the main line: it changes in a controlled
way under blow-up, it enters the genus through adjunction, it identifies
the lines on a cubic surface, and it computes self-intersections on C' x C
in the Weil bound.

Example 8.17. On P?, take w = dx A dy in an affine chart. In the
chart at infinity with coordinates u = 1/z, v = y/x we have x = 1/u,
y =v/u, so
dr A dy — (_d_z;) A udv deu
u U
a pole of order 3 along the line at infinity v = 0, and no other zeros or
poles. Hence

1
:——3du/\dv:
U

KPQ = —3H .
The same computation in each factor gives Kpiypt = —2F) — 2F5.

Remark 8.18 (Canonical class of a product of curves). The compu-
tation on P! x P! is an instance of a general formula. Let C;, Cy be
smooth projective curves, with projections p;: Cy x Cy — Cj; for a
divisor D = > ng [Q] on Cy write piD = ) ng ({Q} x Cy), the cor-
responding sum of vertical curves, and symmetrically for p5. If wy, wsy
are nonzero meromorphic 1-forms on the factors, then pjw; A piws is a
meromorphic 2-form on the product, and computing in product charts,
factor by factor, gives

div (piwr A phws) = pidiv(w) + pj div(ws) .
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Hence
KClXCQ = pTKCH +p;KCQ )
the formula used for C' x C' in the Weil-bound section (Section 8.13).

8.6.1. Tools from curves, and what we do not develop.
Genus, divisors, and Riemann—Roch for curves (Theorem 7.14) are now
available from Chapter 7. We use these tools on curves inside a surface,
but do not develop surface cohomology. This subsection separates the
results already proved from the additional results that will be quoted.

Genus. For a smooth projective curve C'; the genus g(C) is the
invariant defined and used in Chapter 7. For a smooth plane curve of
degree d, this agrees with the familiar formula
(d—1)(d—-2)

2 Y
proved in Theorem 7.33, and its canonical class is (d — 3) times a line
section (Proposition 7.13). On a surface, adjunction (Theorem 8.29)
will give a new way to compute the genus of a curve from intersection
data.

What is quoted. The Hilbert-polynomial calculation for curves
uses the identification of large graded pieces with sections proved in
Lemma 7.15. The final application to the Weil bound has one genuinely
new, surface-level input: the Riemann—Roch inequality for surfaces,
stated precisely in the index-theorem section below (Proposition 8.40).
Its proof belongs to the cohomology of surfaces, which we do not
develop; but — following Grothendieck’s note on Mattuck—Tate — that
one inequality is the only import: the index theorem (Theorem 8.43),
which unlocks the point count, will be derived from it here by completely
elementary bookkeeping, and the entire point-counting calculation is
then carried out in full.

The cubic-surface description and the very-ampleness used for the 27
lines are separate classical inputs, identified in that section (Section 8.11).
The zeta-function remark also quotes rationality and the functional
equation; neither is needed for the point-counting inequality itself.

9(C) =

8.7. Blowing up a point
The exceptional curve, with self-intersection minus one

Blow-ups are the first operation that really belongs to surface ge-
ometry. They are especially natural for linear systems: a rational map
may be undefined at a point, a pencil may have a base point, or two
curves may meet with unwanted multiplicity.

The local model was introduced in the section on blowing up a
point in Chapter 5 (Section 5.10, with the cusp picture on page 170):
Blg A? C A? x P! is the closure of the graph of (z,y) — (z : y), cut
out by nx — £y = 0; the projection 7 is an isomorphism away from the
origin; the exceptional divisor E = 7~1(0) is a copy of P!, the directions
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through the origin; and the two charts are y = nx, with coordinates
(x,n) and E = {z = 0}, and = = {y. What is new here is that the
construction can be carried out at a point of any smooth projective
surface, and that the result is again a smooth projective surface, so that
its intersection pairing is available.

For a general surface, there are two things to check: that these
local pictures fit into a projective surface, and that no extra component
has slipped into their equations. We start globally. Embed X c PV
and choose coordinates with P = (1:0:---:0). Define the blow-up

X =Blp X by

X={Q Xi(@Q:: Xx(@Q): Qe X\ {P}} C X xP",

with the reduced structure, and let m be the first projection. The
product is projective by the Segre embedding (Definition 4.49), so this
graph closure is an integral projective surface. Over X \ {P} it is
the graph of a morphism, and 7 is an isomorphism. It remains to
understand what has replaced P.

Choose functions z,y near P whose classes form a basis of mp/m%.
These are regular parameters ; by Nakayama’s lemma (Theorem B.29)
they generate mp.

Proposition 8.19 (The local model of a blow-up). For a sufficiently
small affine neighbourhood U of P, with R = k[U], the surface 7=*(U)
has charts

R[t]/(y —tx),  Rls]/(z — sy),
glued by s = t=1. The fibre E over P is P!, and X is smooth. The
construction is independent of the chosen embedding and parameters,
up to an isomorphism over X.

These are the two charts of the plane blow-up, now with z, y regular
parameters on X. Their verification, including the absence of extra
components in the equations, is in Section 8.16. Projectivity has already
followed from the graph closure. We can therefore use the intersection
pairing on X and ask what happens to a curve through P.

Definition 8.20. Let 7: X — X be the blow-up of a smooth surface
at a point P, with exceptional divisor E. If C'C X is a curve through
P, the strict transform C'is the closure of

T O\ A{P}).

Two definitions make the bookkeeping precise. First, the multiplicity
mp(C) of a curve C at a point P is mp(C) = max{m : f € m}} for a
local equation f. This maximum is finite for f # 0 by Krull intersection.
Since mp = (z,y), we may write

F=Yaa™y,  fa&n) =) a(P)E"
1=0

=0
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At least one a;(P) is nonzero: otherwise f would lie in m2™. The

homogeneous polynomial f,, records the tangent directions, just as in
Chapter 6 (Section 6.6). The following calculation will also show why it
does not depend on the chosen expression for f. No claim that the local
ring is a polynomial ring is needed. Second, the pullback of divisors
along m: if C' has local equations f; on an open cover U; of X, then
the compositions f; o m are local equations of a divisor 7*C' on X —
compatible on overlaps, because the f; differ there by units — and 7*
extends to all divisors by linearity.

Lemma 8.21 (Total transform). If C' has multiplicity m = mp(C) at
P, then as divisors N
™C =C+mkE.
PROOF. Away from E the map 7 is an isomorphism onto X'\ { P}, so

there 7*C' agrees with the strict transform C'. Shrink the neighbourhood
so that the coefficients a; above are regular. Substitution y = tx gives

fom=a™ Z(ai o)t
=0

Modulo z, the quotient is

The restriction is a nonzero polynomial in k[t], and is intrinsic be-
cause it is the restriction of (f o m)/x™. This also proves the asserted
independence of f,,. Thus the order along E is exactly m; zeros of
fm(1,t) record the tangent directions where the strict transform meets
E. The second chart includes the remaining direction. For a curve with
multiplicities, take the strict transforms of its prime components with
the same coefficients. U

This formula is the practical way to compute how intersection
numbers change.

Proposition 8.22. Let 7: X — X be the blow-up of a smooth surface
at a point P, and let E be the exceptional divisor. Then

E?=-1 A E =0, m*A-m"B=A-B
for divisors A, B on X. If C, D C X are curves with multiplicities m
and n at P, then

Y

C-D=C-D—mn.

PROOF. For any divisor A on X, choose a local rational equation a
at P. The divisor A’ = A — div(a) ~ A vanishes on a neighbourhood
of P. Pullback preserves principal divisors, so 7*A ~ 7w* A’; the latter is
disjoint from E. Hence 7*A - E = 0.

Also 7*A - n*B = A - B for any two divisors: use A’ as above and
move B away from the prime components of A’ by Lemma 8.12. Both
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products are now the same signed local sum away from P, where 7 is
an isomorphism. There are no extra terms on F, since 7*A’ misses it.
Take a hyperplane section C' smooth at P (choose its differential

nonzero on TpX). Writing 7*C = C + E gives
0=7rC-E=(C+E)-E.

The local charts show that C meets E transversely in one point, so
C-E =1. Hence E? = —1. Expanding

C 7D = (C +mE)(D +nkE)

then gives the stated formula: C-E=mand D- E = n by intersecting
the total transforms with E, and hence C'- D = C - D + mn. O

Remark 8.23 (Blowing up several points). To blow up distinct points
Py, ..., P., blow them up one at a time. After the first blow-up the
remaining points still lie off the exceptional curve E;, where 7 is an
isomorphism, so the proposition applies at each step. The exceptional
curves are disjoint, so E; - E; = 0 for i # j, and each E? = —1; the
result does not depend on the order. This is how BlsP?, BlgP? and
BlyP? are used below.

Blowing up also changes the canonical class in a completely con-
trolled way, and the computation is a one-line pullback of 2-forms.

Proposition 8.24 (The canonical class of a blow-up). Let : X=X
be the blow-up of a smooth surface at a point P, with exceptional curve
E. Then

Ky=m"Kx+FE.

PRrOOF. Choose local coordinates (x,y) at P and take the rational
2-form w = dx A dy on X; its divisor has no component through P. In
the blow-up chart with coordinates (z,7n), where y = nz,

m'w=dx Nd(nzx) =xdx Ndn,

which vanishes to order exactly 1 along F = {x = 0} (and symmetrically
in the other chart). Away from E the map 7 is an isomorphism, so
div(r*w) = 7* div(w) + E. Taking classes gives the formula. O

Example 8.25. Blow up P? at a point P. Let H be the pullback of a
line and let E be the exceptional divisor. Then

H? =1, H-E=0, E?=-1

Y

and Proposition 8.24 gives K = —3H + E, using Kp: = —3H from
Example 8.17. The strict transform of a line through P has class H — E,
and

(H—-E)?*=0.
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Indeed, the lines through P become disjoint fibers of a map Blp P? —
P! so (H — E)? = 0 is another instance of the continuity principle
(Corollary 8.15).

the pencil of lines through P their strict transforms, class H — FE

F1GURE 5. Blowing up the base point of the pencil. On
Blp P? the strict transforms of the lines through P are
disjoint — the computation (H — E)? = 0 made visible
— and each meets the exceptional curve E once, in the
point of F recording its direction at P. Together they
are the fibres of the morphism Blp P? — P!

Example 8.26. Plane curves of degree d passing through P with
multiplicity exactly m are transformed on the blow-up into curves of
class

dH — mFE.

This is the surface-theoretic form of a Hilbert-function question: how
many degree d homogeneous polynomials vanish to order m at P?

In this language, blowing up turns imposed base conditions into
divisor classes. If m: P2 — P? is the blow-up of points P, ..., P,
with exceptional divisors i, ..., E,, then the total transforms of plane
curves of degree d passing through P; with multiplicity at least m;, after
subtracting » . m;E;, form the linear system

’dH — m1E1 — = mrE,«|

on the blown-up surface. A member with multiplicity larger than m;
retains an exceptional component; it is just the strict transform when
all multiplicities are exactly m;. The base points have not disappeared
by magic; they have become visible as the exceptional divisors. This is
why blow-ups and linear systems should be read together.

8.8. Linear systems and maps
Moving curves define maps to projective space

Let D be a divisor on a smooth surface X, and let V C
H°(X,0x(D)) be a nonzero vector subspace. Sections here are
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rational functions, so we cannot simply evaluate s at a point where it
has a pole. Near P € X, choose a nonzero rational local equation d for
D, so that D = div(d) on this neighbourhood (Proposition 8.2). The
function d may itself have poles when D has negative coefficients. For ev-
ery section s, however, ds is regular: for s # 0, div(ds) = div(s)+D >0
locally, and unique factorization in the regular local rings cancels all
denominator factors.

We say that s vanishes at P when (ds)(P) = 0. For s # 0, this
means that the effective divisor div(s) + D contains P. Another local
equation has the form d’ = ud with u a regular unit, so this condition
does not depend on the choice. A point P is a base point of PV if every
section in V' vanishes there, equivalently if every divisor in the family
contains P. Away from the base locus, a basis sq, ..., sy defines the
local map

X - PV, P+ ((dso)(P) :---: (dsn)(P)).

Changing d multiplies all coordinates by the same nonzero scalar u(P),
so these local maps agree on overlaps. Their coordinates are regular and
not all zero away from the base locus; hence they glue to a morphism
there. If V' is base-point-free, we obtain a morphism

ov: X — PV,

For example, for D = V(Z) on P, the sections 1, X/Z,Y/Z give, on the
chart X # 0 with d = Z/X, the regular coordinates (Z/X : 1:Y/X),
and similarly on Y # 0. Thus the apparent poles along Z = 0 are not
base points.

For a system with base points, first remove any fixed components,
curves contained in every member: locally this cancels common factors
without changing the rational map (compare Example 5.11). Remaining
base points can be resolved by successive blow-ups, including further
points on exceptional curves if necessary. The distinction matters: the
base locus records the chosen system, whereas the indeterminacy locus
records where the rational map itself fails to extend.

Example 8.27. The pencil of lines through a point P € P? gives a
rational map

P2 -5 P,

It is the subsystem of |H| consisting of lines that contain P, and P
is its unique base point. After blowing up P, the moving curves have
class H — FE, so the rational map becomes a morphism

BlpP? — P!

The fibers are the strict transforms of the lines through P, each of class
H — E. The computation

(H—E)?=0
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means exactly that two different fibers do not meet on the blown-up
surface.

Example 8.28. The quadratic Cremona transformation
P? -5 P2, (X:Y:Z)— (YZ:XZ:XY)

is defined by the linear system of conics through the three coordinate
points. On the blow-up of these three points the system becomes

12H — Ey — Fy — Ej|.

It is base-point-free and defines a morphism to P2. The strict transform
of the coordinate line through the points P; and P; has class H — F; — E,
and

(2H—-E,—Ey,—E3)-(H—-E;,— E;)=0.
Thus that curve has degree zero with respect to the map and is con-
tracted. One and the same operation both removes indeterminacy and
explains why some curves collapse to points.

8.9. Adjunction and genus
The genus of a curve, computed on the surface

Intersection numbers do more than count intersection points. They
also know the genus of curves on a surface.

Theorem 8.29 (Adjunction). Let C' be a smooth irreducible curve on
a smooth surface X, and let Kx be a canonical divisor on X. Then

29(C) —2=C - (C + Ky).

PROOF viA RESIDUES. We will turn a rational 2-form on X into
a rational 1-form on C, and compare their divisor orders. Choose a
nonzero rational 2-form w. By Lemma 8.12, there is a rational function
h such that
D =div(hw)+C ~ Kx +C
has no component C. Put n = hw; its order along C' is exactly —1.

Near a point P of C', choose regular parameters z,y with C' = (x =
0). Then dy|c is a nonvanishing regular differential near P, and

n= gcla:/\dy, ve(a) = 0.
x

Thus a has a well-defined, nonzero restriction to the function field of C'.
Define the residue along C' by

p = (alc) dylc.

This is a rational differential; a|c may have zeros or poles at individual
points.

We check both coordinate choices. Suppose 2’ = ux, with u a regular
unit, and write dy’ = Adx + Bdy. If do’ ANdy' = J dz A dy, then

Jlo = (ule)(Ble),  d|c = (Ble) dyle-
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Indeed, dz’ = u dx+x du, and the second term disappears on C'. Writing
the same form as n = (a//2’) dz’ A dy’ gives a = a'J/u, so

(ale) dyle = (d'le)(Ble) dyle = (d'|c) dy'|c-

The local expressions therefore define one nonzero rational differential
p on C', independent of coordinates.

Locally D = div(a), since dz A dy has no zero or pole and the term
C cancels the denominator x. For a divisor with no component C, the
local calculation in Lemma 8.9 on the smooth curve gives

Ip(D,C) = ordp(alc) = ordp(p).

Here intersections are extended by signs when D has negative coefficients;
the last equality uses that dy|c does not vanish. Summing over P and
using Proposition 7.22; we obtain

(Kx+C)-C=D-C =degdiv(p) =29(C) — 2.
U

Remark 8.30 (The canonical class of C, not only its degree). For a
divisor D on X with no component C', write D|c = ) p. Ip(D,C) [P],
a divisor on C'. The proof gives more than a degree: it shows div(p) =
D|c. If D' ~ D also has no component C, then D' — D = div(f) and
Lemma 8.9 gives D'|¢ — D|¢ = div(f|¢), so the class of D|c depends
only on the class of D. Hence

Ko~ (Kx +0)le,

which is the usual form of the adjunction formula; taking degrees gives
the theorem.

Example 8.31. On P2, the canonical class is Kp» = —3H. If C'is a
smooth plane curve of degree d, then C' ~ dH, and adjunction gives

29(C) —2=dH - (dH — 3H) = d(d — 3).

Thus

o(0)= =22

as before (Theorem 7.33). The old formula now appears as a special
case of a surface calculation. Remark 8.30 gives the class itself, K ~
(d — 3)H|¢, which Chapter 7 computed directly (Proposition 7.13) with
the differential dx/f,, f the affine equation of C'. The surface explains
where that differential comes from. Choose coordinates so that C' is not
the line at infinity, and take n = dx A dy/f: it has a simple pole along
C, and D = div(n) + C = (d — 3) L for the line at infinity L., (the
pole of order 3 of Example 8.17 and the d-fold zero of 1/f there). Near
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a point of C' with f, # 0 the functions f,x are regular parameters, and
df Ndx = —f,dx N\ dy, so

—1/f, dx
n=—"=df Ndxz, p=——F1 -
f fyle
Up to sign, the differential of Chapter 7 is the residue of dx A dy/f
along C, and its divisor is D|¢ = (d — 3) Leo|c-

Example 8.32. On P! x P!, the canonical divisor is
K = -2F — 2F;.

If C' is a smooth integral curve of bidegree (a,b), then C' ~ aFy + bF5,
and

29(C) —2 = (aFy +bFy)((a — 2)Fy + (b —2)Fy) = 2ab — 2a — 2b.
Hence
9(C) =(a—-1)(b—1).
Example 8.33 (Consisjency check on a blow-up). For the exceptional
curve of a blow-up 7: X — X, adjunction and Proposition 8.24 give

29(E)—2=FE"+Kg-E=-1+(n"Kx+E)- E=-14+0—-1= -2,

so g(E) =0 — as it must be, since F 2 P! by construction.

8.10. Fibrations: surfaces as families of curves
One-parameter families, from pencils to elliptic fibrations

The continuity principle (Corollary 8.15) said that the fibres of a
morphism to P! form the basic moving family of divisors. Turn this
around and it becomes a way of building and studying surfaces: a
surjective morphism

f: X —P

— a fibration — exhibits the surface as a one-parameter family of curves,
its fibres, and much of the geometry of X is stored in how the fibres
vary. This is something genuinely two-dimensional: a curve cannot
fibre over anything smaller. We already know two examples — the
projections P! x P! — P! (fibres the rulings) and Blp P? — P! (fibres
the strict transforms of lines through P, of class H — E) — and the
mechanism behind the second is general: a pencil of curves with base
points becomes a fibration after the base points are blown up.

The showpiece is a pencil we have known since Chapter 3.

Example 8.34 (The pencil of cubics, revisited: an elliptic fibration).
Let Cy, Oy C P? be two smooth cubics meeting in 9 distinct points
Py, ..., Py (the Bézout number, Theorem 6.34), and consider the pencil

C()\;M) = V(/\Fo + /LFOO) ,

the same kind of family that ran the associativity proof of the group
law. Every member passes through all nine base points, so the recipe
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r — (Fy(z) : Fyo(x)) is a rational map P? --» P! undefined exactly
there. Blow up the nine points:

X =Blp,_ pP* — P,

a morphism whose fibres are the strict transforms of the members of
the pencil, of class

F=3H—FE —---—Ey.

(For a general pencil the base points are distinct and every member
passes simply through each; we assume this.) Now compute, using
Proposition 8.24 nine times:

F?’=9-9=0, Kx=-3H+E +---+E=-F.

The first equation is the continuity principle confirmed: fibres move off
themselves. The second says the fibres are exactly the anticanonical
divisors of X. And adjunction (Theorem 8.29) computes the genus of a
smooth fibre:

29(F)—2=F*4+ Ky -F=0+(-F)-F=0 — g(F)=1.

Every smooth member of the pencil is a curve of genus one: X is
an elliptic fibration, a moving family of the elliptic curves studied
in Chapter 7. The nine points of the 3 x 3 square in the group-law
proof (Figure 5) were the base points of such a pencil. Choosing one
exceptional curve as the zero section equips each smooth fibre with the
group structure from Pic? in the curves chapter (Subsection 7.7.1).

Remark 8.35. Not every fibre is smooth: a pencil of cubics contains
finitely many singular members, which need not all be nodal. They
are detected by the vanishing of a discriminant in (A : p), exactly the
mechanism of Chapter 1. The interplay between the smooth fibres and
the finitely many singular ones is the beginning of the theory of elliptic
surfaces, one of the doors out of this book. A second fibration, whose
fibres are conics on a cubic surface, is Example 8.39 in the next section.

8.11. Cubic surfaces and the twenty-seven lines
Siz blown-up points, twenty-seven lines

A smooth cubic surface in P is the first projective surface where
many themes of the chapter meet: hyperplane sections, linear systems,
blow-ups, intersection numbers, and special curves.

Theorem 8.36 (Cayley—Salmon). Fvery smooth cubic surface over an
algebraically closed field contains exactly 27 lines.

We prove the theorem below from two classical geometric inputs,
which we quote: every smooth cubic surface is the blow-up of six
distinct points of P2 in general position, and the cubics through such six
points give a very ample system on the blow-up. Here general position
means that no three points are collinear and that no conic contains all
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six. These statements hold over an algebraically closed field in every
characteristic (see Hartshorne, Algebraic Geometry, V.4).

Remark 8.37. One route to the first input starts with a line ¢ C S:
planes through ¢ cut out residual conics, giving a conic bundle over
PL. Showing that a line exists and analysing the degenerate conics are
substantial steps in the classical proof, not arguments supplied here.
Once S = BlgP? is granted, the conic bundle itself is easy to see; see
Example 8.39.

The reverse construction is more concrete and is the one we use
from here on. Start with six points P, ..., Ps € P? in general position
and blow them up. Plane cubics form a P?. The six point conditions
are independent: for each P;, pair four of the other five points and
take the two joining lines, then a line through the fifth avoiding P;.
Their product vanishes at the other five points and not at P,. Thus the
cubics through all six form a P2. On the blown-up surface their total
transforms minus > E; form the linear system | M|, where

M:3H—E1——E6
Its self-intersection is
M?*=(3H—-E| —-—FEg)?=9—6=3.

By the second quoted input, for six points in general position this
system is base-point-free, in fact very ample — meaning that the map
to projective space it defines, @y : X — PV is an embedding — and
gives an embedding of the blown-up surface in P? as a surface of degree
3. More generally, a divisor D on a surface X is called ample if some
positive multiple mD is very ample; ampleness is the right positivity
notion for asking a linear system to eventually give an embedding. Very-
ampleness depends only on the linear-equivalence class of D; ampleness
depends only on the coarser numerical class, a deeper theorem (Nakai—
Moishezon) that we quote, whereas very-ampleness can change within
a numerical class. The classical theorem says that every smooth cubic
surface arises in this way. We therefore take the identification S = Blg P2
as given. (The classical ”double-six” configuration of the 27 lines is a
refinement of this picture, organizing the lines into two sets of six skew
lines in bijection.) Let
H Ey, ..., Eg

denote the pullback of a line and the six exceptional curves. The
intersection numbers are

H? =1, H-E; =0, E;-E; =0 (i #j), E? — 1.

)

Under the embedding as a cubic surface, the lines are precisely the
curves of self-intersection —1 and degree 1. Here is why: the canonical
class is Kg = —3H + Ey + -+ -+ Eg = —M (Proposition 8.24 applied six
times), i.e. minus the hyperplane class, so adjunction (Theorem 8.29)
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reads 2¢g(L) — 2 = L? — deg L for a smooth curve L C S. An integral
curve of degree 1 in P is a line, hence rational: g(L) =0 and deg L = 1
force L? = —1. Apart from the exceptional curves, any prime curve is
the strict transform of a plane curve, of class aH — > b;E; with a > 1
and b; > 0. The two equalities give

d bi=3a—1, > b=d+1

Cauchy-Schwarz gives (3a — 1)® < 6(a® + 1), hence a = 1 or 2. For
either value the two sums are equal, so every b; is 0 or 1: exactly two
are 1 when a = 1, and five when a = 2. The full list is:

E; (6 curves),
H—E;,— E; (15 curves),

the strict transforms of lines through two of the six points, and
9H —Ey— -+ — F; — -+ — Eg (6 curves),

the strict transforms of conics through five of the six points. A conic
through any five exists by linear algebra. It cannot split into two lines,
since no line contains three points; and it is unique, since two distinct
integral conics have only four intersections by Bézout (Theorem 6.34).
It misses the sixth point by general position. Thus all listed classes are
represented by integral curves. Each has M-degree 1, hence maps to
a line. There cannot be two distinct prime curves in one listed class:
their intersection would be —1, whereas their local intersection numbers
are nonnegative. The count is therefore

6+15+6=27.

Example 8.38. This description is the payoff of the linear-system
viewpoint. The cubic surface itself is embedded by

13H — By — - — Ey,

the plane cubics passing through the six points. A surface in P? is
thus constructed from plane curves with assigned base points, and the
exceptional divisors remember exactly what happened at those points.
The lines on the cubic surface are then read off from simple plane curves
through the same six points: exceptional curves, lines through two
points, and conics through five points.

Example 8.39 (A conic bundle on the cubic surface). Keep S = Blg P?
and the notation above. The lines of P? through P, form a pencil
with base point P;, and by general position each of them contains at
most one of Py, ..., Ps. Since S is obtained from Blp, P? by blowing up
Py, ..., P, composing that blow-up with the morphism Blp, P? — P!
of Section 8.8 gives a fibration

S — P!
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Clebsch cubic: line overlay A second view

F1GURE 6. Two views of the Clebsch diagonal cubic, with
segments of all 27 real lines overlaid on a transparent
surface. A real affine chart is chosen so that none of
these lines lies wholly at infinity; each line meets the
displayed window. The classes F;, H — E; — E; and
2H—-FE; — - — /E\z — .- — FEjg are abstract bookkeeping
on the blown-up plane; on the embedded surface they
become the visible lines.

whose general fibre is the strict transform of a line through P; alone, of
class

F=H-EF.
By the continuity principle (Corollary 8.15) every fibre has this class,
and

F2P=1-1=0, Ks-F=-M-F=—(3-1)=-2, M-F =2.

Adjunction (Theorem 8.29) gives 2¢g(F) —2 = 0—2, so the smooth fibres
have genus 0 (as they must: they are copies of a line), and M - F = 2
says that in S C P? they are curves of degree 2, that is, conics. The
fibre over the line Py P; (j =2,...,6) is the total transform of its strict
transform on Blp, P2, which passes once through P;; by Lemma 8.21 it
is (H — Ey — E;) + E;, two of the 27 lines, meeting in one point since
(H— Ey — Ej) - E; = 1. So exactly five fibres are singular, each a pair
of lines. The line F; has E; - ' =1 and meets every fibre once.

These conics are the residual conics of the planes through a line.
Let ¢ be the line of class 2H — E5 — --- — Fg. Then

F4l(=3H-F — —FEg=M, F-{=2,

so each fibre, together with ¢, is a member of | M|, that is, a plane section
of S, and it meets ¢ in two points, as a conic and a line in one plane
should. This is the conic bundle obtained by projecting S from the line
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¢, mentioned in the remark before the construction (Remark 8.37). Its
genus-0 fibres, with F'2 = 0, are the rational counterpart of the genus-1
fibres of Example 8.34.

8.12. The index theorem
One inequality is enough

The Weil bound in the next section needs one more tool: a divisor
orthogonal to the hyperplane class has non-positive self-intersection.
This is a form of the Hodge index theorem. Following Grothendieck’s
1958 note on the work of Mattuck and Tate, we derive it from a quoted
Riemann—Roch inequality for surfaces. The inequality is the additional
input; the deductions from it are proved here.

Proposition 8.40 (Riemann—Roch inequality for surfaces — quoted).
Let X be a smooth projective surface. There is an integer x(X), de-
pending only on X, such that for every diwvisor D on X,

f(D)—i-é(Kx—D) > %D-(D—Kx)—i-x(X).

This is the shadow of the full Riemann—Roch theorem for surfaces,
which is an equality after inserting a middle cohomology term, and
whose proof (together with the Serre duality hiding in the symmetric
role of D and Kx — D) requires the cohomological theory we have
chosen not to build. Note what little is asked: the constant y(X) is
never computed in this book — only its existence matters — and the
inequality will be used solely through the fact that its right-hand side,
evaluated at mD, is a quadratic function of m with leading coefficient
%DZ. References: Hartshorne, Algebraic Geometry, Theorem V.1.6;
Beauville, Complex Algebraic Surfaces, Theorem 1.9.

Lemma 8.41. Let X C PV be a smooth projective surface with hyper-
plane class h.

(1) If ¢(D) > 0, then (D + D') > ¢(D’) for every divisor D'.

(2) h? =deg X > 1.

(3) If ¢(D) > 2, then D - h > 0.

PROOF. (1) Fix a nonzero f € H*(X,Ox(D)); multiplication by f
maps H°(X, Ox(D")) injectively into HY(X, Ox (D + D’)).

(2) is the identification deg X = h? of Subsection 8.3.1.

(3) The class of D contains a nonzero effective divisor Dy: some
[ € H'(X,Ox(D)) gives Dy = D+div(f) > 0, and Dy = 0 would mean
D ~ 0 and hence (D) = ¢(0) = 1. Two hyperplane sections are linearly
equivalent — their difference is the divisor of the ratio of the two linear
forms — and the hyperplanes containing a given irreducible curve form a
proper closed condition (Chapter 4); so we may compute D -h = Dy - b/
with a hyperplane section A’ containing no component of Dy. The
intersection is then a nonempty finite set — every hyperplane meets every
curve, by the nonemptiness proposition of Chapter 4 (Proposition 4.44)
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— and each of its points contributes a local intersection number > 1.
Hence D - h > 0. O

Proposition 8.42 (Divisors of positive square move). Let D be a
divisor on a smooth projective surface with D* > 0. Then {(nD) > 2
for some integer n # 0.

PROOF. Set M =1+ max(1,{(2Ky)) > 2. The right-hand side of
the Riemann—Roch inequality (Proposition 8.40) for mD,

1m?D* —im(D- Kx)+ x(X),

tends to +oo as |m| — oo, because D? > 0. Fix m > 0 with this
quantity at least 2M at both m and —m; then

{(mD)>M or (Kx—mD)>M,

and likewise with m replaced by —m. Suppose ((Kx — mD) > M.
First, {(Kx +mD) = 0: otherwise part (1) of Lemma 8.41 would give

((2Kx) = (((Kx+mD)+(Kx—mD)) > {(Kx—mD) > M > ((2Kx),

absurd. But then the alternative at —m leaves only ¢(—mD) > M. So
in every case

{(mD)>M > 2 or  l(—mD)>M >2. O

Theorem 8.43 (The index theorem). Let X C PV be a smooth pro-
jective surface with hyperplane class h, and let D be a divisor with
D-h=0. Then

D?><0.

PROOF. If D? > 0, Proposition 8.42 produces n # 0 with {(nD) > 2,
and then Lemma 8.41(3) gives (nD)-h # 0, contradicting D-h =0. O

Remark 8.44 (The classical statement). Two words of vocabulary
put this in its classical form. A divisor class N is numerically trivial if
N -C =0 for every curve C' C X; two classes are numerically equivalent
if their difference is numerically trivial. The group of classes modulo
numerical equivalence is a finitely generated free abelian group — a
theorem of Néron that we do not use — and on the associated real vector
space the intersection form is nondegenerate of signature (1, p(X) — 1),
where p(X) is the rank, called the Picard number. This signature
statement is the Hodge index theorem (Hodge 1937; also Segre and
Bronowski); our theorem above is its working half — one positive square,
everything orthogonal to it non-positive — and is all the next section uses.
The elementary derivation from the Riemann—Roch inequality is due
to Grothendieck (Sur une note de Mattuck—Tate, J. reine angew. Math.
200 (1958)), sharpening Mattuck—Tate (Abh. Math. Sem. Hamburg 22
(1958)), who first deduced the Weil bound this way.
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8.13. A surface proof of the Weil bound for curves
Counting points over finite fields with intersection theory

We end with an application where the surface is naturally presented
as a product of curves. Let C' be a smooth projective, geometrically
integral curve of genus g over the finite field F,. The Weil bound says

[#C(Fy) — (¢ +1)] < 29/q.

This is the Riemann hypothesis part of the Weil conjectures for curves.

The first problem is to turn a finite-field point into an intersection.
The second is to explain the central value ¢ + 1 and control the error.
The diagonal and the graph of Frobenius answer the first question;
subtracting suitable fibres will answer the second.

8.13.1. Counting fixed points. For intersection theory we work
over F, and write C' also for the base-changed curve. Choose any
geometric point Fp; it need not be rational over F,. The surface is

X=CxC.
It contains three important curves:
V ={PF} x C, H=Cx{R}, A={(P,P)| PecC}.

The g-power Frobenius morphism defined over I, after this base change,
is a morphism F': C' — C with graph

Tp={(P.F(P))|PeC}cCxC.

A point P € C(F,) is exactly a point with F(P) = P, so the set-
theoretic intersection I'r N A is the set of F -points of C. Moreover
each such point counts with multiplicity exactly 1: the differential of
the Frobenius morphism is zero (in local coordinates F' raises functions
to the g-th power, and d(t?) = qt?~'dt = 0 in characteristic p), so at
a fixed point P the tangent line of 'z is {(v,dF (v))} = {(v,0)} while
that of A is {(v,v)} — two distinct lines, i.e. a transverse intersection.
Hence
#C(F,) =Tp-A.

Thus point counting has become an intersection problem on a surface.

8.13.2. An intersection table. The basic intersection numbers
can all be seen directly. For H? we cannot simply use the disjoint curve
C' x{P,}, since for g > 1 it need not be linearly equivalent to H. Instead,
choose n > max(1,2g). Curve Riemann-Roch (Theorem 7.14) gives
{(nPy) —((n—1)Py) = 1, so |nPy| contains a divisor D’ not passing
through P,; pulling back the function with divisor D' — nP, gives
nH ~ C x D', which is disjoint from H. Hence nH? = 0 and H? = 0
(Proposition-Definition 8.13); likewise V2 = 0. A horizontal and a
vertical curve meet transversally in the single point (P, P), so H-V = 1.
The graph I'r meets V = {Fy} x C only at (P, F(F)), transversally,
so T'p -V =1; and T'r N H is the fibre F~!(Py) x {Py}. The ¢-power
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Incidences in C x C At a fixed point P

.
° TA = {(v,0)}

! (Po, Po)

I'r- V=1, T'r-H=¢q dF =0: transverse intersection
I'r-A=#C(F,) multiplicity 1

F1cURE 7. The curves used in the Weil-bound argument.
Left: an incidence schematic, not a real plot or a topo-
logical model of C' x C. The fibre I'r N H has length ¢,
although it has only one geometric point. Right: at any
fixed point P, the two tangent lines are distinct because
dF =0, so I'p - A counts that point once. The marked
fixed point illustrates the local argument; its existence is
not assumed.

Frobenius is finite of degree ¢: for the function field K over the algebraic
closure, any finite extension K/k(t) gives [K : k(t?)] = q[K : k(t)] and
[K? : k(t?)] = [K : k(t)], hence [K : K = g. Thus this fibre has
length ¢ as a non-reduced variety (over an algebraic closure it is always
one point with multiplicity ¢, not ¢ distinct points). Thus I'r - H = q.
Finally, the diagonal meets H = C' x { Py} exactly in the point (Fy, Fp),
transversally (the two tangent directions are those of the two factors),
and likewise for V.

The two remaining self-intersections are where genus enters. Both
A and I'g are isomorphic to C' by the first projection, even though the
second projection of I'g is inseparable. The canonical divisor of the
product is

Kx =piKe + pyKe

(Remark 8.18). Its restriction to the diagonal has degree 2deg K¢ =
2(2g — 2). Adjunction (Theorem 8.29) therefore reads

29— 2= (Kx +A)-A=202g—-2)+A%  A?=2_-2g.

On the graph, the two projections have degrees 1 and ¢, so Kx - I'p =
(g +1)(2g — 2). A second use of adjunction gives

29 -2=(¢+1)(29-2) +T% T =q(2-29)
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Thus all the data needed below fit in one table:
A \ Z-H Z-V 72

H| 0 1 0

V| o1 0 0 Tp-A=#C(F,).
Al 1 1 2 -2

Tr| ¢ 1 q(2—29)

8.13.3. Removing the fibre contributions. The intersections
with H and V' only measure projection degrees. We want to separate this
elementary information from what remains of the graph and diagonal.
Since H*> =V? =0 and H -V = 1, subtracting aH + bV from a divisor
Z makes both fibre intersections vanish exactly when a = Z -V and
b= Z - H. The table therefore forces the choices

D=Tr—H—qV, E=A—H-YV.
These are divisor classes, not effective curves. By construction,
D-H=D-V=FE-H=F-V=0.

In particular, the fibre part of the intersection is (H+¢V)-(H+V) = ¢+1,
and the cross-terms vanish. Thus

#C(Fy) =q+1+D-E.

This explains the centre of the Weil bound: the error is precisely the
intersection of the two corrected classes.
Let us also compute their squares, keeping the cross-terms visible:

D?=T% - g -H —2qTp -V +2¢H -V
= q(2 — 29) — 2q — 2q + 29 = —2gq,

EF*=A?-2A-H-2A-V4+2H-V
=(2—-29)—2—-2+2=-2g.

The problem is now numerical: how large can D - E be when these two
self-intersections are fixed?

8.13.4. The index inequality. The index theorem (Theorem 8.43)
supplies the answer. It was proved in the preceding section from
the quoted surface Riemann-Roch inequality (Proposition 8.40). Its
hypothesis is orthogonality to a hyperplane class, so we must still check
that the fibre corrections achieve that too. Embed both factors of C'x C'
by one fixed projective embedding of C', of degree e say, and embed the
product by the Segre map (Chapter 4, Definition 4.49). A hyperplane
section then pulls back, factor by factor, to e vertical and e horizontal
fibres: the hyperplane class is h = pjA + p3 B for hyperplane sections
A, B of C of degree e, which we choose to avoid Fy. (It is tempting to
write h = e(H + V'), but for g > 1 fibres over different points of C' need
not be linearly equivalent, so this holds only numerically; we avoid it
and compute with the fibres directly.) A vertical fibre {a} x C' with
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a# Pymeets I'p, H, V, Ain 1, 1, 0, 1 points; a horizontal fibre C' x {b}
with b # Fy meets them in ¢, 0, 1, 1 points, counted with multiplicity,
by the same local computations as above.

By these fibre counts,

D-h=e(l-1-0)+e(g—0—¢q) =0,
E-h=e(l—1—0)+e(l—0—1)=0.

For integer x,y, the class D + yE is a divisor class orthogonal to h, so
Theorem 8.43 gives (zD + yFE)? < 0. For rational x,y the same follows
by clearing denominators, since multiplying a class by m multiplies its
square by m?; and the function (z,y) — (zD + yE)? is a quadratic
form with rational coefficients, so non-positivity on the dense set of
rational points extends by continuity to all real z,y. The intersection
form is therefore negative semi-definite on spang (D, E). A symmetric
bilinear form that is negative semi-definite automatically satisfies the
Cauchy—Schwarz inequality (apply the ordinary positive-semi-definite
Cauchy-Schwarz to —(-)), so

(D - E)? < D*E?
Substituting the three calculations above gives

2
(#C(Fy) — (a+1))” < (—290)(—29) = 49”¢.
Taking square roots proves

[#C(Fy) — (¢ +1)] < 29/

For g = 0 the error is forced to vanish: there are exactly ¢ + 1 rational
points. In positive genus, adjunction supplies the two factors 2¢gq and
2g whose geometric mean bounds the error. This is how the genus of
a curve controls its finite-field point count through the geometry of a
surface.

Remark 8.45. This proof is included here not because every detail is
elementary, but because it shows the reach of the ideas in the chapter.
The same language that counts intersections of plane curves also controls
rational points over finite fields. Surfaces are the bridge: the curve C'is
studied by looking at the geometry of curves on the surface C' x C.

Remark 8.46 (The zeta function). The classical packaging of these

counts is the zeta function of C,
n

Z(C,t) =exp <Z #C(Fyn) —>.
n>1 n
We quote two classical consequences of Riemann—Roch over finite fields,
due to F. K. Schmidt: rationality and the functional equation. In
polynomial form they say

P(t)

A=y

P(t) = ¢°t*P(1/(qt)),
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where P € Z[t], P(0) = 1, and deg P = 2g. See Milne, Elliptic Curves,
second edition, V.9, historical notes. Write P(t) = [[2%,(1 — ajt).
Logarithmic differentiation of the defining series gives

Sp = Za? =q"+1—#C(Fpn), |5,] < QQQn/Z-

Here the inequality is our proved bound applied over every finite ex-
tension. It implies that ) ., s,t" = —tP’(t)/P(t) is holomorphic for
It] < g~ /2. Every zero of P is a pole of this logarithmic derivative, even
if repeated, so |a;| < ,/g. The functional equation makes the leading
coefficient of P equal to ¢7, hence [ [, |a;| = ¢?. All 2¢g inequalities must
therefore be equalities. For g = 0 there are no roots to check.

Thus |a;| = /g, the Riemann hypothesis for curves over finite fields,
follows from the point bound together with those two quoted inputs.
This is not a self-contained proof of all the Weil conjectures: even the
bound uses the stated surface Riemann—Roch inequality. Exercise 8.10,
The Weil conjectures, baby case, checks the numerical bound for a conic
and a cubic over small finite fields.

This is the point at which the main narrative of the book comes
together. Plane-curve intersection numbers have become an intersection
product on surfaces; blow-ups have become controlled modifications
of geometry; linear systems have become maps and families of curves;
Riemann—Roch and genus have entered through adjunction and the
Weil bound. The guiding question of the chapter was how curves live on
a surface. The answer is that they live numerically, through intersection
products, and geometrically, through the linear systems and birational
transformations those numbers control.

From here the subject opens in several directions: a fuller coho-
mological intersection theory, the birational classification of surfaces,
moduli of curves and surfaces, and arithmetic geometry. The two starred
sections below are optional excursions from the main line, and the lab
chapter (Appendix A) and appendices that follow are tools for that
further work.

8.14. x Chow groups on a smooth surface
Optional: an outlook on cycles

This short starred section is an outlook and may be skipped: noth-
ing else in the book depends on it. Linear equivalence is enough for
divisors, but intersection theory has a larger natural language: rational
equivalence of cycles.

For a smooth surface X, the group Z*(X) is the free abelian group
on integral curves. Rational equivalence in codimension one is generated
by principal divisors div(f) for f € k(X)*. The first Chow group is

CH'(X) = Z'(X)/{principal divisors}.
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For smooth X, this is the same group as the Picard group. The group
CH?(X) is generated by closed points modulo rational equivalence.
Intersection of divisors gives a product

CHY(X) x CH*(X) — CH*(X).
Taking degrees of zero-cycles gives the numerical intersection pairing
CH'(X) x CHY(X) — Z.
Example 8.47. For P2, let H be the class of a line. Then
CH* (P?) = Z[H]/(H?),

where H? is the class of a point. A plane curve of degree m has class
mH, so two plane curves of degrees m and n have product

(mH)(nH) = mnH?>.
This is Bézout’s theorem (Theorem 6.34) in the Chow ring of P2.
Example 8.48. For P! x P!, with F} and F, as in Section 8.1,

CH*(P' x P') = Z[Fy, F]/(F, F3),

and F1F; is the class of a point. A curve of bidegree (a,b) has class
CLF1 + bF2

8.15. x Affine surfaces and arms at infinity
Optional: Harnack’s theorem for real affine surfaces

This starred section is a real-topology application that uses no
intersection theory; it may be skipped, and nothing else depends on
it. Figure 3, in the gallery of Section 8.1, shows the two arms of the
diagonal quartic and raises a natural question: what can bound the
number of arms of a real affine surface? Under a clean hypothesis
at infinity, Harnack’s theorem (Theorem 3.39) gives a satisfying first
answer.

Definition 8.49. Let X = V(f) C A2 be a smooth real affine surface,
with f € R|x,y, z] of degree d. Let F' be the homogenization of f and
set

X =V(F)cCP, H,, =V(W).
The curve at infinity (or divisor at infinity) of X is
Dy =XNH,,

a curve in H,, ~ P% cut out by the leading form f;(X,Y, Z).

An arm of X(R) is a connected component of X (R) \ B, for all
sufficiently large balls B, C A3; equivalently, a topological end of X (R)
coming from the divisor at infinity.
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When D, is smooth, its real locus Dy (R) consists of ovals and, in
odd degree, one pseudo-line. Each component is a circle. A tubular
neighbourhood of one such circle inside X (R) is either a cylinder (if the
circle is two-sided in X (RR)) or a Mébius band (if one-sided). Removing
D+ (R) to pass to the affine surface converts a cylindrical collar into
two arms and a Mobius collar into one. This gives the following bound.

Proposition 8.50. Let X = V(f) C A3 be a smooth real affine
surface. Suppose D, is a smooth real plane curve, so that X meets H,

transversely. Let ro, be the number of connected components of D (R).
Then

#{arms of X(R)} < 2rn.

ProOOF. This is the collar discussion above, made into a count.
Each real component of D, has a neighbourhood in X (R) which is a
cylinder or a Mobius band — this is the tubular-neighbourhood theorem
of differential topology, the one import of this section — and removing
the component leaves at most two local ends. Every arm eventually
enters one of these collars, since the arms are exactly the ends created
by removing Do (R). O

The factor 2 is sharp when every real component of D, is two-sided
in X (R), but not automatic: for the affine plane A2, the line at infinity
is a one-sided pseudo-line in P?(R), so there is only one arm (the unique
end of R?), not two.

Combining Proposition 8.50 with Harnack’s theorem (Chapter 3,
Theorem 3.39), which bounds r., for any smooth real plane curve of
degree d, gives the main result.

Theorem 8.51 (Harnack bound for affine surfaces). Let X = V(f) C
A3 be a smooth real affine surface of degree d. Suppose Dy, is a smooth
real plane curve. Then

rWSWH

and consequently
#{arms of X(R)} < (d—1)(d —2) + 2.

PROOF. Proposition 8.50 gives #{arms} < 2r.. Since D is a
smooth real plane curve of degree d, Harnack’s theorem (Theorem 3.39)
bounds its number of real connected components by (d=0d=2) 1, giving
the stated bound on r.,. Substituting yields the arm bound. |

Example 8.52. For the diagonal quartic 2% + y* — 2* = 1 (degree
d = 4), the top-degree part of f = a1 +y* — 2" —1is fy = 2t +y* — 24,
so the boundary curve is

Dy: X*4+Y*—Z* =0 C P
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The curve at infinity (Z = 1)

Two affine ends

z— + 00

™~

Xt4vi=1

one real oval

/

zZ— — 00

Ficure 8. Harnack’s theorem applied to the diagonal
quartic z* + y* — 2 =1 (d = 4). The two affine ends on
the left approach the same oval of the curve at infinity,
drawn on the right in the chart Z = 1. Thus r, = 1,
and the sharper bound using this particular boundary
is #{arms} < 2r,, = 2, attained here. For an arbitrary
smooth plane quartic at infinity, Harnack gives ro, < 4.

Since X*+Y*4—Z* = 0 has no real solutions with Z = 0 (as X*+Y* >0
forces X =Y = 0), the entire real locus lies in the affine chart Z # 0,
where it is the squircle z* 4+ y* = 1 — a single smooth oval. Thus 7o, = 1,
the Harnack bound is trivially satisfied (1 < 4), and the arm bound
gives #{arms} < 2. The surface achieves this bound exactly: one
arm for z — +oo and one for z — —o0, both funneling into the same
boundary oval.

This is not the full topology of real algebraic surfaces; it is something
more modest and very useful. The complicated affine behaviour is
reduced to a classical plane-curve question on the divisor at infinity.

Remark 8.53. If the curve at infinity is singular, or if the projective
closure is singular along infinity, the clean collar picture can fail. Then
one has to replace D, by a resolved or normalized boundary divisor
and keep track of how its real branches meet. There are also broader
Smith—Thom type restrictions on real projective surfaces, comparing
the possible real topology with the complex projective surface. We will
not need those deeper inequalities here; the point of this section is the
elementary Harnack application.

8.16. Technical details: blow-up charts
Checking the global construction against its local model
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We verify Proposition 8.19 for the projective graph closure defined
in Section 8.7. No intersection formula on the blow-up is used in this
verification.

PROOF OF PROPOSITION 8.19. On X, # 0, put z; = X;/Xo.
These functions generate the ideal of P. After a linear change of
coordinates, take = 21,y = 2z whose classes form a basis of mp/m%.
Such a pair is called a pair of regular parameters, as in the statement
above. Nakayama’s lemma (Theorem B.29) says that they generate mp.
On a sufficiently small affine neighbourhood U, they generate the ideal
of P, their differentials are independent, and

The map
(@ [&: ) — (Q,[€:m: as(Q)E +b3(Q)n : -+ - an(Q)E + by (Q)7])

embeds U x P! as a closed subvariety of U x PN~1: its image is given
by the displayed linear equations in the last N — 2 coordinates, and
projection to the first two is its inverse. It identifies the graph of (z : y)
with the global graph above, and therefore also identifies their closures.
Thus only two direction coordinates are needed near P.

Write R = k[U]. We claim that these closures have charts

R[t]/(y —tx),  R[s]/(x = sy).

Here is the algebra that rules out an extra component. In Ox p/(z),
the image of y is a nonzero element of a one-dimensional regular local
ring, hence of a DVR,; geometrically, x = 0 is a smooth curve near P.
Multiplication by y is therefore injective there. Its kernel on R/(x) is a
finitely generated module whose localization at P is zero. Shrinking U
kills this kernel; we do the same with x and y interchanged.

Now map R[t] — R[1/x] by ¢t — y/x. If p(t) = I, c;it" maps to
zero, multiplication by z" and reduction modulo z give ¢,y" = 0 in
R/(z). Thus ¢, = zb. For n > 1, subtracting bt" ' (xt — y) lowers the
degree; induction shows that p lies in (xt — y). The degree-zero case
uses that R is a domain. This proves that the first displayed ring is the
graph closure, and the other chart follows by interchanging = and y.

The fibre over P is k[t] in the first chart and k[s] in the second, with
s =t~ ! on their overlap. Hence £/ =2 P!. At a point P’ of E in the first
chart, d(y — tz) = dy — t dz # 0; the Jacobian criterion (Section 6.3)
proves smoothness, with regular parameters z,¢ — t(P’). The second
chart is identical. We have therefore constructed a smooth projective
surface, so its intersection pairing is available. Finally, a different pair
of generators of the ideal of P differs near P by an invertible matrix.
This changes the homogeneous direction coordinates and identifies the
local graph closures, compatibly with the identity away from P. The
resulting blow-up is independent of the choices.
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Exercises for Chapter 8

8.1. Hilbert polynomials of surfaces. Let X C P? be a smooth
surface of degree d.

(1) Compute the Hilbert polynomial Px(t) of X (in terms of d) by
writing Hy (t) = Hps(t) — Hps(t — d) for large t.

(2) Identify deg X and dim X from your formula, and verify they
match the expected values.

(3) Assume char k # 2. For the Fermat quartic z*+y*+2%+w? = 0
in P2, write down the Hilbert polynomial. What is the genus
of a smooth hyperplane section?

8.2. Intersection numbers on P2. Let H denote the class of a line
in P2,
(1) Compute H - H using the fact that two general lines meet in
exactly one point.
(2) Let C' and D be plane curves of degrees m and n with no
common component. Express C'- D in terms of m, n, and H,
and verify this recovers Bézout’s theorem (Theorem 6.34).
(3) Assume char k # 2. For the cubic C = V(y?z — z®) and the
conic D = V(zz — y?) in P?, compute C - D and find the
intersection points explicitly.

8.3. Intersection numbers on P' x P'. Let F; = P! x {¢} and
F2 = {p} X ]P)l.

(1) Assume chark # 3. Let C' = V(23yo+231y1), a curve of bidegree
(2,1), and let D be the diagonal V (zoy; — x1%0). Find C N D
explicitly and check that the local intersection numbers add up
to the value ad + bc computed in the chapter (Example 8.16).

(2) Let C be an integral curve with C'- F; = 0. Show that C is a
fibre of the second projection P! x P! — P!. (Hint: otherwise
the second projection restricted to C' is surjective, so C' meets
a fibre that does not contain it.)

(3) Compare this with ordinary Bézout in P? (Theorem 6.34): why
is one degree not enough on P! x P!?

8.4. Self-intersections by moving. This exercise computes self-
intersections directly from the definition in Proposition-Definition 8.13:
to find C' - C', replace one copy of C by a linearly equivalent divisor
that does not contain C. (As in the example before Lemma 8.12, the
divisor of a quotient of two forms of the same degree, or bidegree, is
the difference of their zero loci, counted with multiplicity.)
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(1) Let C = V(q) C P? be a smooth conic and L = V(I) a line.
Show that div(l?/q) = 2L — C, and deduce C? = C - 2L = 4.

(2) On X = P! x P! with coordinates ([zo : x1],[yo : 11]), let
A = V(zoy1 —21yo) be the diagonal, V' = V (xy) and H = V (y).
Show that f = zoyo/(zoy1 — x1Y0) is a rational function with
divf =V + H — A, and deduce A% = 2 by computing A - V/
and A - H in local coordinates.

(3) Check part (2) against adjunction (Theorem 8.29), using Kx =
—2F) — 2F, and A = P! and against the formula A? = 2 — 2¢
in the Weil-bound section (Section 8.13).

(4) For n > 1let I',, = V(2fy1 — 2Tyo), the graph of [s : t] — [s"
t"]. Show that I';, ~ nV 4+ H, and compute I';, - V', T',, - H and
I'2. Compare with T'r -V =1, Tr- H = q and I'% = ¢(2 — 29)
in the Weil-bound section when g = 0.

8.5. Blowing up one point of P2, Let 7: X = BlpP? — P? be the
blow-up of one point, let H be the pullback of a line, and let E be the
exceptional divisor.

(1) Let C C P? be a plane curve of degree d with multiplicity m
at P. Compute C? and C - E; and check C E = m directly
in the chart y = tx for the nodal cubic y?z = z*(z + z) at
P =1[0:0:1] (assume char k # 2).

(2) For that nodal cubic, show that C has class 3H —2E, is smooth,
and use adjunction (Theorem 8.29) with Kx = —3H + E to
show g(é’ ) = 0. Why does this not contradict the degree—genus
formula (Theorem 7.33)7

(3) For the cuspidal cubic y?z = 2 at P =[0:0: 1], compute the
class and self-intersection of C' and show that C is tangent to
E.

(4) Use adjunction and Kx = —3H + E to compute the genus of
the strict transform of a smooth plane curve passing through
P with multiplicity m = 1.

8.6. The adjunction formula at work. Use Theorem 8.29.

(1) On P* x P!, which bidegrees (a,b) with a,b > 0 can carry a
smooth curve of genus 07 of genus 17 Show that a smooth
curve of bidegree (2,2) is an elliptic curve and compare with
Exercise 7.11, “Intersection of two quadrics”, in Chapter 7.

(2) On a smooth cubic surface S = BlgP? with Kg = —M, com-
pute the genus and the degree M - C' of smooth curves in the
classes H — F1, M and 2H — E; — F5 — E3. Identify them
geometrically (conics, plane cubic sections, twisted cubics).

(3) Show that S contains no smooth curve C with C? = —2.
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8.7. The Hodge index theorem. (x) Let X be a smooth projective
surface and let H be an ample divisor on X. Apply the theorem to a
very ample multiple mH; in particular H? > 0.

(1) State the index theorem (Theorem 8.43) for the embedding
given by mH.

(2) Let D be a divisor with D - H = 0. What does the theorem
say about D??

(3) Apply the theorem to (H?)D — (D - H)H to obtain D? <
(D - H)?/H?. Then take X = P! x P!, H = F} + F, (an ample
class), and D = Fy, — Fy. Compute D - H and D?, and verify
the Hodge inequality D? < (DI'{—’;’)Q.

(4) Using the signature statement quoted in Remark 8.44, show
that equality holds precisely when D is numerically propor-
tional to H. What does this mean for the intersection numbers

with curves?

8.8. Effective and nef divisors. A divisor D on a surface X is nef
it D-C > 0 for every effective curve C' C X.

(1) Show that every ample divisor is nef.

(2) Give an example of a nef divisor that is not ample. (Hint:
consider a fibre Fy = {pt} x P! on X = P! x P!; it has F§ =0,
whereas a very ample divisor has positive degree on every curve,
and the same is therefore true for an ample divisor after taking
a positive multiple.)

(3) () Show that if D is nef and D? > 0, then |mD| is nonempty for
all sufficiently large m. Use the quoted Riemann—Roch inequal-
ity (Proposition 8.40). The index theorem (Theorem 8.43) first
gives D - H > 0 for an ample H; deduce that {(Kx —mD) =0
for m > 0, and then apply the inequality to mD.

8.9. Lines on a cubic surface. (%) The chapter derives the 27 lines
on a smooth cubic surface S = BlgP? from two quoted classical inputs
(Section 8.11). Keep its notation H, Ey, ..., Eg and M = 3H — E; —
.o — F.

(1) Show that each of the 27 lines meets exactly 10 of the others,
and that any two distinct lines meet in 0 or 1 point.

(2) Let C; be the strict transform of the conic through the five
points other than P;. Show that C1, ..., Cg are pairwise disjoint
and that C; - E; =1 — §;;. (This is the double siz mentioned
in the chapter.)

(3) Show that the lines of classes H — E; — Ej and H — Ej, — E
({i, 7} # {k,1}) meet if and only if {i,j} N {k, 1} =0, and find
five pairwise disjoint lines among these fifteen.



283

8.10. The Weil conjectures, baby case. Let C' = V(f) C ]P’2_be a
plane curve of degree d defined by f € F,[X,Y, Z], smooth over F,,.

(1) Combine the Weil bound proved in the chapter (Section 8.13),
|#C(Fy) — (¢ + 1)| < 2g¢4/q, with Theorem 7.33 to bound
|#C (F,) — (¢ + 1)| in terms of d and q.

(2) Verify the bound by direct count for the conic Cy = V(X Z —
Y?) C Pg, and the cubic C3 = V(Y?Z - X3+ X 7% —Z°) C Pg,.
First check that each curve is smooth over F,.

(3) Explain in one sentence why the O(q'/?) error term is related
to the genus of C.

8.11. The Weil bound, by hand. Let £ C P? be the projective
curve Y27 = X3 + Z3, of genus 1 (by the degree—genus formula of
Chapter 7, Theorem 7.33). Count #E(F5) and #E(F7) by listing, for
each z, the solutions of y?> = 2 + 1, and remembering the point at
infinity. (You should find 6 and 12.) Compare with the Weil bound
(Section 8.13) |[#E(F,) — (¢+1)| < 2,/g: how close is each count to the
edge of the allowed window?



APPENDIX A

Computer algebra aspects

Lab sessions: making the theory compute

This chapter is a computational toolkit, not a new strand of theory:
every construction below — standard bases, elimination, Hilbert series,
primary decomposition — exists to let a computer carry out, in concrete
examples, calculations we have so far only done by hand or asserted
in the abstract. Concretely, the elimination techniques here are the
computational engine behind the resultant computations of Chapter 3
(“Resultants and projected intersections”, Proposition 3.20); the primary
decomposition and normalization tools apply directly to the singular
loci and local rings of Ch. 6; the Hilbert series computations make the
Hilbert polynomials of Ch. 4 (Theorem 4.37) explicit for specific ideals.
Lab 3 (Section A.3.3) revisits the cubic surfaces of Chapter 8, and Lab 4
(Section A.3.4) the plane intersection numbers of Chapter 3, with actual
software. Keep those earlier chapters in mind as you work through
the exercises — the point of this chapter is to make their constructions
executable.

A.1. Standard bases

Effective computations with ideals are possible. To this end one
uses a special ideal basis (finite set of generators).

Let R = k[X;...,X,]. In this section we use multi-index notation
X for the monomial X7 --- Xg». Let f = > . caX® be a polynomial.
We write the terms in a definite order. A monomial order is a total
order on monomials compatible with multiplication and a well-order:
every nonempty set of monomials has a least element. In particular
1 < X for a # 0, and there is no infinite strictly decreasing sequence.
This is the termination property needed by polynomial reduction. Two
of the most important orders are the lexicographic ordering (Lex),
defined by X® > X? if and only if the first non-zero entry in the vector
a — b is positive, and the graded reverse lexicographic order (GRevLex):
X > X if and only if deg X > deg X?, or deg X = deg X" and the
last non-zero entry in a — b is negative. Both orders are compatible with
the semi-group structure on the set of monomials: X > X" if and only
if Xote > Xbte For the variables (X,Y, Z) the order GRevLex gives

X2>XY>Y?’>XZ>YZ>Z°>X>Y>Z>1,
284
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while Lex gives
X2>XY>XZ>X>Y?>YZ>Y>Z°>7>1.

We fix a monomial order and consider it also as total order on N";
we set a > b if X? > X°. When talking about a maximum it is with
respect to this order.

Definition A.1. The ezponent of a non-zero polynomial f =
Y aenn CaX® is the highest occurring power:

exp(f) =max{a e N"|c, #0} .

The leading term of f is L(f) := Cexp(n X P). For the zero polynomial
the leading term is 0. The leading ideal of an ideal I C k[X] is the ideal
generated by the leading terms of all its elements:

L) = (L) | feT).

(Note the “generated by”: the leading terms themselves are single terms,
so their set is not an ideal.) We let exp(/) = {exp(f) |0# f € I}.

In general the leading terms of a system of generators of I do not
generate the ideal L(I): take for instance f = X?+Y? and g = X?—-Y?,
with char k # 2, as generators of the ideal I = (X?,Y?), then I = L(I),
but L(f) = L(g) = X?.

Definition A.2. A standard basis or Gréibner basis of an ideal [ is a
system of generators (f1,. .., fx) of I with the property that the leading
terms L(f1),..., L(fx) generate the leading ideal L([).

Given a Grobner basis (fi,..., fx) of an ideal I we can decide
whether or not a polynomial ¢g belongs to I. If L(g) ¢ L(I), then g ¢ I,
by definition of L(I); if L(g) € L(I), then there exists an f;, a constant
¢ and a monomial X™ such that L(g) = ¢X™L(f;) (this is because L(I)
is a monomial ideal) and therefore exp(g — cX™ f;) < exp(g). Because
g € I'ifand only if g —cX™ f; € I, we can replace g by g —cX™ f;. This
process terminates after finitely many steps: either we find a ¢’ with
L(g') ¢ L(I), or g is reduced completely to 0.

In fact, we have here a division algorithm, for division with remainder
with respect to a Grobner basis. Such an algorithm exists for every
list F'=[fi,..., fx] of nonzero polynomials. Set Rr(0) = 0 and define
Rp(g) recursively by Rp(g) = Rp(g—cX®f;), if j is the smallest index,
such that L(g) is divisible by L(f;), and L(g) = ¢X“L(f;); if L(g) is not
divisible by any L(f;), then Rp(g) = L(g) + Rr(9 — L(g)). In general
the remainder depends on the order of the polynomials in the list, but
that is not the case for a Grobner basis.

Definition A.3. Let f and g be nonzero polynomials with leading
terms L(f) = ¢;X® and L(g) = ¢,X°. The monomials divide their least
common multiple XM so XM= . L(f)/c; — XM7*. L(g)/c, = 0is a
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relation (also called a syzygy). We define the S-polynomial of f and g
as

S(f,9)=XY"fJey = XM Pg/cq .

The algorithm to find a Grobner basis works as follows. We start
with a list F' = [f,..., fx] of nonzero generators of the ideal. We
process all pairs, including new pairs whenever the list grows. For a
pair f, g we compute the remainder Rr(S(f,g)) of the S-polynomial
of f and g w.r.t. the list F. If Rp(S(f,g)) = 0, then we found a
syzygy between the polynomials of the list. Otherwise Rp(S(f,¢g)) has
a leading term, not contained in the ideal generated by the leading terms
of the polynomials in our list, and we add the polynomial Rr(S(f,g))
to the list, which we again call F'. Because the ring k[X] is Noetherian
(Theorem B.3), this process terminates after a finite number of steps.
Then all remainders Rp(S(f, g)) are zero. The result is a Grobner basis
by Buchberger’s criterion (Theorem A.4).

Theorem A.4 (Buchberger). The list F' = [fi,..., fx] is a Grébner
basis of the ideal I = (f1,..., fx), if Re(S(fi, f;)) =0 for alli < j.

ProOF. Divide each f; by its leading coefficient; this changes nei-
ther the hypothesis nor the leading ideal. For 0 # g € I, choose a
representation g = ) . A; f; for which m = max; exp(\; f;) is least possi-
ble. Such a minimum exists because the monomial order is a well-order.
Put a; = exp(fi). If m = exp(g), some X% divides L(g), as required.

Otherwise the coefficients ¢; of the terms of exponent m in \;f;
sum to zero. Fix one index j among them. The sum of these leading
multiples of the f; can be rewritten as

Z ci (Xm_aifz‘ — XMy f])

i#]
Each parenthesis is a monomial multiple of S(f;, f;). Reduction to zero
expresses this S-polynomial as a combination of the f; whose summands
have exponent strictly below the least common multiple of X% X%,
After multiplying, all exponents are strictly below m. The lower terms
of the original \; already have this property. We have therefore obtained
a representation with smaller maximum, a contradiction. Every leading
term of [ is consequently divisible by some L(f);. O

Now put

A =1{f =Y fu.X* € k[X] | fu=0if a € exp(I)} .

The natural map A(I) — k[X]/L(I) is an isomorphism of vector-spaces.
The quotient k[X]/I and A(I) are isomorphic as vector spaces, the map
being given by g — Rp(g), where F' is a Grobner basis of 1. A reduced
Grobner basis is a Grobner basis in which every f; has leading coefficient
1, no L(f;) divides L(f;) for i # j, and all elements are reduced as far
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as possible, that is f; — L(f;) € A(I). With these conditions it is unique
(without them, {X, X%} would qualify for the ideal (X)).

The concept of Grobner basis can be extended from ideals in the
ring k[X] to submodules of free modules. Let k[X]|" = &!_,k[X]e; with
e;=1(0,...,0,1,0,...,0) the canonical i-th basis vector. A monomial
is now X%e;. A module ordering on k[X]" is a total ordering >,, on the
set of monomials, which is compatible with the k[X]-module structure
including the ordering >, so X%, >,, Xbej — X%, > Xb+ce]-
and X* > X — X%, >,, X%;. For monomials X%, and X,
(with the same i) we define the least common multiple Xe; and
for f,g € k[X]" with L(f) = X%; and L(g) = X'%e; we have the
S-polynomial XM~ef — XM~bg. if [(g) = Xbe; with j # i the S-
polynomial of f and g is zero.

We give some examples of applications of Grobner bases, besides
testing ideal membership.

Example A.5. ELIMINATION.

Suppose we have two groups of variables, X; and Y;. We want to
eliminate the X; from an ideal I. We choose a monomial order with
the property that f € k[Y] < L(f) € k[Y]. An example is a prod-
uct order, where we first order by the X; and then by the Y;. If
{91,391, 9141, - - -, gr} is a Grobner basis of I, ordered so that exactly
Gis1s - - -, gr have L(g;) € k[Y], then {gi41,...,9-} Nk[Y] is a Grobner
basis of I N k[Y].

Example A.6. SATURATION.

Homogenizing generators with a variable H (see Definition 4.13) may
introduce extra components supported at infinity (H = 0). For the
resulting homogeneous ideal I C k[X7,..., X, H], we remove these by
computing the saturation

Sat(I,H) ={f € k[X1,...,X,,,H] | fH" € I for some r > 0} .

If we choose H as last variable in the graded reverse lexicographic order,
then a homogeneous polynomial f is divisible by H if and only if L(f)
is divisible by H. Divide each element of a homogeneous Grébner basis
of I by the largest power of H dividing it. The resulting polynomials
form a Grobner basis of Sat(I, H): if H"f € I, some original leading
monomial divides H"L(f), and after removing all its H-factors it divides

L(f)-

Example A.7. THE INTERSECTION OF TWO IDEALS.
Let {fi1,..., fm} generate the ideal I and {g1,..., g,} the ideal J. We

form the matrix

(-1 fi o fm O 0
M_<—1 0O ... 0 ¢ ... gn)
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and compute a Grobner basis of the kernel. We search for vectors of
polynomials r = (rg, 71, ..., "min) with Mr =0. Then ro — > 7 f; =0
and 79 — > rm;9; = 0 and all such r¢ generate the ideal I N J.

A.2. Computations with Singular and Macaulay?2

To do computations we need to specify a ring. We work with the
polynomial ring S = k[x; ..., z,]. We have to choose the field k, which
most often will be Q or a finite field, preferably Z/32003. The reason
for choosing a finite field is that the coefficients of polynomials in
intermediate steps of a computation can be very large. The small prime
32003 is a convenient example, not a software limit: current versions of
both systems also accept larger primes. A finite-field computation can
change the answer, so characteristic-zero conclusions should be checked
over QQ rather than inferred from a single prime.

Polynomials are written out in a definite order; recall from the
previous section the lexicographic (Lex) and graded reverse lexicographic
(GRevLex) orders. In Macaulay?2 the graded reverse lexicographic order
is default. In Singular this order is written as dp.

The ring declaration for a ring in four variables over Q is in
Macaulay?2

R = QQ[x,y,z,t]

and in Singular

ring R = 0, (x,y,z,t), dp;

To get the lexicographic order one writes

R = QQ[x,y,z,t,MonomialOrder=>Lex]

or

ring R = 0, (x,y,z,t), lp;

It is also possible to use variables with indices:

QQ[x_0..x_3] or ring R = 0, x(0..3), dp;

Most algorithms heavily depend on Grobner bases. In Singular
a Grobner basis of an ideal is computed with the command std, in
Macaulay2 with gb.

Example A.8. Let us compute with the innocent looking ideal
(a® =0 0° — & —d®, d° — €, a*b + b'c + *d + d*e + e*a)

in five variables. This can be done in Singular as follows

ring r = 0, (a,b,c,d,e),dp;

ideal i = a”5-b"5,b"5-¢c"5,c"5-d"5,d"5-e"5,
a"~4xbtb~4xc+c 4xd+d"4*e+e”"4d*a;

option(redSB); // wuse a reduced basis

ideal j = std(i); // std computes a Grdbner basis

size(j); // gives the number of elements in j
j; // display the ideal
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In Singular a monomial, say 2, may be entered either with the
power operator, as x~3, or in short-hand notation, as x3. Output uses
the short-hand notation. It cannot be used when a ring variable has
a name of more than one character. In Macaulay2 the short-hand
notation is not allowed for input, but some of the output in terminal
mode uses it.

In Macaulay2 we compute as follows

= QQla. .e]

ideal(a"5-b~5,b"5-c"5,c"5-d"5,d"56-e"5,
a”4xbt+b~4*c+c4xd+d"4*ete 4*a)

J = gb(D)

betti J -- gives the number of elements in j, per degree
gens J —— displays the generators

H o
nn

The ideal has a Grobner basis consisting of 149 elements, with
maximal degree 16 and in total 3063 monomials. The similar ideal in
one variable more and one degree higher has a Grobner basis with in
total 382940 monomials over Q (the count depends slightly on the field;
over F32003 it is 382927)

The output of a computation can easily be more than a printed
page. If equations become too complicated we have to content ourselves
with numerical information: the number of equations, but also their
degree and the degree and codimension of the ideal.

Example A.9. We give two constructions of the ideal of the twisted
cubic curve in P? (the rational normal curve of degree 3). It is the image
of the map P! — P3 given by (s : t) — (% : s*t : st* : t3). The defining
ideal is the kernel of the corresponding ring map. In Macaulay2 we can
compute it as follows

P3 = QQ[x_0..x_3]

P1 = QQ[s,t]

cubicMap = map(P1,P3,{s"3, s"2*t, s*t~2, t~3})
idealCubic = kernel cubicMap

while the same in Singular becomes

> ring P3 = 0, x(0..3), dp; ring P1 = 0, (s,t), dp;
> map cubicMap = P3, s3,s2t,st2,t3;

> setring P3; kernel(P1,cubicMap);
_[11=x(2) ~2-x (1) *x(3)

_[2]=x(1)*x(2)-x(0) *x (3)

_[8]1=x(1)"2-x(0) *x(2)

> idideal idealCubic = _;

In Singular the target of a map is always the actual basering.

The first generator of the ideal can be accessed in Singular
as idealCubic[1] and in Macaulay2 as idealCubic_0. Note that
Macaulay?2 starts counting with 0.
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We can get some useful information about the ideal idealCubic
with
i7 : codim idealCubic

o7 =2
i8 : degree idealCubic
o8 = 3

This shows that we do indeed have a cubic curve. Note that the
command dim idealCubic gives 2, not 1, as it represents the dimension
of the ideal in the ring P3; it gives the dimension of the affine cone over
the curve.

The Hilbert series and the Hilbert polynomial is obtained as follows:

110 : hilbertSeries idealCubic
2 3

ol0 = ——————————-

1-17
010 : Expression of class Divide
i1l : reduceHilbert o010
1+ 2T
oll = —=—==———-

1-7

oll : Expression of class Divide
i12 : hilbertPolynomial (idealCubic,Projective=>false)
012 = 3i+1
012 : QQ[i]

In Singular the Hilbert series is obtained with the command hilb.
> hilb(idealCubic);
// ** idealCubic is no standard basis

// 1t°0

// -3 t72

// 2t°3

// 1t70

// 2 t71

// dimension (proj.) =1
// degree (proj.) =3

In this case the basis is indeed a Grobner basis, so the result is
correct. In general one has first to compute a Grobner basis. The
dimension and degree can also be obtained directly with the com-
mand degree. There is no direct command for the codimension;
it is of course nvars(basering) - dim(std(idealCubic)) . Given
a homogeneous ideal [ in the polynomial ring S the command
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hilbPoly(I) (in polylib.lib in Singular 4.4.1; older versions used
poly.lib) returns the Hilbert polynomial of S/I as an integer vec-
tor v (intvec v=v_0,...,v_r) such that the Hilbert polynomial is
(vo + o1t + -+ v,t") /7.
> LIB "polylib.1lib";
> hilbPoly(idealCubic);
1,3

The ideal of the twisted cubic is generated by the 2 x 2 minors of

the matrix
To T1 T2
T1 T2 I3

which gives the following way to obtain the equations

M = matrix{{x_0,x_1,x_2},{x_1,x_2,x_3}}
idealCubic2 = minors(2, M)

or

matrix M[2] [3] = x(0),x(1),x(2),x(1),x(2),x(3);
print (M) ;
ideal idealCubic2 = minor(M,2);

Obviously the ideals are the same, but we can also test it. To see
whether the ideal idealCubic is contained in the ideal of minors of M,
we can reduce the former modulo the latter, and see whether we get
zero. In Singular one reduces an ideal I modulo another ideal J with:

reduce(I,J);

The result may have no meaning if the second argument is not a standard
basis. In Macaulay2 we can only reduce ring elements and matrices
to normal form with the reduction operator %, so we must replace the
ideal by a matrix whose entries generate it with the function gens:

gens idealCubic % idealCubic2

It is also possible to test equality with I == J, which yields true or
false.

A.3. Computer labs

The remainder of this appendix is a sequence of guided lab sessions.
Each lab poses a computation, walks through the software commands
needed to set it up in Singular and Macaulay2, and leaves a task to
carry out. They are best done at a computer, in order.

A.3.1. Lab 1: Grobner bases and monomial orders. The
Grobner basis of an ideal depends on the chosen ordering. There can
be a big difference in the number of elements and also in the time
the computation takes. In general the graded reverse lexicographic
order is the most efficient. A striking example is provided by the
ideal I € Q|x,y, 2] with two generators, f; = 2° + y* + 2% — 1 and
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fo = a3+ 1% + 2% — 1. First use the graded reverse lexicographic order.
In Singular:
ring r = 0, (x,y,2z), dp;
ideal i = x"b+y 4+z"3-1, x"3+y~3+z"2-1;
and in Macaulay2:

R = QQ[x,y,z]
I = ideal (x"b+y~4+z"3-1, x"3+y~3+z"2-1)

We can define a new ring with lexicographic order, and map the ideal
to it. In Singular:

ring rl = 0, (x,y,z), lp;

ideal i = imap(r,i);

and in Macaulay2:

RL = QQ[x,y,z,MonomialOrder=>Lex]
IL = substitute(I,RL)

In Singular one can only access objects in the current ring, and one
can go from one ring to another with the setring command. The ideal
i in the ring r is a different object from the ideal i in the ring rl. In
Macaulay?2 ring elements, matrices, ideals, modules, etc., all have a base
ring naturally associated to them and operations with them are done
in the correct ring. Putting I = substitute(I,RL) would overwrite
the object I.

Task. Compute the Grobner basis of the ideal I using both the
graded reverse lexicographic order and the lexicographic order. Compare
the result. Record only the leading terms rather than the complete
Grobner basis; use lead(j) or leadTerm J. To copy output on say line
07 in the Macaulay? interface the command toString(o7) can first be
given.

The first element of the Grébner basis in the lexicographic order is
the result of eliminating the variable z from the equations f; and f.
Can you do that by hand and write the result in a more compact way?

A.3.2. Lab 2: Discriminants by elimination. Compute the dis-
criminant of a polynomial in one variable with undetermined coefficients
in some cases of low degree. For a quadratic polynomial az? + bz + ¢
the discriminant is b*> — 4ac. We will consider monic polynomials, so
2% + px + ¢ with discriminant p? — 4¢. The discriminant vanishes if the
polynomial has multiple roots, and one way to compute it is by taking
the resultant (Section B.3) of the polynomial f and its derivative f'. A
compact formula is given by the Sylvester determinant, in our example

1
2 = —p* +4q,
0

T3
h o
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which is —1 times the discriminant p> —4q above: in general Res(f, f') =

(—=1)"=D/2q, . Disc(f) for f of degree n with leading coefficient a,,

(here n = 2, a,, = 1), so resultant and discriminant agree only up to this

sign/normalization factor. This does not affect the vanishing criterion,

which is all we use below. Of course, it is not easy to compute big

determinants. A quicker way to do it is by eliminating the variable z.
Here we show it for degree 4. In Singular:

ring s = 0, (a,b,c,d,x),dp;

poly f = x4+dx3+cx2+bx+a;

poly fx = diff(f,x);

poly dis = eliminate(ideal(f,fx),x)[1];

size(dis);

dis;

In Macaulay2:

QQ[a. .d,x]

F = x74+d*x"3+c*x"2+b*x+a

Fx = diff(x,F)

dis = eliminate(x,ideal(F,Fx)); -- no output shown

size(dis_0)

Task. Carry out the computation for monic polynomials of degrees
2, 3, and 4. Degree 5 is an optional extension. Allow at most 60 seconds
per run; interrupt any unfinished computation at that point and record
it as timed out. Such a record is an acceptable outcome, not a reason
to keep waiting. Record the software and version, and give a table
with the degree, elapsed time, number of monomials in the discriminant
(for completed runs), and completed/timed-out status. The time can
be measured in Singular by giving the command timer=1, and in
Macaulay?2 by writing time as the first word on a command line; these
commands report timing but do not impose the time limit.

A.3.3. Lab 3: Linear systems of cubics. This exercise is about
linear systems of cubics in the plane.

Task (a). Determine a basis of the linear system L of cubics in
P%(Q) passing through the six points (0:1:1), (0:1:—1), (1:0:1),
(1:0:=1),(1:1:0)and (1:—1:0).

The linear system L defines a rational map ¢y, : P2 --» P™. Compute
its image, and its singular points.

To find the basis you can intersect the homogeneous ideals of the
points and take the degree 3 part of the resulting ideal.

These six points are not in general position: they are the pairwise
intersections of the four lines £ X +Y + 7 = 0 (the vertices of a complete
quadrilateral), so they fall into four collinear triples. Find them, and
explain why a cubic through three collinear base points is either zero
on their line or restricts to it in a way fixed up to scalar, so that ¢,
contracts each of the four lines to a point. You should find that the
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image is a cubic surface with four singular points: the Cayley cubic of
Chapter 8 (Section 8.11).

Task (b). Do the same for the linear system of cubics passing
through the intersection of the coordinate triangle V(XY Z) with the
conic V(X?+Y?+ Z?); the intersection consists of three pairs of complex
conjugate points. This time all six points lie on a conic. Which curve
is contracted, and how many singular points does the image have?

Task (c). Now take six points in general position — no three on a
line, not all six on a conic — for instance (1:0:0), (0:1:0), (0:0: 1),
(1:1:1),(1:2:3),(1:3:2). Check that the image is a smooth
cubic surface, as the blow-up description of cubic surfaces in Chapter 8
(Section 8.11) predicts, and compare with Tasks (a) and (b).

A.3.4. Lab 4: Intersection numbers of plane curves. Find in
two ways all points of intersection of the following pairs of curves, and
the intersection numbers at these points:

(a) (X +2)P+3Y? - Z3and X3+ X2(Y + 2) + XZ* + V3.

(b) Y° — X(Y?2 - XZ)? and Y* +Y3Z — X272

Determine first the Sylvester matrix and compute the resultant (for
a suitable choice of distinguished coordinate).

Hint: use the idea of Remark B.14 (Appendix B, Section B.3) to
form a 1-row matrix or ideal containing m + n polynomials, determine
the matrix of all coefficients using the command coeffs (Singular) or
coefficients (Macaulay2) and compute the determinant.

A different approach is to compute the primary decomposition of the
ideal generated by the two polynomials. Then compute the degree of
the components found.

Useful commands are as follows. In Macaulay2, either of

substitute(I,X=>1)

sub(I,X=>1)

makes equations inhomogeneous; in Singular use

subst(I,X,1);

The command saturate cuts away specified solutions. In Macaulay2,
primary decomposition is computed with

primaryDecomposition I

using the Shimoyama—Yokoyama algorithm by default. In Singular
two algorithms are implemented primdecGTZ (based on Gianni-Trager-
Zacharias) and primdecSY, available in the library primdec.1lib. The
result of both Singular commands is returned as a list of pairs of
ideals, where the second ideal is the prime ideal and the first ideal the
corresponding primary ideal.

A.3.5. Lab 5: Hilbert series of determinantal ideals. Let
R = k[x1,...,z12] and let I3 be the ideal generated by the 3 X 3 minors
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of the matrix
Ty X2 T3z T4
M= |x5 x¢ x7 T8
Tg Zio T11 T12
and let I be the ideal generated by the 2 x 2 minors of the matrix M.

Compute the Hilbert series and the Hilbert polynomial of the rings
R/I3 and R/I,. Give also the dimension and degree.

Now specialize the matrix so that the entries going down diagonally
are equal:

Ty T2 T3 T4
M;= x5 x1 22 3
Ty Ts X1 T2
Compute Hilbert series and polynomial for the ideals I3 and I of this
matrix M, and compare the results with those for M.

Hint: in Macaulay2 M can be generated more compactly as
matrix{{x_1..x_4},{x_5..x_8},{x_9..x_12}} or as
transpose(genericMatrix(R,4,3))

(note that Macaulay?2 first fills the columns).
In Singular you can use matrix M[3] [4]=x(1..12); or
genericmat (3,4);

It might be useful to factorize the Hilbert polynomial (with factor
or factorize). In Macaulay?2 this is directly possible because the
polynomial lives in the ring Q[i] (where i is a variable, and not /—1).
In Singular the Hilbert polynomial of R/I is given as an intvec with
integer entries. Convert it in a new ring over QQ, even if the original
calculation used finite characteristic. The entries are in ascending degree
order, and the factorial denominator must be restored:

LIB "polylib.1lib";
intvec hv = hilbPoly(I);
def originalRing = basering;
ring hpRing = 0,t,dp;
poly HP = 0;
int factorialDenom = 1;
for (int j=1; j<=size(hv); j++)
{

HP = HP + hv[jl*t~(j-1);

if (j>1) { factorialDenom = factorialDenom*(j-1); }
}
HP = HP/factorialDenom;
factorize(HP);
setring originalRing;

A.3.6. Lab 6: Components, singular loci, and normalization.
Consider the algebraic set V(I) C AT, where [ is the ideal

(XZ —Sxz, YZ — Syz, Xz+2Z Yz+yZ)
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in Q[X,Y, Z,S,x,y, z] (the same ideal, up to renaming variables, as the
“Components and singular locus” exercise of Ch. 6, Exercise 6.7 — work it
out by hand there first, then use this lab to check your components and
singular locus by computer, and to go further with the normalization
below). Find the singular locus of V(I).

The Jacobian criterion (Lemma 6.9) is not directly applicable, as
V(I) is reducible with components of different dimensions. You can
first find these components.

For the non-smooth components compute the normalization (Sec-
tion 2.7). In Macaulay2 there is the command integralClosure, in
Singular there is normal from normal.lib. For their use see the
respective help pages. It might be easier to do the computation by
hand.

Exercises for Appendix A

A.1. Division algorithm and normal forms. Work in k[z, y| with
the lexicographic order =z > y.
(1) Divide f = 2%y +2y* +y* by G = {g1, g2} = {zy — 1, y* — 1}
(in the order given). What is the remainder?
(2) Now divide f by G' = {g2, ¢1} (in the opposite order). What
remainder do you get?
(3) Explain why the normal form modulo a set of polynomials
depends on the ordering of the divisors when the set is not a
Grobner basis.

A.2. Computing a Grobner basis by Buchberger’s algorithm.
Let I = (f1, f2) C k[z,y] where fi = 2> —y and f; = 2y — 1.

(1) Compute the S-polynomial S(fi, f2), reduce it modulo { f1, fa},
and determine whether it reduces to zero.

(2) If not, add the nonzero remainder to the generating set and
continue Buchberger’s algorithm (Section A.1) until all S-
polynomials reduce to zero. (You will need to add two new
polynomials.)

(3) Assume char k # 3. Find a reduced Grobner basis for I with
respect to the lexicographic order x > y. Use it to determine
V(I) explicitly.

A.3. Ideal membership. Let I = (2% +y> — 1, zy — 1) in K[z, y],
with k algebraically closed of characteristic zero.
(1) Compute a Grobner basis for I (by hand or using Singu-
lar/Macaulay?2) and describe V(I).
(2) Is the polynomial g = z*—1 in I? Decide by reducing g modulo
your Grobner basis.
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(3) Is the polynomial h = 22 — 42 in v/I? (Hint: use the Nullstel-
lensatz, Theorem 2.14, and test whether h vanishes at every
point of V(I).)

A.4. Elimination. Let [ = (£* — z, t3 — y) C k[t, =, y].

(1) Compute the elimination ideal Iy = I N k[z,y| by finding a
Grobner basis with an elimination order (place t first, e.g. lex
with t > x > y).

(2) Verify that I; is the ideal of the cuspidal cubic V (y* — x3).

(3) More generally, if [ = (t" —x, t"™ —y) with ged(n, m) = 1, what
would you expect I; to be? Check your guess for (n,m) = (2,5).

A.5. Saturation. Let I = (2%, xy) C k[, y].

(1) Compute the saturation %" = (I : y>) = J,-o( : y") by
computing (I : y") for n = 1,2, ... until stabilization.

(2) Compare the underlying algebraic sets defined by I and I%*'.

(3) The two ideals define the same algebraic set but different k-
varieties. Interpret the difference between the ideals in terms
of an embedded component at the origin (Chapter 2, Figure 6).

A.6. Radical and primary decomposition. Let I = (z%y, zy?) C
k[, y].
(1) Find V(I). How many irreducible components does it have?
(2) Write I = Q1N Q2N --- as an intersection of primary ideals,
identify the associated primes, and distinguish isolated from
embedded components.
(3) Compute VT directly and verify it equals the intersection of
the isolated primes.

A.7. Dimension and degree via Hilbert series. (%) Assume
chark # 2, and let R = k[x,y, 2]/(f) where f = 2? + ¢y + 2%

(1) Explain why dimy R; = (d'f) — (g) for all d > 0 (multiplication
by f is injective from degree d — 2 to degree d), and deduce
that the Hilbert series of Ris (1+7)/(1 —T)2.

(2) Identify the Hilbert polynomial Pr(d) for d > 0, and read off
the dimension and degree (Theorem 4.39) of V(f) C P2. What
goes wrong in characteristic 27

(3) Repeat for S = k[z,y, z,w]/(ry—2zw). What are the dimension

and degree of V(zy — zw) C P3?

A.8. Using Singular or Macaulay2. This exercise should be done
with a computer algebra system.
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(1) In Singular: define the ideal I = (23 —y?z, y®—x2?%, 22 —2%y) in

klz,y, z]. Compute a Grobner basis and determine V(1) C A3,
Use the commands

ring R=0, (x,y,z),dp;

ideal I=x3-y2z,y3-xz2,z3-x2y;

groebner (1) ;

(2) Compute the primary decomposition of I and identify the
components. Explain why over Q you find only two components,
and find all seven lines through the origin that make up V(1)
over C (set z =1 and eliminate).

(3) In Macaulay?2: define the projective variety V (x®+y3+23) C P2
over Q and compute its genus using the Hilbert polynomial.
Use the commands
R=QQ[x,y,z];

I=ideal (x"3+y~3+z"3);
hilbertPolynomial (R/I, Projective=>false)
and use p, = 1 — P(0) (Definition 4.40).



APPENDIX B

Rings, ideals, and the Nullstellensatz

From ideals to zero sets

This appendix collects the ring theory behind the affine dictionary
of Chapter 2 and the resultant calculus of Chapters 3 and 4: Noetherian
rings and the Hilbert basis theorem, the Nullstellensatz together with
the tools of its proof, primary ideals, and Nakayama’s lemma. The table
below maps all three algebra appendices to the chapters they serve.

Tool Appendix Used in Main uses

Hilbert basis theorem B Ch. 2 Prop. 2.4
Nullstellensatz B Ch. 24 Thm. 2.14, 4.11
Resultants B Ch. 3,4 Prop. 3.20, §3.4
Primary ideals B Ch. 2 Thm. 2.70
Nakayama’s lemma B Ch. 6 Thm. 6.20

Krull dimension, C Ch. 2 §2.4

integral extensions

Going up and going C Ch. 2,5 Cor. 2.41, Thm. 2.51
down

Finiteness of the C Ch. 2 §2.7

integral closure

Noether C Ch. 2, 4,5, 7 Thm. 2.45, 4.39, 5.19
normalization

Krull’s C Ch. 2,4, 6 Prop. 2.54, 4.18,
Hauptidealsatz Thm. 6.20

Hilbert polynomials C Ch. 4 Thm. 4.37, 4.39
Order functions, D Ch. 6, 7 Prop. 6.38

valuation rings

Regular local UFDs D Ch. 6, 8 Prop. 6.22, 8.2

(dim < 2)

Weierstrass D Ch. 1,6 §1.3.4.1

preparation

Primitive element, D Ch. 5,7 Thm. 5.21, Rem. 7.34

Liroth

B.1. Noetherian rings and Hilbert basis theorem

In this section we recall and prove the definition of a Noetherian
ring, and prove the Hilbert basis theorem.

Proposition—Definition B.1. Let R be a ring. The following condi-

tions are equivalent:

(1) every ideal I is finitely generated.

299
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(2) R satisfies the ascending chain condition (a.c.c.): every ascend-
ing chain of ideals Iy C Iy C I3 C ... s eventually stationary,
that s, for some m we have I, = I,,1 1 = Lo = .. ..

If R satisfies these conditions, it is called Noetherian.

ProoF.
(1) = (2). Given I C I, C I3 C ..., we set [ := |J,[;. Then [ is
an ideal, generated by finitely many elements fi, ..., fi. Each f; is

contained in some I,,,jy. Set m = max{m(j)}. Then f; € I, C I,
for all 7, so I, = I and therefore I, = 1,11 = ;10 = .. ..

(2) = (1). Assume that there is an ideal I that cannot be generated by
finitely many elements. We construct inductively a sequence of elements
f; € I by taking f; arbitrary and fj41 € I\ (f1,...,f;). Then the
sequence (f1) C (f1, f2) C (f1, f2, f3) C ... is not stationary. O

Example B.2. A field k£ is a Noetherian ring, as the only ideals are
(0) and (1) = k.

Theorem B.3 (Hilbert Basis Theorem). If R is a Noetherian ring,
then R[X]| is Noetherian.

Remark B.4. From the example and Hilbert’s Basis Theorem it follows
by induction that every ideal in k[X1, ..., X,,] can be generated by a
finite set of elements. In old-fashioned terminology a finite generating
set is called an ideal basis, so the previous statement can be formulated
as: every ideal in k[X7, ..., X,,] has a basis. This explains the name of
the theorem.

PROOF OF THE THEOREM. Suppose I C R[X] is not finitely gen-
erated. We define a sequence f; € I: let f; be a nonzero polynomial of
minimal degree dy, and pick f;1; of lowest degree d;+1 in I\ (f1,..., f;)-
The degrees satisfy d; < dy < --- by construction. For all j let ¢; be
the leading coefficient of f; (i.e., fj = ¢; X% —i—c;-de_l +...). The chain
of ideals (¢1) C (e1,¢2) C ... in the Noetherian ring R is eventually sta-
tionary, so there is an m with ¢,,41 € (c1,...,¢m). Let ¢ = D o) 136
for some elements r; € R. Then the polynomial

m

fm+1 _ Z Tide+1_difi

=1

is not contained in (f1,..., fm), but has lower degree than f,, .1, con-
tradicting the choice of f,,+1. Therefore R[X] is Noetherian. O

B.2. Hilbert’s Nullstellensatz

We associated to an ideal a zero set by the operation V(—). In this
section we consider the question of how far the zero set determines the
ideal.
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Definition B.5. Let X be a subset of A"(k). The ideal of X is
I(X)={f€k[Xy,...,X,]| f(P)=0forall Pe X}.
Definition B.6. Let I be an ideal in a ring R. The radical of I is
rad(I) =VI={f € R| f* € I for some n} .
An ideal I is called radical, if I = /1.

Remark B.7. The radical is again an ideal. Suppose f,g € VI, so
frelandg”el. Then (f+g)" => (})ffg " elifr>n+m—1.

Remark B.8. Obviously V(I) = V(V1).

Theorem B.9 (Nullstellensatz). Let k be an algebraically closed field.
For every ideal J C k[X1,...,X,] one has

V() =VJ.

This theorem follows from the following corollary, with Rabinowitsch’
trick.

Theorem B.10 (Weak form of the Nullstellensatz). If J # (1) is an
ideal in k[X1,...,X,], k algebraically closed, then V(J) # 0.

The weak form is proved below (Theorem B.21), after we have
developed the resultant; here we show how the full statement follows
from it.

PROOF OF THE NULLSTELLENSATZ FROM ITS WEAK FORM.
Obviously v/J c I(V(J)). Now let f € I(V(J)), so f(P) = 0 for all
P eV(J). If f=0, there is nothing to prove; assume f # 0. Consider
the ideal J C k[X1,..., X, T] generated by Tf —1 and J. Then J has
no zero in A" (k), as f(P) = 0 for all common zeros P of J. Therefore,
by the weak Nullstellensatz (Theorem B.21), 1 € J, so we can write

1= al(Xl,,Xn,T)fl—l-b(Xl,,Xn,T)(Tf—l) s
i=1
where (fi,..., fm) are generators of J. Let N be the highest power of
T appearing in the a;,. Multiplying the above identity by fV gives a
relation of the form

m

=YX X TH S+ (X, X T)Tf - 1)

i=1
Now substitute "= 1/f, that is T'f = 1. We find that
fN = Za;(XthTHl)fl )
i=1

so fNelJ. O
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In the older literature the weak form is shown using elimination

theory. Following André Weil’s slogan
il faut éliminer I’élimination

most books now follow Artin—Tate and Zariski, and reduce it to an
algebraic fact, that a field, which is finitely generated as k-algebra, is
algebraic over k. The advent of computer algebra has led to renewed
interest in older methods. To give a proof using elimination we need to
recall some facts about resultants, which are also used in the discussion
of intersections of plane curves.

B.3. The resultant

Let k be a field. Then the polynomial ring k[X] in one variable is
a unique factorization domain (UFD). Another example of a UFD is
the ring of integers Z. There is a strong analogy between primes and
irreducible polynomials. In general, given an integral domain A (this
means that A has no zero divisors) one has the concepts of prime and
irreducible: let p € A, p # 0, p not a unit, then p is irreducible if p = ab
implies @ or b is a unit, and p is prime if p|ab implies p|a or p|b. Every
prime element is irreducible, but the converse is false in general.

Example B.11. Let A = C[X,Y,Z]/(Z* — XY). The class z of Z is
irreducible, but not prime, as z|zy but neither z|x nor z|y. The ring A
is an integral domain, but not a UFD: the element z? has two different
factorizations: 22> = z-z and 22 =z - y.

In a UFD every irreducible element is prime. If A is a UFD, also
A[X] is a UFD (see Exercise 2.30), and by induction we obtain for a
field k that k[X;,...,X,] is a UFD.

Let A be a unique factorization domain. We are interested in the
question when two polynomials f(X), g(X) € A[X] have a common
factor. Cases of interest are A =k, but also A = k[Y, Z]. Let:

f=aX" +a X" 4t ap,
g=bo X"+ b X"+ 4 by,
where the case that either ag = 0 or by = 0 (but not both) is allowed.

Proposition B.12. The polynomials f and g in A[X]| have a non-
constant factor h in common, if and only if there exist polynomials
u and v of degree less than m, resp. n, not both vanishing, such that
vf +ug=0.

PRrROOF. We may suppose that ag # 0, so m = deg f. Let vf = —ug.
All irreducible factors of f have to occur in ug, and not all can occur in
u, because degu < deg f; therefore f and g have a factor in common.
Conversely, given h one finds a v and a u of degree less than n and
m, such that f = —uh and g = vh, so the equation vf + ug = 0 is
satisfied. O
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Now put:
w= X" U,
V=0 X" 4 vy,
and consider the coefficients as indeterminates. Comparison of coeffi-
cients of powers of X in vf 4+ ug = 0 gives a system of linear equations
for the u; and v;:
agVg + boUo =0

a1V + agvy + b1U0 + b0u1 =0

AmUn—1 + bpttm—1 = 0.

This system has a nonzero solution if and only if the determinant of
the coefficient matrix vanishes: the vanishing of the determinant is a
necessary and sufficient condition for the existence of a nonzero solution
over the quotient field Q(A) of A, and by clearing denominators we
get a nonzero solution over A. After transposing we get the following
determinant R(f, g), which is called the resultant of f and g:

apg ap Qs QA
ag aq (05} (07
. ag aq (05} A,
RUED =10 b o by b
bo b b1 by
bo by by by

From Proposition B.12 follows:

Proposition B.13. The polynomials f and g have a non-constant
factor h in common, if and only if R(f,g) =0 € A.

Writing the resultant in the above transposed form is traditional. A
different way to find the matrix is the following.

Remark B.14 (Resultant matrix via coefficients of a list of polyno-
mials). Consider the free module A[X],4,,—1 of polynomials of degree
at most m +n — 1. The existence of a relation vf 4+ ug = 0 is equiv-
alent to the fact that the polynomials X" 1 f, X" 2f ..., f, X™ g,

.., g are linearly dependent in the (m + n)-dimensional vector space
Q(A)[X]nim-1- A polynomial co X"t 1 ... 4 ¢,,,, 1 can be repre-

sented by the row vector (cq, ..., Chim—1); multiplying with the column
vector X = (X"t™m~1 . 1)t gives the polynomial. Writing out the
polynomials X*71f ... g in the basis X"*™~! . 1 leads in this

way to a matrix equation SylX = F, with F = (X""!f ... g)!. The
condition for linear dependence is the vanishing of the determinant
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R(f, g) of the Sylvester matrix Syl. In practice this is exactly how one
builds the matrix computationally: list the m + n shifted polynomials
Xnfo oo f, X™ g ., g, read off the coefficient (row) vector of each
with respect to the monomial basis X**™~1 ... 1 - e.g. via coeffs
(Singular) or coefficients (Macaulay2) — and take the determinant
of the resulting square matrix.

Remark B.15. If A is a polynomial ring, and a; and b; are homogeneous
polynomials of degree 7, then R(f, g) € A is either zero or a homogeneous
polynomial of degree mn.

Remark B.16. The resultant is in fact a universal polynomial in the
a; and b; with integral coefficients.

The matrix equation Syl X = F can be “solved” by inverting the
matrix Syl. To avoid denominators it is better to multiply with the
adjugate matrix:

adj(Syl) F = R(f,g) X.
In particular, considering the last entry 1 of X we find:

Proposition B.17. For any two polynomials f and g with the formal
degrees m, n used above, there exist polynomials u,v € A[X] with degu <
m and degv < n, such that:

vf +ug = R(f,9).

ProoOF. Read off the last row of the adjugate identity displayed
above. N

Proposition B.18 (Resultant and multiplication). Let K be a field
and let

f(X)=aoX™ + -+ ap, g(X) =bo X"+ -+ by
of degrees m,n, with agby # 0. Let
my: K[X]/(g9) — K[X]/(9)
be the K-linear map given by multiplication by f. Then
Res(f, g) = (=1)""bg" det(m; : K[X]/(9) = K[X]/(9)).

PROOF. Order monomials by descending degree. The Sylvester
determinant is the determinant of the coefficient vectors of

X”flf,...,f, melg,...,g.

Move the m rows of g-multiples before the n rows of f-multiples. This
changes the determinant by (—1)™".
Now use the following ordered basis of K|[X],1n_1:

B=(X""1g,....9, X" ..., 1).
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Its coefficient matrix in the monomial basis is triangular with m diagonal
entries by followed by n entries 1, so its determinant is b3'. In the basis
B, the reordered list has block form

I, O
x M)
The rows of M are the remainders of X"~ 'f ..., f modulo g. Thus M

is the transpose of the matrix of m; in the quotient basis X" ... 1,
and det M = det m;. Changing back to monomial coordinates gives

(—1)™ Res(f, g) = by' det my.
No coprimeness assumption is needed in this calculation. Il

Corollary B.19. In the above setting, we have that
Res(f, g192) = Res(f, g1) - Res(f, g2)

and

R‘es(fl.f%g) = RGS(fl,g) ’ RGS(fg,g).

PROOF. For the second identity, fix ¢ of degree n and view
my,, My, My s, as K-linear operators on the same space K[X]|/(g).
Since mgp(h) = fifsh = my (my,(h)) for every h, we have
Mpfa = My © My, SO det(mflfQ) = det(mﬁ) det(me) by multi-
plicativity of the determinant. Applying Proposition B.18 to fifs, fi,
and fy (each against the fixed g, so the exponents of (—1) and of the
leading coefficient by of g add correctly since deg(f1f2) = deg f1+deg f)
gives Res(f1f2, 9) = Res(f1, ) Res(f2, g).

For the first identity the two multiplication maps live on different
spaces, K[X]/(¢g1) and K[X]/(g2), so the argument above does not apply
directly; instead we compare each of them to my on K[X]/(g192). Multi-
plication by g; gives a K-linear isomorphism K[X]/(g2) — (91)/(9192),
h — g1h, under which m; on K[X]/(g2) corresponds to m restricted
to the subspace (91)/(g192) C K[X]/(g192) (since gih — fg1h =
g1(fh)). This subspace is my-stable (it is an ideal), and the quo-
tient K[X]/(g192)/((91)/(9192)) = K[X]/(g1) carries the induced map
mys on K[X]/(g1). For a linear endomorphism of a finite-dimensional
space stabilizing a subspace, the determinant is the product of the de-
terminants on the subspace and on the quotient (block upper-triangular
matrix), so

det(my | K[X]/(9192)) = det(my | K[X]/(g1)) det(my | K[X]/(g2))-

Writing n; = degg; and b((f) for the leading coefficient of g; (so g192

has degree n; + ny and leading coefficient b(()l)b(()z)), Proposition B.18
applied to ¢192, g1, and g, turns this determinant identity into exactly
Res(f, g192) = Res(f, g1) Res(f, g2), since the sign (—1)™™+72) and the

power (bél)bém)m on the two sides match term by term. O
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B.4. Proof of the Nullstellensatz

We prove the Nullstellensatz by induction on the number of variables.
In the induction step the last variable plays a special role, and we have
to bring polynomials in suitable form. For an algebraically closed field
this is possible by the following lemma.

Lemma B.20. Let f € k[Xy,...,X,]| be a polynomial of degree d
over an infinite field k. After a suitable coordinate transformation this
polynomial has a term of the form cX2 for some non-zero ¢ € k.

PROOF. Introduce new coordinates by X; = Y; + a;X,, for i < n.
Let f; be the highest degree part of f. Then

f(Yi + aan7 . 7Yn—1 + Cln_lX»an) = fd(ah RN ]_)Xg + -

where the dots stand for terms of lower degree in X,,. As k is infinite,
we can find values for the a; such that fy(ai,...,a,-1,1) # 0. O

Theorem B.21 (Weak form of the Nullstellensatz, restated). If J # (1)
is an ideal in k[X1, ..., X,], k algebraically closed, then V(J) # 0.

PRrROOF. We use induction on the number of variables. For n = 1
each proper ideal in k[X;] is principal, so the result follows because k
is algebraically closed.

Let J be a proper ideal in k[X1,..., X,]. If J = (0), then V(J) =
A"™(k). Otherwise we can, as the algebraically closed field k is infinite,
by a suitable coordinate transformation (Lemma B.20) achieve that J
contains an element f of degree d, in which the term c¢X¢, ¢ # 0, occurs.
Let

Jn—l - Jﬂ k?[Xl, “e aXn—l] .

It consists of all polynomials in J, not involving X,,. This is an ideal
(possibly the zero ideal) in k[X,..., X,,—1]. As1 ¢ J and J,_; C J,
we have 1 ¢ J,_;. By the induction hypothesis V(J,_1) # 0 in A"~ (k).
Let A = (a1,...,a,1) € V(J,_1) and list the distinct roots b; of
flay,...,a,-1,X,). By our assumption on the form of f there are
finitely many b;. Suppose that none of the points P, = (aq, ..., a,_1,b;)
is a common zero of J. So for each P; there exists a polynomial g; € J
with ¢;(P;) # 0. Therefore one can find a g € J with g(P;) # 0 for
all i. An explicit formula is g = >, g; [;,;(X, — b;). By construction
flay,...,a,_1,X,) and g(ay, ..., a, 1, X,) have no common roots. The
Sylvester determinant commutes with specialization X; — a;. Even if
the degree of g drops, Proposition B.13 still applies with the original
formal degrees, since the leading coefficient ¢ # 0 of f is unchanged.
Thus the specialized determinant is nonzero, so the resultant R(f, g) €
k[X1,..., X, 1] does not vanish at A. But R(f,9) =vf +ug € J,_1,
so R(f,g)(A) = 0. This contradiction shows that at least one of the
points P; is a zero of J. U
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Proposition B.22. A proper ideal I C k[Xy,...,X,], with k alge-
braically closed, is a mazximal ideal if and only if I is of the form
(X1 —aq,...,X, — ay) for some point P = (ay,...,a,).

PROOF. We abbreviate R = k[X3,...,X,]. A proper ideal I is
maximal if and only if R/I is a field.

The ideal (X;—ay, ..., X, —a,) is maximal, as R/(X;—ay,..., X, —
a,) = k (this direction holds for any field). Conversely, let I be a
maximal ideal and P = (ay,...,a,) € V(I), existing by the weak
Nullstellensatz (Theorem B.21). The ideal I(P) is the kernel of the
surjective evaluation map R — k, f — f(P). Asit contains the maximal
ideal (X7 —aq,..., X, —ay), it is in fact equal to it. Now I C I(V (1)) C
I(P), so by maximality [ = I(P) = (X7 —aq,..., X,y — a,). O

Remark B.23. For general k£ there are maximal ideals, which look
differently, e.g., (X% + 1) C R[X]. Observe that R[X]/(X?+ 1) = C.

B.5. Irreducible ideals are primary

Definition B.24. A proper ideal I of a commutative ring R is called
irreducible if whenever

I=JNK
for ideals J, K C R, then [ = J or [ = K.

Definition B.25. A proper ideal I of a commutative ring R is called
primary if for any a,b € R with ab € I, either a € I or 0" € I for some
n > 1. If I is primary, /I is prime (say equal to p), and I is then called
p-primary.

Indeed, 1 ¢ VI, and if ab € VI, then a™b™ € I for some m. The

primary condition gives a” € I or b € I for some n, so a € V1 or

be I
To find primary components of an ideal, it can be helpful to cut
away components, by taking ideal quotients.

Definition B.26. Let I be an ideal in R and r € R. The quotient
(I : ) is the ideal

(I:r)={ac€R|arel}.
Lemma B.27. Let I be a p-primary ideal. If r € I, then (I : r) = R.
Ifr ¢ I, then (I :r) is p-primary. If r & p, then (I :7)=1.

PROOF. As [ isanideal, RC (I :r)ifr € I.

Now suppose that 7 ¢ I. Let a € (I : r),soar € I. Asr ¢ I we have
that a € V/I. So I C (I :7) C V/I and therefore \/(I :7) = VI = p.
Let ab € (I : r) and suppose b ¢ /(I :7r) =p. As abr € [ and [ is
primary, we have then ar € I, so a € (I : r). Thus ({ : r) is p-primary.

Ifré¢p andare€l, thenacl, so(l:r)=1. O



308

Theorem B.28. If I is an irreducible ideal in a Noetherian commuta-
tive ring R, then I is primary.

PROOF. Suppose, for the sake of contradiction, that I is irreducible
but not primary. Then there are z,y such that xy € I but = ¢ I and
y™ ¢ I for any n > 1. Consider the sequence of ideals

ICUT:y)CUT:y)C....

Since R is Noetherian, this is stationary at some point, say at n. This
means that if 7y"*! € I, then ry" € I.

We claim that (I +(z))N (14 (y")) = I. It is clear that I is inside of
each of the two ideals, and hence in their intersection. For inclusion in
the other direction, suppose that we have an element a € I + (x). Then
a =iy + rz and in particular ay = i1y + ray € I. If alsoa € I + (y"),
then a = iy + roy™ so one finds that ay = iy + roy™*! is in I, hence
roy™ ! is in I. By construction of n, it follows that roy™ is in I, and
hence also a € I.

But since I was irreducible, and = ¢ I, it follows that I = I + (y"),
and then necessarily y™ € I. O

B.6. Nakayama’s lemma
We need an important argument, valid for local rings.

Theorem B.29 (Nakayama’s Lemma). Let R be a local ring with
mazimal ideal m, let M be a finitely generated R-module, and let N C M
be a submodule. Then N +mM = M if and only if N = M.

PRrROOF. Replacing M by M/N, we may assume N = 0. We have
to show that mM = M implies M = 0. Let my,..., m, be generators
of M. If mM = M we may write m; = ) a;;m; for each i with the
a;; € m, or in matrix notation,

([ —-A)m=0,

where A is the square matrix with entries a;; and m is the column vector
of the m;. Therefore, upon multiplying by the adjugate matrix, we find
that det(I — A)m; = 0. As A = 0 mod m, det(/ — A) = 1 mod m, so
det(/ — A) is a unit and m; = 0 for all 7. Thus M = 0. O

Corollary B.30. Elements my,...,m, generate M as R-module if and
only if their residue classes m; + mM generate M /mM as R/m-vector
space. In particular, any minimal set of generators for M corresponds
to an R/m-basis for M/mM, and any two such sets have the same
number of elements.

Proor. Take N = (my,...,m,) C M. O



APPENDIX C

Dimension theory

The engine room of dimension

In this appendix we develop the ring-theoretic side of dimension
theory: integral extensions, going up and down, Noether normalization,
and Krull’s Hauptidealsatz. The geometric statements built on this
machinery — finite maps (Section 2.4.2), dim A" = n (Corollary 2.48),
maximal chains (Theorem 2.51), the geometric Hauptidealsatz (Propo-
sition 2.54), dimensions of projective closures (Theorem 4.17) and of
fibres (Theorem 5.19) — now live in the main text (Chapters 2, 4 and
5); the definitions are restated here to keep the appendix self-contained,
and the two longest proofs remain here.

C.1. Krull dimension

Definition C.1. Let X be a topological space. If X = (), then its
dimension is —1. Otherwise, the Krull dimension dim X of X is the
supremum of the lengths n of chains

of non-empty closed irreducible subsets X; of X.

If Y € X is a non-empty closed irreducible subspace, then the
codimension codimy Y of Y in X is the supremum of lengths of chains
starting with Xq =Y. The codimension of the empty set is co.

Lemma C.2.

(1) If { X\ }aea is the family of irreducible components of X, then
dim X = sup,, dim X,.

(2) If Y # 0 is closed and irreducible, then dimY + codimy Y <
dim X.

(3) If Y C X is closed and X s irreducible with dim X < oo, then
dimY < dim X if and only if Y # X.

PROOF. (1) The irreducible components of X are its maximal irre-
ducible closed subsets, and every irreducible closed subset is contained
in one (Zorn’s lemma); so any chain lies inside a single component, and

conversely a chain in a component (which is closed in X) is a chain in
X.

(2) Take a chain Xy & --- & X, of closed irreducible subsets of ¥ —
closed in X, since Y is — and a chain ¥ =Y & --- & Y, witnessing the

309
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codimension. If X, # Y, insert Y between them. Concatenating gives
a chain of length at least r + s in X.

(3) A chain of closed irreducible subsets of the closed set Y is a chain
in X, sodimY < dim X; if Y # X the chain can moreover be extended
by X itself at the top, so dimY +1 < dim X, using that dim X is finite.
If Y = X the dimensions agree trivially. O

The definition applies to affine and projective varieties; the equality
of dimV and dim V for the projective closure is proved in Chapter 4
(Theorem 4.17).

It is not so clear how to compute this dimension, or even to see that
it is finite. We translate the problem into one about rings.

Let R be a ring, as always commutative with unit. Similar to the
definition above we define the dimension of the ring.

Definition C.3. The Krull dimension dim R of a ring R is the supre-
mum of the lengths n of chains

PoGb1 & &

of prime ideals of R.

The height ht(p) of a prime ideal p of R is the supremum of lengths
of chains ending with p,, = p.

If I is an ideal, then dim [ is the dimension of the ring R/I.

For an affine k-variety V' C A™(k) we have dim V' = dim k[V].
Example C.4. dimk[X;,...,X,] > n.
Consider the chain (0) C (X7) C (X3,Xs) C -+ C (Xq,..., X,).
Example C.5. dimZ = 1.

C.2. Integral ring extensions

If R C S is a subring of a ring S, we also say that S is a ring
extension of R.

Definition C.6. A ring S is finite over R, if S is a finitely generated
R-module. This means that there is an epimorphism R™ — S of a free
R-module onto S.

A ring S is of finite type over R, if S is a finitely generated as R-
algebra. This means that there is an epimorphism R[y, ..., yn] — S.

As an affine k-algebra is a quotient of a polynomial ring, every
extension of affine k-algebras is of finite type.

Definition C.7. Let R C S be a ring extension. An element x € S is
integral over R, if x satisfies a monic equation

"+t 4, =0,

where the r; lie in R.
If I is an ideal in R, and all r; € I, then x is integral over I.
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If every x € S is integral over R, then S is called integral over R, or an
integral extension of R.

Lemma C.8. The following are equivalent:

(1) x € S is integral over R (over I).

(2) R[z] is finite over R (and x € rad I R[z]).

(3) R[x] is contained in a subring S' C S, which is finite over R
(and x € rad 15").

PROOF.
(1) = (2) Let f € R[X] be a monic polynomial X™ +r X" 14+ ... 4+,
such that f(x) = 0 is the integral equation for z € S. Division with
remainder in R[X] (possible because f is monic) yields that every
g € R[X] can be written as ¢ = ¢f + r with degr < n = degf.
Therefore 1,..., X" ! generate R[X]/(f) as R-module, and 1,..., 2"}
generate R[z]. If all the coefficients of f are in I, then the monic
equation implies that 2" € IR[x], so « € rad I R[z].
(2) = (3) Just take S" = R|[z].
(3) = (1) Let myq, ..., my be generators of S’ as R-module. Multiplica-
tion by z is an endomorphism of S’. We have xm; =Y a;;m;, a;; € R,
which we can write in matrix form as

(el — A)m =0,

where A is the square matrix with entries a;; and m is the column
vector of the m;. Multiplying with the matrix of cofactors of x1 — A
we obtain det(xl — A)m; = 0 for all i. As 1 € S’ can be written as
R-linear combination of the m;, we get det(xl — A) = 0. This is the
desired relation.

If € rad IS, then 2! € IS’ for some [, and consider multiplication
by z!. We can write z!m; = Y a;ym; with a;; € I. As before, the
characteristic polynomial gives the desired relation. U

Corollary C.9. If S is a finite R-module, then S is integral over R,
and x € S is integral over I if and only if v € rad IS.

Corollary C.10. If the elements x1,...,x,, € S are integral over R,
then R|xy,...,Tn)] is finite over R; in particular, an integral extension
of finite type is finite. Furthermore, x; € rad IR[x, ..., xy] if the x;
are integral over I.

Proor. By induction. The case m = 1 is already proved. Write

Rlx1,...,xn] = R[z1, ..., Tm_1][Tm], then Rlxy, ..., x,] is, by the case
m = 1, a finite R[zy,...,2,,_1-module as x,, is also integral over
R[xy,...,xpm_1]. Hence Rlxy,. .., x,] is finite over R. O

Corollary C.11. The set of elements of S which are integral over R
is a subring of S containing R.
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PROOF. If x,y € S are integral over R, then S’ = R|x,y] is finite
over R, so £y and zy are integral over R by part (3) of Lemma C.8. O

Definition C.12. The set of the above corollary is called the integral
closure of R in S. If R is its own integral closure, then R is integrally
closed in S. A ring is integrally closed (without qualification), if it is
integrally closed in its total ring of fractions.

An element r of a ring R is nilpotent if ™ = 0 for some positive
integer n.

Definition C.13. A ring R is reduced if it has no nonzero nilpotent
elements.

An affine coordinate ring k[V] = k[Xy,..., X,,|/1(V) is reduced if
and only of the ideal I(V) is radical.

Definition C.14. The integral closure R of a reduced ring R in its
total ring of fractions is called the normalization of R. The ring R is
normal if R = R.

Example C.15. Every unique factorization domain is normal, e.g., Z
and k[X1,...,X,]. Let Q(R) be the quotient field of the UFD R and
xr = = integral over R. The equation z" + riz" '+ -+, =0 implies
r 4+ rir"ls 4+ - + 15" = 0. Every prime element dividing s also
divides ", so by unique factorization also r. Therefore, after cancelling
factors s is a unit, and x € R.

Corollary C.16 (transitivity of integral extensions). If R C S C T
are ring extensions and if S is integral over R, and T integral over S,
then T is integral over R.

PROOF. Let # € T satisfy 2™ + s;2" '+ --- + s, = 0. Then
S" = Rl[si,...,Sy,) is finite over R, and S’'[z] is finite over S', as x is
integral over S’. As S’[z] C T is finite over R, x is integral over R. [

C.3. Going up and going down

For an integral extension R C S there is a close connection between
chains of prime ideals in R and in S. In particular, we will see that
dim R = dim S. We need a lemma on the existence of prime ideals.

Lemma C.17 (Krull’s prime existence lemma). Let I be an ideal in a
ring R and let X be a multiplicative system in R with I 'Y = (. Then
there exists a prime ideal p of R containing I, and such that p N3 = ().

PROOF. The set of ideals J with I C J and J N X = () is partially
ordered by inclusion and nonempty since it contains I. If {Jy\}aep iS
a totally ordered subset, then also | J,., /i is an ideal in the set. By
Zorn’s lemma, there is a maximal element p. We show that p is a prime
ideal. First of all, p is a proper ideal as 1 € ¥ is not contained in p. Let
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r1,72 € R\ p and suppose rimy € p. As p is a maximal element, the
ideal p + (r;), i = 1,2, satisfies p+ (r;) N X # 0. We can find p; € p and
a; € R such that p; + a;7; € ¥. Then (p; +a1r1)(p2 +agrs) € ¥ C R\ p,
contradicting that m 7o € p. Therefore p is prime. O

Theorem C.18. Let S be an integral extension of a ring R. Let p be
a prime ideal in R.
(1) There ezists a prime ideal q of S with N R = p.
(2) Let q1 C q2 be prime ideals in S. If g N R =qs N R =p, then
q1 = q2-
(3) A prime ideal q with p = qN R of S is mazimal if and only if
p 15 maximal.

Definition C.19. Let S be an integral extension of a ring R and p
a prime ideal in R. We say that a prime ideal q of S lies over p if
qN R =p.

PROOF OF THE THEOREM.

(1) We will show that the ideal pS C S and the multiplicative system
Y =R\ p C S satisfy pSNY = (. Krull’s prime existence lemma
(Lemma C.17) gives an ideal ¢ C S with pS C g and qN R\ p = 0.
Hence, q is a prime ideal of S lying over p.

If © € pS, write x = >, p;s; with p; € p and s; € S. The
subring S" = R[sy,...,s,] is finite over R by Corollary C.10. Since
x € pS’ Crad(ps’), Lemma C.8 shows that x is integral over p. Thus
there is an equation 2" 4+ 2" ' +--- + 1, = 0 with the r; € p. If
x € pSNY C R, then 2" € p, so x € p, contradicting z € ¥ = R\ p.
Hence pS N Y = 0.

(2) Note that S/q; is integral over R/p: just reduce an integral equation
for x € S modulo the ideal q;. Both rings S/q; and R/p are integral
domains. The ideal q2/q; satisfies (q2/q1) N (R/p) = (0). Suppose
T#0€qy/q1. Let 2" + 72" ' +--- + 7, = 0 be an integral equation
of lowest possible degree. As 7, € (q2/q1) N (R/p) = (0), we have
7, = 0. Because S/q; does not contain zero divisors, we can divide by
x and obtain an equation of lower degree. This contradiction shows
that d1 = qo.

(3) If p is maximal, then q is maximal as well by part (2). For the
converse, consider the integral extension R/p C S/q. If S/q is a field,
its only prime ideal is (0). Then, by the first part, (0) is the only prime
ideal of R/p, so R/p is a field. O

Corollary C.20. If S is Noetherian, only finitely many prime ideals
of S lie over p.

PROOF. A prime q lying over p contains pS, and is in fact minimal
among the primes containing p.S: if ¢” C q is such a minimal prime,
then p C "N R C gN R = p, so q” also lies over p, and part (2)
of Theorem C.18 forces q” = q. A Noetherian ring has only finitely
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many primes minimal over a given ideal, by primary decomposition

(Chapter 2, Theorem 2.70). O

Example C.21. The ring extension R = Z C S = Z[\/=5] is integral,
and the ideal (2) C Z is maximal. But the ideal generated by 2 in
Z[\/=5] is not prime: (1++/=5)(1—+/=5) = 3-2. A prime ideal q with
qNZ = (2) is the ideal (2,14 v/—5). This is in fact the only maximal
ideal lying over (2).

Theorem C.22 (Going up theorem). Let S be an integral extension
of a ring R. Let p; C py C --- C p, be a chain of prime ideals of R,
and g1 C -+ C qm (Mm < n) a chain of prime ideals of S, such that
q; "R =yp;. Then the chain q; C --- C q,, can be extended to a chain
q1 C -+ C qn lying over p; C -+ C py,.

Proor. It suffices (induction!) to consider the case m =1, n = 2.
As S = S/q; is integral over R = R/p;, there exists a prime ideal g,
of S lying over p,/p;. The preimage qo of g, in S has the required
properties. U

Corollary C.23. dim S = dim R.

ProoFr. Going up lifts any chain of primes of R to a chain in S,
so dim S > dim R; conversely, intersecting a chain in S with R gives a
chain in R, which is strictly increasing by part (2) of Theorem C.18. [

There is also a ‘going down’ theorem. This needs the stronger
hypothesis that R is a normal domain. We first prepare a lemma.

Lemma C.24. Let R be a normal domain with quotient field K = Q(R),
and let L/ K be a field extension. If x € L is integral over R, its monic
manimal polynomial over K has coefficients in R. If, moreover, x is
integral over a prime ideal p C R, all its nonleading coefficients lie in p.

PRrROOF. The element x is algebraic over K. Let xq,...,z, be the
roots of its minimal polynomial in K, counted with multiplicity. A monic
integral equation f(z) = 0 over R is divisible by the minimal polynomial
in K[X], so every x; also satisfies f. Consequently B = R[xy,...,z,] is
finite over R. The coefficients of the minimal polynomial are symmetric
expressions in the x;, so they belong to B and are integral over R. They
also lie in K; normality of R therefore puts them in R.

If the nonleading coefficients of f lie in p, choose a prime ¢ of B
lying over p, using Theorem C.18. Modulo q, the equation f(x;) =0
becomes z0%7 = 0, so x; € q for every i. Every nonleading coefficient of
the minimal polynomial is a sum of products of these roots. It therefore
liesin q N R = p. U

Theorem C.25 (Going down theorem). Let R C S be an integral
extension of integral domains. Assume that R is normal. Let py D pay D
-+« D py be a chain of prime ideals of R, and q1 D -+ D qm (M < n)
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a chain of prime ideals of S, such that q; N R = p;. Then the chain
g1 D -+ D qm can be extended to a chain q1 O -+ D q, lying over

1o O P

Proor. We may assume m = 1, n = 2. We consider three multi-
plicative systems in S: X1 : =5\ q1, Yo ;= R\ prand ¥ :=%; - ¥y =
{s182 | 81 € X1, 82 € Yo}, Then 3; C X. If poSN X = (), then Krull’s
prime existence lemma C.17 gives a prime ideal qy in S with p2S C g9
and s NY =0. As g2 N =0, g2 C qyq; from qo N Xy = () follows that
2 lies over ps.

Suppose therefore that z € poS N Y. Then z is is integral over
p2, so by the lemma above (Lemma C.24) the minimal polynomial
m=X"+---+a,of x € L =0Q(S) over K = Q(R) has coefficients in
po. As x € 3, we may write x = s15, with s; € X1 and sy € 5. Then
X"+ -+ a,/sy is the minimal polynomial of s; over K (the degree
cannot be lower, because any relation of this type implies one of the
same degree for ). Its coefficients a;/s), are contained in R, as s is
integral over R, by the same lemma. Put a; = b;s,. As s, ¢ py and
a; € po, we have that b; € po and s; is integral over po, and therefore
s1 € rad poS C q;. This contradicts s; € X1. So paSNY = (). O

Corollary C.26. For every prime ideal q of S the height h(q) is equal
to h(qN R).

SKETCH. Contract chains of primes from S to R and lift chains from
R to S, using the going-up and going-down theorems of this section
(Theorems C.22 and C.25); both operations preserve strict chains in
the relevant direction, giving the two inequalities. O

Example C.27. Consider, assuming char k # 2, the integral extension
R=k[s,y,2]/(2> —y*(y + 1)) C k[s,t] = S

where y = t> — 1 and z = #(t*> — 1). Geometrically, the map A? — A3
corresponding to the ring extension parametrizes the surface V(2% —
v*(y + 1)). The ring R is not normal. We give an example that
going down does not hold in this situation. The ideal qo = (s — )
of the diagonal in A? is the only prime ideal lying over the prime
ideal po = qa N R = (s> =1 —y,s(s*> — 1) — 2z). Above the prime
ideal p; = (s — 1,y,2) of the point (1,0,0) on the double line lie
two maximal ideals of S, namely (s — 1,¢+ 1) and (s — 1, — 1), as
pS=(s—1,t*—1)=(s—1,t+1)N(s—1,t —1). Then p; D py is
a chain of prime ideals of R and q; = (s — 1,¢ + 1) is a prime ideal
of S with q; N R = p;. The chain q; cannot be extended to a chain
lying over p; D po, as only g lies over py, but q; does not contain gs.
Geometrically, the point (1, —1) does not lie on the diagonal.
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C.4. Finiteness of the integral closure

Let A be a finitely generated k-algebra which is an integral domain.
Over an algebraically closed field this is the algebraic input for an
integral affine variety, but the finiteness result below is purely ring-
theoretic.

Suppose that L is a finite field extension of K = Q(A), the fraction
field of A. Let A be the integral closure of A in L, i.e. the elements of
L which satisfy a monic equation over A.

Theorem C.28 (Finiteness of normalization). The integral closure A
is a finite A-module.

PROOF. Choose a Noether normalization S = kly,...,ys] C A
(Theorem C.31). Transitivity of integrality (Corollary C.16) gives A=58
inside L: one inclusion uses transitivity, and the other uses S C A. Also
L/Q(S) is finite. It therefore suffices to prove finiteness over S, which
implies finiteness over A. We may start with a polynomial ring, but the
two cases below are proved for any normal finitely generated k-domain
A.

Case 1: Suppose first that L/K is separable, and put N = [L : K].
By the primitive element theorem (Theorem D.19) it is generated by
one element 6. Multiplying # by a nonzero common denominator of the
coefficients of its minimal polynomial makes it integral over A, without
changing K (0). Then 1,0,...,0V~!is a K-basis of integral elements.

Any element ¢ € L defines a K-linear map L — L, and we can
consider its trace Try /x(¢) € K, by thinking of it as a matrix M, for
some basis. It is independent of the choice of basis we take to realize
the linear map as a matrix. We will consider the determinant of the
N x N matrix

M = (TTL/K(9i+j))

0<i,j<N’
and denote by
A = det M.

Note that M is the symmetric matrix of the pairing
(a,b) — Trp k(ab).

To see that A # 0, let 61, ..., 0y be the distinct conjugates of 6 in a split-
ting field. There the matrix is M = V'V, where V = (6%)1<j<n,0<i<n:
multiplication by 6 diagonalizes with these distinct eigenvalues. The
Vandermonde determinant gives det V' = [[,_,(6y — 0;) # 0.

For b € A, let g(T) = T + ¢, T*"' + -+ + ¢y be its minimal
polynomial over K. Its coefficients lie in A by Lemma C.24. On K (b)
multiplication by b has trace —cs_;. A K (b)-basis of L decomposes the
same operator on L into e = [L : K(b)] copies, so Trz x(b) = —ecs_q €
A.
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Write any element b of the integral closure as b=} c;0%, for some
¢; € K. Multiplying with the integral element #’, we find that

b =Y € A,
so that we find that for each j we have

Trpyw(b07) = D Triju(cd ™) = e Trow(6).

This is a matrix equation with the M considered above.
Both the adjugate matrix and determinant are also in A. We find
that

Co TI'L/K(b)

Tr bo

A-| .| =Adin L”f()
CN_1 TI‘L/K(bQNil)

so that each A -¢; is in A. This means that
ACA T (A+A-0+...+A-0N7).

Hence A is a submodule of a finitely generated A-module, and hence
finitely generated itself since A is Noetherian.

Case 2: Suppose L/K is purely inseparable in characteristic p > 0.
Choose ¢ = p® with L? C K. Write A = k[ay, ..., a,]; this normal ring
need not be a polynomial ring. Since k is perfect, inside an algebraic
closure of K we have

AV = {720 ¢ A} = k[a)/?, ..., a1,

Indeed, take the unique ¢-th root of a polynomial expression in the a;,
taking roots of its coefficients in k. The monomials a%/?- - aZ/? with
0 <1; < q generate AY% as an A-module; no algebraic independence
is needed. If b € g, then b? € K is integral over A, so normality gives
b9 € A. Hence A C A9, and Noetherianity makes this submodule
finite over A.

In characteristic zero Case 1 already completes the proof. In positive
characteristic, for a general finite extension use its separable part K C
K, C L, with L/K purely inseparable. By Case 1 the integral closure
B of A in K is finite over A, hence a finitely generated k-algebra. It
is normal by transitivity, and its fraction field is K,: multiplying any
element of K, by a suitable nonzero element of A makes it integral over
A. Case 2 therefore applies to B, not to a supposed polynomial ring.
The integral closure of B in L is A, again by transitivity, and is finite
over B, hence over A. [l
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Lemma C.29 (The normalization is finite type). In the situation of
Theorem C.28, A is a finitely generated k-algebra. Hence it defines an
affine k-variety. Since A is a domain, this variety is integral.

PRrROOF. By Theorem C.28, choose A-module generators by, ...,b,
of A. Choose k-algebra generators aq, ..., a,, of A. Then every element
of A is a finite A-linear combination of the b;, and each coefficient lies
in the k-algebra generated by the a;. Thus the finite set

al,...,am,bl,...,br
generates Aasa k-algebra. U

Proposition C.30. Let A be a Noetherian ring and let B be a finitely
generated A-algebra. If B is integral over A, then B is a finite A-module.

Proor. Choose algebra generators by, ...,b. for B over A. Since
each b; is integral over A, the algebra A[b;] is a finite A-module. Ad-
joining the generators one at a time, we find that

Alby, ..., b,
is finite as an A-module. This algebra is B. O

C.5. Noether normalization

In the proof of the weak Nullstellensatz (Theorem B.21) we projected
the zero set of an ideal J to a space of one dimension lower. In general
the image of an algebraic set is not closed, but using a suitable coordinate
transformation (lemma B.20) we ensured that it is so. This procedure
can be repeated until the ideal JNKE[X7, ..., X4] is the zero ideal. Then
we have found a finite projection onto A?. So V(J) has the same
dimension as A%. Algebraically this means that we are in the situation
of the following definition.

Recall from Chapter 2 (Definition 2.42) that a Noether normalization
of an affine algebra A = k[Xi,...,X,]/J is a finite ring extension
k[Y1,...,Y] C A with the Y; algebraically independent over k. For the
dimension theory one needs a refinement adapted to chains of ideals.

Theorem C.31 (Noether normalization). Let A be an affine algebra
over an infinite field k and py C --- C p, a chain of proper ideals of A.
Then there exist algebraically independent elements Y1,...,Y; € A such
that
(1) k[Y,...,Yy] C A is a finite extension,
(2) fori=1,...,r there is an h(i) such that p; N k[Y1,...,Yy] =
(Yi, .. Yaw)-

The geometric interpretation of the theorem is as follows. If V' C A"
is an algebraic set and a chain W; D --- D W, of subsets, then there is
a surjective map V — A% with finite fibres, mapping W; O --- D W,
onto a chain of linear subspaces of A%
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PROOF.

Step 1. We have A = k[X7, ..., X,]/qo for some ideal qo. Let o: B =
k[X1,...,X,] — A be the projection. Set q; = ¢~1(p;). Suppose that
the theorem holds for B and the chain qo C q; C -+ C q,: there exist
Y{,...,Y! € B such that k[Y/,..., Y]] C B is a finite extension and
there exist /(i) with q; N E[YY,... Y] = (Y/,...,Y},,). Now (1) and
(2) hold for A with Y; = (Y}, o)) and h(z) = F'(i) — 1'(0). So we may
assume that A = k[Xy,..., X,] is a polynomial ring. The proof will be
by induction on r and shows that d = n in this case.

Step 2. Let r = 1 and suppose that p; = (f) # (0) is a principal ideal in
A=Fk[Xy,...,X,]. Then deg f > 1, as (f) is a proper ideal. We take
coordinates Y; as in the proof of Lemma B.20, except that we consider
X as special variable. By dividing by a constant we achieve that f €
k[Ya, ..., Y,][X1] is monicin Xy: f= X"+ -+ fo(Ya,...,Y,). We put
Y1 = f. Then A = k[Y7,...,Y,][X1] and X is integral over k[Y1, ..., Y,],
as f—Y1=X"+---+ fo— Y1 =0. So A is finite over k[Y7,...,Y,] by
Lemma C.8. The elements Y7, ...,Y,, are algebraically independent, for
otherwise k(Y1,...,Y,) and therefore also k(X1,...,X,) would have
transcendence degree less than n over k.

To show that py Nk[Y1,...,Y,] = (Y1) we write an element g = af

of the intersection as g = aY; where a = g/Y; € ANk(Y1,...,Y,). Now
ANk(Yy,...,Y,) = k[Yy,...,Y,] as the polynomial ring k[Y3,...,Y,]
is normal (Example C.15), so a € k[Y1,...,Y,] and py Nk[Yy,...,Y,] =
1) .
Step 3. For r = 1 and p; = (0) take Y¥; = X; and h(1) = 0; this
also covers the polynomial ring in no variables. The case p; # (0) an
arbitrary ideal will be proved by induction on n. If n = 1, every ideal
is principal, and we are done by Step 2.

For the induction step, let f € p; be a non-zero element and con-
struct k[T, ...,T,] with T} = f as in Step 2. The induction hypothesis
is that there exist algebraically independent Y5, ..., Y, € k[T, ..., T,]
such that k[T, ..., T,] is finite over k[Ys, ..., Y,] and p1Nk[Ys, ..., Y] =
(Ya,...,Yq)) for some h(1) < n. Set Y = T1. As k[Y,,T5...,T,] is
finite over P = k[Y},Ys,...,Y,], the same holds for A by Corollar-
ies C.16 and C.10, and (1) holds. Then Yj,...,Y, are algebraically
independent over k. Furthermore, as p1 Nk[Y2,...,Y,] = (Ya,..., Yaq)
and Y7 = f € py, we find py NP DO (Y1,...,Yq)). Conversely, if
g=> 0, ....Y,)Y] € pp NP, then gy € p1, as Y; € p;. Hence
go € P1 N /CD/Q, . ,Yn] = (3/2, . ;Yh(l)) and g € (Yi, S >Yh(1))~ There-
fore (2) holds.

Step 4. Suppose now that the theorem holds for r — 1. Let T1,...,T,
algebraically independent elements satisfying (1) and (2) for the chain
pp C -+ C pr_1. Put h = h(r —1). Applying Step 3 to the ideal
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p NVE[Thia,..., T, CE[Thir,...,Tn] gives Yiiq,...,Y, and

pr N k[Yh+17 . ,Yn] = (Yh+17 - 7Yh(r))

for some h(r) < n. If this intersected ideal is zero, simply keep Y; = T;
for j > h and set h(r) = h. Put ¥; = T, for 1 <1i < h. By assumption A
is a finite extension of k[T1,...,T,], and k[T}, ..., T,] is by construction
a finite extension of P = k[Y,...,Y,], so by Corollaries C.16 and C.10
A is a finite extension of P.

Consider a fixed 7 with 1 <¢ <r. Then (Y1,...,Ys)) C p;. Write
an element g € p; N P as polynomial in Y7, ..., Y} with coefficients in
E[Yh(iy41,- - -, Yn]. The constant term go of g lies in p; N E[Yr@) 11, - -+, Yol
If 71 < r, then p; N k[Yh(i)+17 R ,Yn] C p; N k[Th(i)+1> R ,Tn] = (O)
For i = r by construction p, N k[Yii1,...,Yn] = (Yas1, ..., Yau)) so
also in this case p, N E[Yyiy41,. .., Ys] = (0). Therefore go = 0 and
ge (Yi,....,Yy). Thus p; N P = (Y1,...,Y%), and (2) holds. O

Remark C.32. If we only want to satisfy condition (1) and find a
finite extension k[Y1,...,Yy] C A =k[Xy,...,X,]/I, without condition
(2), the Y; can be chosen as linear combinations of the X; and the proof
becomes easier. Use induction on n, the base case n = 0 being trivial.
If the z; = X; (mod I) are algebraically independent over k, then
A = k[Xy,...,X,]. Assume that there exists a non-zero F' € I. After
a linear transformation we may assume that the term Y™ occurs in F'.
This shows that Y} = Y; (mod I) is integral over A’ = k[Ys,...,Y,]/(IN
k[Ys,...,Y,]). By induction there are linear combinations 717, ..., T, of
Ys, ..., Y, such that A’ is a finite extension of k[T, ..., T,], making A
a finite extension of k[T1, ..., Ty|.

With the refined Noether normalization available we can supply the
proof, promised in Chapter 2, that in an affine domain all maximal
chains of primes have the same length.

PrROOF OF THEOREM 2.51. Let qp & -+ & g, be a maximal chain
of prime ideals. Then, as A is a domain, qo = (0) and g, is a
maximal ideal. By Theorem C.31 there is a Noether normalization
P = k[}/l,...,YdL p;, = qzﬂk[Yb,}/d] = (}/vl,,Yh(z)) Then
h(0) = 0 and as p, is a maximal ideal by Theorem C.18, h(r) = d.
Suppose that there is an i such that h(i) + 1 < h(i + 1). Then one
could insert the prime ideal (Y7, ... , Yh(iy41) between p; and p;ii. Now
P/p;, = k[Yh(i)H, ..., Y] is a polynomial ring and therefore normal, and
the extension P/p; C A/q; is integral because P C A is integral. By
‘going down’ (Theorem C.25) one can then insert a prime ideal between
(0) and q;4+1/9,, so between q; and g;41, contradicting the maximality of
the chain. Therefore h(i + 1) = h(i) 4+ 1 and the chain has length d. O
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C.6. Krull’s Hauptidealsatz

In this section we quote the algebraic height theorem (including the
principal Hauptidealsatz) and prove the geometric version stated in
Chapter 2 (Proposition 2.54: if V' is integral and 0 # f € k[V], every
irreducible component of V(f) has dimension dim V' — 1).

Theorem C.33 (Krull’'s Hauptidealsatz). Let R be a Noetherian ring
and (a) # R a principal ideal. For all minimal primes (a) C p the
height of p is at most 1, and equal to 1 if a is not a zero-divisor.

Theorem C.34 (Generalized Hauptidealsatz, quoted). Let R be Noe-
therian. If a prime p is minimal over an ideal generated by r elements,
then ht(p) <r.

Both algebraic statements are used without proof; see the Stacks
Project, Tag 0BBZ. In particular, a maximal ideal of a Noetherian local
ring cannot be the radical of an ideal with fewer than dim R generators.
The geometric proof below is independent of this quotation.

Before proving Proposition 2.54 we give an example, which shows
that codimension can behave unexpectedly in general rings.

Example C.35. This example is adapted from Ravi Vakil’s Founda-
tions of Algebraic Geometry. Let A be the local ring of the affine line
at the origin, so A = k[z]). We consider the ring R = A[t]. One
has dim R = 2: the chain (0) C (¢) C (z,t) shows that the dimension
is at least 2, while R is a localization of k[z,t], so its prime chains
have length at most 2. The principal ideal I = (xt — 1) is prime: it
is a maximal ideal, as R/I = k[z])[2] = k(z) is a field. By Krull’s
Hauptidealsatz (Theorem C.33) this ideal has height 1 and (0) C (zt—1)
is a maximal chain. Thus we have a dimension 0, codimension 1 prime
in a two-dimensional ring. Such behaviour cannot happen for affine
varieties.

PROOF OF PROPOSITION 2.54. Suppose first that W =V (f) C V
is nonempty and irreducible. Its prime ideal is p = \/m ; the principal
ideal (f) itself need not be radical. Choose a Noether normalization
(Theorem C.31) A = k[Y1,...,Yy] C k[V] adapted to p, so that pN A =
(Y1,...,Y). Since k[V]/p is finite over A/(pNA), we have dim W = d—h.
We will prove h = 1.

Let L = k(V') be the quotient field of k[V] and K = k(Y1,...,Ya).
Then L/K is a finite algebraic extension. Let fy = Np/x(f) be the
norm of f; this is the determinant of the K-linear map my: L — L
given by multiplication by f. The characteristic polynomial of my is
a power of the minimal polynomial X" 4 --- 4 a, of f over K, so it
has degree nm for some m, and its constant term is a]'. Since the
determinant of a linear map is (—1)4™ times the constant term of its
characteristic polynomial, fo = (—1)""a"; in particular fy and o differ
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only by the unit (—1)™", and as all coefficients a; lie in k[Y;, ..., Yy] by
Lemma C.24, in particular fy € k[Y),...,Yy]. Because

0= anm—l(fn +ofa,) = f(ag—lfn—l N ar;—lan_l) +a™

€ (f), and hence so is its unit multiple fy. If ¢ € pN A, then
= fh' for some r > 1 and K’ € k[V]. Taking norms gives

g'eE = Ni/k(9") = Ny (f)Noyx (h') € (fo),

since A’ is integral over A and Lemma C.24 puts its norm in A. Therefore

(fo) CpNA=(Yy,....Ys) CV/(fo)

Since p N A is radical, it equals \/(fo). In the polynomial UFD A, this
radical is generated by the product of the distinct irreducible factors of
fo- It is a nonzero proper principal ideal. Hence (Y3, ..., Y}) is principal,
forcing h = 1: for h > 2 a generator would divide the relatively prime
variables Y] and Y5, and would therefore be a unit.

If W is reducible, we decompose W = W, U---UW,,. Let g €
k[X1,...,X,] a polynomial that vanishes on W5, ..., W,,, but not on
Wi and consider V, =V N D(g). This is an integral affine variety with
function field k£(V'), hence dimension d by the transcendence-degree
description following Corollary 2.52. The set V, NV (f) is W1 N D(g),
irreducible of dimension d — 1 by the first part. It has the same function
field as its closure W7, so dim W; = d — 1. The same argument applies
to every component. U

m
n
T

a
g

C.7. Hilbert polynomial: algebraic proof

This section gives the algebraic proof of the Hilbert polynomial
theorem used in the projective chapter (Theorems 4.37 and 4.39). The
geometric interpretation of Hilbert polynomials, dimension, and degree
is discussed there.

We count monomials. The number of monomials of degree d in

S = k[Xo, ..., X,] is
n-+d B n—+d
n N d )’

This is the dimension of the d-th graded part S; of S. A convenient way
to combine all these dimensions is in a generating series: the formal
power series P(S,t) = > dim Syt?. By the binomial theorem

P(S,1) zi(ng_d)td:ﬁ.

d=0

We define a similar series for a homogeneous coordinate ring S/I;
for inductive arguments it is useful to have greater generality. Let M
be a finitely generated graded S = k[Xj, ..., X,]-module: this means
that M = @,z M, and S;M, C M, 4. In particular, each graded part
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M, is a Sy = k-module, which is finite dimensional, as M is finitely
generated.

Definition C.36. For a finitely generated graded S-module M the
Hilbert function Hy: 7 — 7 is given by Hy(v) = dimyg M, and the
Hilbert—Poincaré series of M is the Laurent series

HP(M,t) =Y Hy(v) -t € Z[[t]][t"] .

VEZ

Theorem C.37. The Hilbert-Poincaré series of a finitely generated
graded k[Xo,...,X,]-module M is a rational function of the form
HP(M,t) = &= t()QH with Q(t) € Z[t,t™'] a Laurent polynomial with
integral coefficients (a polynomial if M, =0 for v <0).

PRrOOF. By induction on n. For n = —1 the module M is a finite
dimensional graded k-vector space, so M, = 0 for |v| > 0, and Q(¢t) =
HP(M,t) is a Laurent polynomial with integral coefficients.

Suppose the result is true for k[ Xy, ..., X,,_1]-modules and consider
the exact sequences

0—>KV—>MV£"—>MV+1—>LV+1—>O

induced by multiplication with X,, on M. The kernel K = &K, and
cokernel L = @L, are finitely generated k[Xy, ..., X,,_1]-modules as
they are annihilated by X, so their Hilbert-Poincaré series are of
the form (Q(t) Taking dimensions we find dim M, ,; — dim M, =

dim L, — dim K,; multiplying with ¢+

HP(M,t)(1—t) = HP(L,t) —t HP(K,t) ,
from which the result follows. O

If HP(M,t) is a Laurent polynomial, then Hy,(v) = 0 for v > 0.
Otherwise cancel factors (1 — ) and write HP(M,t) = 7 Ggg — with
d>0and G(1) # 0.

Corollary C.38. For v large enough the function Hy/(v) is a polyno-
mial Py (v). In the case with denominator above it has degree d and

leading term v, where aq = G(1).

and adding gives

PRrROOF. The Laurent-polynomial case was just noted. Otherwise
write G(t) = ZL:_Z, gut*. Using the binomial theorem for (1 —¢)~(+1),
we compute

> Hy(w)t” = HP(M,t) =Y gut" > (“5)tr.

For v > [ the coefficient of t on the right hand side is > u (dﬂc’[“),
which is a polynomial in v with leading coefficient d, U

Definition C.39. The polynomial Py, (v) of Corollary C.38 is called
the Hilbert polynomial of M. The number a; = G(1) is the degree of
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M when Py # 0. We write d(M) for the degree d of this polynomial.
When Py =0, we set d(M) = —1 and the degree of M equal to 0.

Remark C.40. The Hilbert polynomial is a so-called numerical poly-
nomial, or integer-valued polynomial. A basis of the ring Int(Z) of
integer-valued polynomials is formed by the polynomials ()S( ), by the

Newton-Gregory formula f(X) = > A®f(0) (f), where A is the first
difference operator Af(X) = f(X + 1) — f(X). The ring Int(Z) is an
example of a non-Noetherian ring.

Lemma C.41. Let M, N be finitely generated graded S—modules.

(1) If there is a surjective graded homomorphism ¢: M — N then
d(M) > d(N).

(2) d(M) < d(5).

(3) If there is a homogeneous element m € M such that fm # 0
for all0 # f € S then d(M) = d(95).

PRrOOF.
(1) If ¢ is surjective, then dim M, > dim N, so Py (v) > Py(v) for
v > 0. This is only possible if deg Py; > deg Py.
(2) Choose homogeneous generators my,...,my with degm; = d;.
Then the homomorphism ¢: @ S(—d;) — M defined by ¢(f1,..., fr) =
fimq + - -+ + fymy is graded surjective. Here S(—d;), = S,_g4,. Then
Ps(_4,)(v) = Ps(v — d;), a polynomial in v of the same degree as Ps.
As the Hilbert polynomial of a sum of modules is the sum of the Hilbert
polynomials, d(®S(—d;)) = d(S), and by (1) d(M) < d(®S(—d;)) =
d(s)
(3) Let m € My,. The graded map ¢: S(—dy) — M, gp(f) = fm
is injective. Therefore for v sufficiently large Ps(_q0(v) < Pu(v),
so deg Py > deg Pg(_q,) = deg Ps. With (2) this implies d(M)
d(s).

OIS

Theorem C.42. Let I C S = k[Xo,...,X,] be a proper homogeneous
ideal. Then dim S/I =d(S/I)+ 1.

Proor. If dim S/I = 0, Noether normalization (Theorem C.31)
makes S/I finite over k, so its Hilbert polynomial is zero and d(S/I) =
—1, as required. Otherwise write dimS/I = d + 1 with d > 0. By
Noether normalization as in Remark C.32 S/I can be considered as
finitely generated graded k[Yj, ..., Y]-module, where the Y; are lin-
ear combinations of the X;. By the previous Lemma (Lemma C.41)
d(S/I) = d(k[Yy, ..., Ya]), so Noether normalization reduces the proof
to the case of projective space. Now d(k[Yp,...,Yy]) = d = dimP? =
dim k[Yp, ..., Ya] — L. O

To compute the dimension of a projective algebraic set, given by
a homogeneous ideal, it suffices to compute the degree of the Hilbert
polynomial. In the graded case the graded vector-space isomorphism
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S/I= S/L(()I) from Section A.1 is a graded isomorphism. The compu-
tation of the Hilbert-Poincaré series for a monomial ideal is easy; for an
algorithm see Greuel-Pfister, A Singular Introduction to Commutative

Algebra, Section 5.2.



APPENDIX D

Local algebra and fields

Local rings, valuations, and field theory

This appendix is the local half of the toolbox: order functions and
the local rings at prime divisors (Chapters 6 and 7; Proposition 6.38),
integrally closed domains and discrete valuation rings, the dimension-
at-most-two cases of the theorem that regular local rings are unique
factorization domains (Chapters 6 and 8; Propositions 6.22 and 8.2),
and the formal Weierstrass preparation theorem (Chapters 1 and 6).
The field-theoretic facts at the end — the primitive element theorem
and Liiroth’s theorem — serve the birational geometry of Chapter 5
(Theorem 5.21).

D.1. Order functions and local rings at prime divisors

This section complements the geometric treatment of Chapter 6
(Proposition 6.38) — the local ring Ox 7 of a variety along a prime divisor,
and its valuation — with the length-based point of view, which works
even without smoothness, and records some standard constructions
built on it.

Let X be an integral variety over an algebraically closed field k,
with function field K = k(X), and let D C X be a prime divisor: an
integral closed subvariety of codimension 1. As in Chapter 6, choose
an affine open U meeting D, with coordinate ring R = k[U] and prime
ideal pp = I(D NU), and set

A = OX,D = RPD C K.
This is a Noetherian local domain of Krull dimension 1 (the height of

pp); it need not be a discrete valuation ring if X is singular along D.

Definition D.1 (Order via length). Let f € A be nonzero. Since
dim A =1 and f # 0, the quotient A/(f) has dimension 0, hence finite
length as an A-module, and we define the order of f along D by

vp(f) = Ca(A/(f))-

The order function is additive, vp(fg) = vp(f) + vp(g) (as in the
order functions on curves of Chapter 7, via the exact sequence relating
A/(fg) to A/(f) and A/(g)), and therefore extends to all of K* by

vp(f/g) =vp(f) —vp(g)-

Proposition D.2. If X is smooth, then A = Ox p is a discrete valua-
tion ring, and vp 1s its valuation.

326
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PROOF. For any closed point P € D N U, the local ring Ox p is
regular, and A is its localization at the prime of D. We quote here
the theorem that localizing a regular local ring at a prime again gives
a regular local ring (Stacks Project, Tag OAFS). Thus A is regular of
dimension 1, so the dimension-one argument in Theorem D.13 below
makes it a DVR. This uses no factoriality theorem in dimension greater
than two. Finally, if ¢ is a uniformizer of A, then (4(A/(t™)) = m,
because the chain A D (t) D (?) D --- D (™) has simple quotients; so
the length definition agrees with the valuation. U

Remark D.3 (Non-normal case). If X is singular along D, the local
ring A may fail to be a DVR, but the length definition above still makes
sense. Alternatively one can pass to the normalization X and use the
DVRs at the finitely many prime divisors of X lying over D; the sum of
those valuations, weighted appropriately, recovers the length definition.
We do not use this generality in the book.

Example D.4 (Fundamental cycle). Let X be smooth and let Y C X
be a closed subvariety of pure codimension 1, not necessarily irreducible
or reduced, with irreducible components Y7,...,Y,. The ideal I(Y)
generates an ideal in each DVR Oy y,, necessarily of the form ("),
and the integer m; is the multiplicity of Y along Y;. The fundamental
cycle of Y is the divisor

Y] = Y mvil.

It remembers the multiplicities that the underlying algebraic set forgets.

Definition D.5 (Principal divisors). For f € K* the principal divisor
of fis

div(f) = D> wn(f)[D],

the sum running over the prime divisors of X. The sum is finite: writing
f = g/h on an affine chart with g, h regular, only the (finitely many)
components of V(g), V(h) and of the complement of the chart can carry
a nonzero coefficient.

Remark D.6 (Divisors from rational maps). Let f = (fo @ --- :
fn): X --» P" be a rational map and let H C P" be the hyperplane
apxo + - - - + a,x, = 0, not containing the image of f. Away from the
indeterminacy locus, the pullback divisor f*(H) is the divisor of zeros
of the function agfy + - - 4+ a,f,, corrected by the common zeros of
the f;. This is how the linear systems of the projective and surfaces
chapters (Sections 4.10 and 8.8) produce divisors from maps.

Remark D.7 (Picard group via line bundles). For a smooth variety
X, the group of divisors modulo principal divisors (the definition of Pic
used in this book, cf. the curves chapter, Chapter 7) is classically also


https://stacks.math.columbia.edu/tag/0AFS
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described as the group of isomorphism classes of line bundles (invertible
sheaves) on X under tensor product. The two descriptions agree on
smooth varieties; we use only the divisor description.

D.2. Integrally closed domains

A domain R (i.e., a commutative ring with no zero-divisors) is said
to be integrally closed if every element of its field of fractions K that is
integral over R is already an element of R. Explicitly, an element x € K
is integral over R if it satisfies a monic polynomial with coefficients in
R:

"+ a2 '+ +ax+ay=0, a; €R.

Thus, R is integrally closed if:

r € K and 2"4a, 12" '+ -+ajz+ag = 0 (with a; € R) = x € R.

Theorem D.8. Let R be an integrally closed domain with fraction field
K. Then the polynomial ring R[X] is integrally closed.

SKETCH. Let f(X) € K(X) (the field of fractions of R[X]) be
integral over R[X], say

FX)" + a1 (X)f(X)"H 4+ ag(X) =0,

with a;(X) € R[X]. One first checks that f is a polynomial: it is
integral over K[X]|, which is a UFD, hence normal (Example C.15),
so f € K[X]. A coefficient-by-coefficient argument (or a reduction to
the case of leading coefficients via a change of variable) then shows
each coefficient of f is integral over R, hence lies in R. We omit the
bookkeeping. O

D.3. Discrete valuation rings (DVRs)

A discrete valuation ring (DVR) is a type of integrally closed domain
that comes with a valuation measuring the ”order of vanishing” of
elements.

Definition D.9. A domain R is a DVR if it satisfies any of the following
equivalent conditions:

(1) R is a local principal ideal domain (PID) that is not a field.
That is, R has a unique maximal ideal m, and every ideal of R
is principal.

(2) R has a surjective (normalized) valuation v : K* — Z, where
K is the fraction field of R, such that R = {z € K : v(x) > 0},
and m = {x € K : v(z) > 0}.

(3) R is a local, integrally closed, Noetherian domain of Krull
dimension 1.

In the valuation description we extend v by v(0) = +o00. We provide
some examples:
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e The ring of p-adic integers Z, is a DVR. Its fraction field is Q,,
and its maximal ideal is (p).

e For a field k, the ring k[[t]] of formal power series in ¢ is a DVR.
The fraction field is k((¢)), and the maximal ideal is ().

e For a curve C defined over a field k, the local ring O¢ p at a
smooth point P € C' is a DVR.

Theorem D.10. Let R be a DVR with fraction field K. Then:

(1) Every nonzero ideal of R is of the form (t"), where t is a
generator of the mazimal ideal m (a uniformizer).

(2) The valuation v associated to R satisfies v(z) = n for x €
m™\ m"tL,

(3) Every nonzero element x of K can be written uniquely as
r=ut" withu € R* and n =v(x) € Z.

OUTLINE. Since R is a local PID, every ideal is of the form ("),
where ¢ generates m; this proves the first part. The valuation v(z) reads
off the power of ¢ in the factorization x = ut™ (unique up to units),
which gives the second and third parts. U

We shall use the equivalence of the three characterizations in the
definition above without proof; it is standard commutative algebra (see
e.g. Atiyah-Macdonald, Chapter 9).

D.4. Regular local rings in low dimensions

In this section (R, m) is a Noetherian local ring with maximal ideal
m, and with residue field ¥ = R/m. We will suppose it is of finite
dimension. Call such a ring regular if the Krull dimension of R equals
the dimension of the Zariski tangent space:

dim R = dim; m/m?.

By Nakayama’s lemma (Theorem B.29), this is equivalent to requiring
that the minimal number of generators of m is dim R.

The general theorem that every regular local ring is a UFD belongs
to commutative algebra beyond the scope of these notes. The geometric
applications in the main text need only the following low-dimensional
cases. Before stating them we settle a point that is often waved through:
a regular local ring is automatically an integral domain. The usual
proof studies the associated graded ring; the following induction avoids
it.

Lemma D.11 (Prime avoidance). If an ideal a is contained in a finite
union p1 U ---Upg of prime ideals, then a C p; for some 1.

PrOOF. Discarding redundant primes, assume a is contained in no
union of s —1 of them, and (for contradiction, s > 2) in none singly. Pick
x; € a outside U#i p;; then z; € p;. The element 2z = 2y +22--- 2, € a
lies in no p;: not in py, since z; does but the product does not (each
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factor avoids the prime p;); and not in p; for ¢ > 2, since the product
does (factor z;) but x; does not. This contradicts a C | p;. O

Proposition D.12 (Regular local rings are domains). A regular local
ring is an integral domain.

PRroor. Induction on d = dim R. If d = 0, regularity gives m = m?,
so m = 0 by Nakayama (Theorem B.29 in Appendix B): R is a field.

Let d > 1, and let py,...,ps be the minimal primes of R (finitely
many, by primary decomposition, Section 2.6). Since d > 1, m is
contained in no p;, and m # m? by Nakayama. Choose z € m \ m?; we
correct it to avoid the minimal primes. Order them so that z € py,..., p;
and x & p;iq,...,ps. If t =0, no correction is needed. Otherwise the
ideal m?> N p; 1 N--- NP, is not contained in p; U---Up;: otherwise, by
the Lemma (Lemma D.11) it would lie in a single p; with j < ¢, forcing
m C p, or p; C p; for some ¢ > ¢ — the first is impossible for d > 1, the
second because distinct minimal primes are incomparable. Pick y in
that ideal outside p; U - - Upy, and replace x by =+ y: now x ¢ m? and
x lies in no minimal prime.

Put R = R/(z) and e = dim R’. A prime chain in R’ lifts to a
chain in R all of whose terms contain x. Since z avoids the minimal
primes, one can add a strictly smaller minimal prime at its bottom.
Thuse <d—1.

For the reverse inequality, e elements of m’ can be chosen whose
ideal has radical m’. Indeed, in a positive-dimensional Noetherian local
ring, prime avoidance (Lemma D.11) supplies an element of its maximal
ideal outside all minimal primes. Quotienting lowers the dimension at
least one by the chain argument just given. Repeat until dimension
zero, when the maximal ideal is the only prime; at most e choices
suffice. Lift these elements to R and adjoin x. The resulting ideal has
radical m, so the quoted generalized Hauptidealsatz (Theorem C.34)
gives d < e + 1. Consequently dim R' = d — 1. Its cotangent space
m’/m? = m/(m? + (z)) also has dimension d — 1, since z ¢ m?, so R’ is
regular.

By induction R’ is a domain, so (x) is a prime ideal, and it contains
a minimal prime p. For a € p write a = rz; since x ¢ p and p is prime,
r € p. Hence p = xp C mp, and Nakayama gives p = 0. So the zero
ideal is prime: R is a domain. U

Theorem D.13 (Low-dimensional regular local rings). A regular local
ring of dimension at most 2 is a UFD.

We prove these cases below, using the algebraic height theorem
(Theorems C.33 and C.34) and Krull intersection as the explicitly
quoted inputs.

D.4.1. Dimension 0. If dim R = 0, regularity says that m is
generated by 0 elements, i.e. m = 0, so R is a field. (Dimension 0 alone
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is not enough: k[z]/(2?) has dimension 0 but is not a field.) Fields are
trivially UFDs since every nonzero element is a unit, and there are no
nontrivial factorizations.

D.4.2. Dimension 1. In this case, by Nakayama’s lemma (Theo-
rem B.29) the maximal ideal m can be generated by a single element,
say m. Hence m" is generated by 7". The assumptions imply that
R/m = R/(rm) is a field, so 7 is also prime. We claim that for any
n>1,

dimg m™/m" ! = 1.
Since it is generated by 7™ the quotient is of dimension at most 1. If the
dimension was not 1, then for some N we would have m"” = m"*! for
n > N. By Krull’s intersection theorem, (1), m™ = (0) in a Noetherian
local ring — a fact we quote (see Atiyah—Macdonald, Introduction to
Commutative Algebra, Chapter 10) — so this would give m" = (0); but
then R would have dimension 0, contradicting dim R = 1.

Now let € R be any nonzero element. Since [, m" = (0), there is
an n such that z € m" \ m"™!. Writing = an™, the element a cannot
lie in m, so x = un™ for a unit u € R*. In particular R is a domain
(7™ # 0 for all n, as we just saw, and products of units times powers of
7 are again of this form), and every nonzero element is a unit times a
power of m: R is a discrete valuation ring, hence a UFD.

D.4.3. Dimension 2. When dim R = 2, regularity ensures that m
can be generated by two elements, say x and y. By Proposition D.12,
R is an integral domain.

Consider the ring R/(x). It is a local ring with maximal ideal
m, = m/(z) generated by y.

By the Krull principal ideal theorem (Theorem C.33), any minimal
prime p containing (z) has height at most one, meaning that longest
length of a chain of prime ideals py C p; C ...pp = p has length at
most 1. But any ideal is included in the maximal ideal m which is of
height 2. Hence () C p C m, and p/(x) C m/(z) is a sequence of prime
ideals in R/(x). This proves that the dimension is at least 1.

If dim R/(z) = 2, there would be a chain of prime ideals in the
quotient that lifted to a chain of prime ideals in R of length 2, all
containing (z). This would imply that (z) was included in a minimal
prime of R. But since we made the assumption already that R is
integral, the only minimal prime of R is (0), and x # 0.

Since

m, /m2 = m/(m? + ()
is generated, non-trivially, by y, we see that R/(z) is a regular one-
dimensional ring. In particular it is, as we saw in the already treated
case of dimension one, an integral domain and hence x must be prime.

The remaining step concerns the ring B = R[x~!]. Its prime ideals
correspond to the prime ideals of R avoiding z; since the only prime
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of height two is m, which contains z, the ring R[z~!] has dimension at
most one. We show directly that its nonzero prime ideals are principal.
Let q¢ C R be a nonzero prime avoiding x. Primality gives q Nz R = xq,
so reduction modulo = embeds q/xq as an ideal of the DVR R/(x).
That ideal is principal. Lift a generator to b € q; then q = (b) + xq.
Nakayama (Theorem B.29), applied to the finite module q/(b), gives
q = (b). Localizing proves the claim for every nonzero prime of B.

In a Noetherian domain factorizations into irreducibles exist: re-
peated proper factorization would otherwise produce a strictly increasing
chain of principal ideals. This applies to both R and B. An irreducible
element of B lies in a nonzero prime, which we just proved principal; its
irreducibility makes it a generator of that prime. Thus every irreducible
in B is prime, so B is a UFD.

Now let r € R be irreducible. If x | r, it is a unit times the prime
x. Otherwise r stays a nonunit in B: an equation ru = z" would,
by repeated primality of x and cancellation, make r a unit in R. It
also stays irreducible. Indeed, a factorization r = (a/x%)(b/z?) gives
2Ty = ab. Distribute the i + j factors x between a and b, using
primality, and cancel them to obtain r = a’t’. One of @/, b’ is a unit in
R, so the corresponding original factor is a unit in B.

If r | ab in R, its primality in B therefore gives, say, a = ur/z"™ with
u € R and n > 0. From x2"a = ur and z { r, primality of = gives 2™ | u,
sor | a already in R. All irreducibles of R are prime, completing unique
factorization.

Remark D.14. The quoted inputs in this low-dimensional proof are
the algebraic height theorem (principal and generalized) and Krull
intersection. The domain property and the factoriality of R[x~!] were
proved here; no theorem about localization preserving regularity was
needed for the dimension-two argument. That separate theorem was
quoted in Proposition D.2 to handle prime divisors on smooth varieties of
arbitrary dimension. The full factoriality theorem in higher dimensions
is not proved here.

D.5. Weierstrass division and preparation (formal version)

This formal version follows H. Serbin’s note on the Weierstrass
preparation theorem.

The Weierstrass division and preparation theorem are theorems that
say, more or less, that you can think of a formal power series in terms
of a polynomial in one of the variables which it appears in.

To properly state the theorems and the proofs, we let k be a field
and let

R, = k[lz1,. .., 2m]]

be the ring of formal power series in m variables. We write
Ry = k[[z2, ..., 2m]]


https://projecteuclid.org/journals/bulletin-of-the-american-mathematical-society/volume-46/issue-2/Weierstrass-preparation-theorem/bams/1183502439.pdf
https://projecteuclid.org/journals/bulletin-of-the-american-mathematical-society/volume-46/issue-2/Weierstrass-preparation-theorem/bams/1183502439.pdf

333

so that R, = Ry,—1[[z1]]-

Definition D.15 (zj-regular of order s). A series P € R,, is z;-reqular
of order s > 1 if

P(z1,0,...,0) = cz; + (terms of higher z;-order) with ¢ € k™.
Equivalently, writing P =~ -, p,27 with p, € R,,_1, one has that s

is the smallest index such that
ps € RY ..

Here it is implicitly used that the invertible elements in R,, ; are
exactly those with constant coefficient in £*.

D.5.1. Weierstrass division. The first theorem is an improve-
ment of the usual Euclidean division algorithm.

Theorem D.16 (Weierstrass division). Let P,Q € R,, and assume P
s z1-reqular of order s. Then there exist unique series A € R, and
B € R,,_1|z1] such that

Q = AP + B, deg, (B) < s.

PROOF. Put R = R,,_; and m = (23,...,2,) C R. Since m" is
finitely generated, m"V R,, is exactly the set of series whose coefficients
lie in m®. Modulo m, the hypothesis says

P = 2h(z), h € k[[z1]]”.

Division by this series over k is straightforward. Take B to be the terms
of @) of degree less than s, and set

_Q=B

S
21

A

These are the unique quotient and remainder. This proves the theorem
when m = 1, and gives a first approximation in general.

We now correct that approximation one order at a time in the other
variables. Choose lifts A;, B; with deg, B; < s and Q — A\P — B; €
mR,,. Suppose that Ay, By have been chosen with

Ex=Q— AyP— By e m"R,,.

The coefficients of the error modulo m¥*! lie in the finite-dimensional
k-vector space My = m¥ /m¥*!. Choose a basis of My and apply
the division just proved to each coordinate of Ey. This gives unique
corrections in My|[[z1]] and My[z], the latter of degree less than s. Lift
them to AA, AB with coefficients in m". They satisfy

Ey=AAP+AB (mod m"™R,).

Indeed, on this coefficient layer multiplication by P is multiplication
by P: the coefficients of P — P lie in m, so their products with the
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corrections vanish modulo m"*!, This is why division over the field
suffices; we have not assumed division over an Artinian ring.

Set Ayy1 = Ay + AA and By, = By + AB. Their coefficients
converge in the complete ring R, giving A € R, and B € R[z] with
deg,, B < s. The error belongs to every mV R, and is therefore zero,
coefficient by coefficient. Thus Q = AP + B.

For uniqueness, subtract two such expressions. The division over k
first shows that the differences of the quotients and remainders have
coefficients in m. Applying the same argument successively in My puts
those coefficients in every m”. They are therefore zero. U

D.5.2. Weierstrass preparation. The below preparation theo-
rem allows us to write a power series as P = U - W, where W is a
polynomial in one variable. This W is called the Weierstrass polynomial.
The coefficients of this polynomial are still power series, but in one
variable less.

Theorem D.17 (Weierstrass preparation). Let P € R, be z;-regular
of order s > 1. Then there are a unique unit U € R}, and a unique
monic polynomaial

W =2 4+a,12 + -+ a,
with a; € m = (29,...,2n) C Ryu_1, such that
P=U-W.

PrROOF. Apply Weierstrass division (Theorem D.16) to @ = z}:
there exist unique A € R,, and B € R,,_1[] with deg, (B) < s such
that

z; = AP+ B.
Set W := 2 — B € R;,—1[z1]. Then W is monic of degree s. Write
P = z}h with h € k[[21]]*. Reducing modulo m gives

2 =A2h+ B, deg(B) < s,

hence B = 0 and A = h~'. Thus the lower coefficients of W lie in m,
and A has nonzero constant coefficient. It is a unit; taking U = A~!
gives P =UW.
For uniqueness, suppose P = UW = U'W' are two such expressions.
Then
W=U'UW+0=1-W + (W —-W.
These are two divisions of W by the zj-regular series W', and deg,, (W —

W') < s. Uniqueness in the division theorem gives U~'U’ = 1 and
W —-W'"=0. O

Corollary D.18 (Algebraic implicit function theorem). If P € R,
1s z1-reqular of order 1, then there exist unique ® € m C R,,_1 and
U e R} such that

P=U (Zl - (I)>
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ProOOF. This is Theorem D.17 with s = 1, where W = z; + ag with
ag € m; set & = —ay. O

Chapter 1 proves this for two variables directly (Theorem 1.10), and
Weierstrass preparation is used there for the local equation at a singular
point.

D.6. Primitive element theorem

Theorem D.19. If L is a finite separable extension of a field K, then
there ezists an element o € L such that L = K(«).

We quote this standard fact of field theory; proofs are in any algebra
text (for instance Lang, Algebra, V.4). What the book actually uses is
the separable-generation statement below, which we prove in full. It is
automatic in characteristic 0, but requires some care in characteristic p.

Proposition D.20. Let k be an algebraically closed field and L a finitely
generated field extension of k with transcendence degree n. Then there
exist transcendental elements xq, . .., x, such that k(z1,...,x,) C L is
a finite separable extension.

PRrOOF. If n = 0 then L is algebraic and finite over k, so must be
equal to k since k is algebraically closed.

We prove the stronger statement that among any generators
Z1,...,%y, of L over k some n of them form such a basis, by induction
on m. Choose a transcendence basis among the generators; after
renumbering it is xy,...,x,. If m = n, then L = k(zy,...,2,) and
there is nothing to prove. In characteristic 0 every algebraic extension
is separable, so we may assume chark = p > 0 and m > n.

Consider the kernel P of k[Xy,...,X,11] = L, X; = z;. Itis a
nonzero prime, since zy,...,x,.1 are algebraically dependent, and its
quotient has dimension n (transcendence degree), so P has height 1
(Chapter 2, Corollary 2.52). A nonzero element of P has an irreducible
factor f in P; then (0) € (f) € P are primes (unique factorization),
and height 1 forces P = (f).

Since k is perfect, f is not a polynomial in X7,..., X} : otherwise,
taking p-th roots of its coefficients, f = g” by the identity

S

contradicting irreducibility. Hence some partial derivative 0f/0X; is
a nonzero polynomial. It has smaller degree in X; than f, so it is not
divisible by f, i.e. not in P; thus 0f/0X;(x) # 0in L. (This is the step
that needs f to generate P: a nonzero partial derivative of an arbitrary
relation can still vanish at x.) So z; is a simple root of the nonzero
polynomial f(z1,...,X;,...,Zps1) over k(x; : ¢ <n+1, i # j), hence
separable over it.
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Now let Ly = k(z; : @ # j). Since z; is algebraic over Lo, Ly still
has transcendence degree n, and it has m — 1 generators. By induction,
some n of them, yi,...,y,, satisfy: Lo/k(y1,...,y,) is finite separable.
Finally L = Lo(z;) with x; separable over Ly, and a tower of finite
separable extensions is finite separable. O

The following is a combination of the primitive element theorem
and Proposition D.20.

Corollary D.21. Let k be algebraically closed, and let L be a finitely
generated field over k of transcendence degree m. Then there exists
X1y Xy, € L, such that L = K(«), for K = k(xq,...,x,).

D.7. Luroth’s theorem
The proof below is adapted from notes by Devesh Rajpal.

Definition D.22. Let v € F(X) \ F. Suppose u = ‘Z((jg, where
a(X),b(X) € F[X] and ged(a(X),b(X)) = 1. Define the degree of u

as:

deg(u) = max{deg(a),deg(b)}.

Lemma D.23. Let u € F(X)\ F. Then u is transcendental over F,
X is algebraic over F(u), and [F(X) : F(u)] = deg(u).

PROOF. Suppose u = %, where ged(a(X),b(X)) = 1. Then
a(T) —b(T)u is a polynomial in F'(u)[T] with X as a root. Thus, F(X)
is algebraic over F'(u). Moreover, u is transcendental over F', because if
it were algebraic, then X would also be algebraic over F', contradicting
the assumption that X is transcendental.

Since a(T) —b(T)Y € F[T,Y] is irreducible (because a(7T) and b(T')
are relatively prime), and wu is transcendental over F', we have the
isomorphism:

FITLY|=F[T,u, T—T, Y u

Thus, a(T) — b(T)u is irreducible in F[u,T], and hence it remains
irreducible in F'(u)[T] by Gauss’s lemma (Exercise 2.30). It follows
that:

[F(X) : F(u)] = deg(u).
O

Theorem D.24 (Liiroth). Let L = F(X) with X transcendental over
F. FEvery subfield E of L properly containing F is of the form E = F(u)
for some u transcendental over F.

PrROOF. Choose u € E'\ F. From the lemma (Lemma D.23):
[F(X) : E] < [F(X) : F(u)] = deg(u),


https://devesh-sudo.github.io/Luroth's%20theorem.pdf
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so X is algebraic over E. Let [F(X) : E] = n, and let:
f()=T"+a, \T" '+ +ay, a;€E,

be the minimal polynomial of X over E. Since X is transcendental
over F'| there exists some i such that a; € F (otherwise X would be
algebraic over F).

Let d(X) € F[X] be a polynomial of least degree such that
d(X)a;(X) € F[X] for all j. Define:

f(X,T) =d(X)f(T) = dT" + da, ,\T" " +--- +dag € F[X,T).

Then f is primitive as a polynomial in 7" over F[X]: a common noncon-
stant factor of its coefficients could be cancelled from d, contradicting
its minimal degree. Put m = degy f1. In fact m > degd. Otherwise, in
the identity f1(X, X) = 0 the term d(X)X™ would have strictly larger
degree than every other term. Choose i < n with deg(da;) = m. Then
a; 1s nonconstant.

We will show that this one coefficient generates £. Write a; =
b(X)/c(X) in lowest terms, and put r = max{degb, deg c}. Cancelling
the fraction da;/d shows that » < m. Since X is a root of b(T") — ¢(T')a;,
minimality of f gives

FT)1o(T) = e(T)a;  in E[T].
Consequently f; divides G(X,T) = ¢(X)b(T) — b(X)e(T) in F(X)[T].
Gauss’s lemma, applied to the primitive polynomial f; € F[X][T], gives
the stronger divisibility

G(X,T)= fi(X,T)h(X,T), h e F[X,T].

Here G # 0 because b/c is nonconstant. Taking degrees in X gives

m+degy h =degy G <r <m.
Thus r =m and h € F[T].

Why must h be constant? Write b(X) = > b; X7 and ¢(X) =
> ¢; X7, Comparing coefficients of X7 shows that h divides every
¢;b(T') —bjc(T'). Since b and c are not proportional, there are indices j,
with bjc;—bic; # 0. Taking linear combinations of the corresponding two
expressions shows that h divides both b(T") and ¢(T'). Their coprimeness
forces h € F'*.

Finally, G(T, X) = —G(X,T), so its degrees in the two variables
are equal. Since h is constant, we obtain

n=deg, fi =degr G =degy G=m=r=[F(X): F(a;)].

But [F(X) : E] = n and F(a;) C E. The tower law now gives [F :
F(a;)] = 1, as required. Notice that the argument uses primitivity of
f1, not irreducibility after extending coefficients to F'(X). O



APPENDIX E

Topology
Just enough topology

Topology is not a prerequisite for the course. This appendix collects
the small amount of language used for the Zariski topology and the low-
dimensional facts needed for real and complex curves. It is a reference,
not a separate course in general topology.

E.1. A topology on a set

The basic notion of a topology declares which sets are open sets,
or open neighborhoods of a point. In the case of metric spaces, one
considers unions of open balls. In the general case, it makes sense to
abstractly declare a set to be an open set, keeping with the intuition
from metric spaces, but not actually using a metric. One attempt to
render this into a formal definition is as below.

Definition E.1. A topology on a set X is a collection of subsets of X,
called the open sets, satisfying:

e The empty set, and X are both open sets.

e if U,V are open sets, then U NV is open.

e if U;,1 € I is an arbitrary collection of open sets, then | J U; is
an open set.

One likewise defines a closed set as the complement of an open set.
The axioms of a topology could equally be given in terms of closed sets:

Lemma E.2. A collection of subsets Z; of X, called closed sets, defines
a topology by defining the open subsets to be the complements of Z;, if
the following holds:

e The empty set and X are both closed sets.

o If Z, 7' are closed sets, then Z U Z' is closed.

o If Z; ;i €I, is an arbitrary collection of closed sets, then [\ Z;
15 a closed set.

In the context of algebraic geometry, in particular in the context of
the Zariski topology, many properties are naturally given in terms of
the closed subsets. It is however useful to be able to move between the
two perspectives.

We will also often consider subsets of a topological space. The
following definition endows them with a topology of their own.
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Definition E.3. If Y is an arbitrary subset of X, we can define a
subspace topology on Y by declaring that the open subsets of Y are
the sets of the form Y N U;.

In actual applications, Y itself is often an open or closed set of X.
In the case Y is open, the open sets of Y, with the subspace topology,
are also open sets of X. Likewise, in the case Y is closed in X, the
closed sets of Y are also closed sets of X. This allows some flexibility
jumping between the perspectives of topologies on subspaces.

E.2. Open neighborhoods
In the classical setting of real analysis on R", the open balls
B(a,r) ={z e R", |z —a| <1}

play a particular role. In fact, an open set is sometimes defined as a
union of such open balls, and such an open ball is an example of an
open neighborhood of a point.

Similarly, for a more general topological space X, if p € X, we call
any open set U of X containing p an open neighborhood of p. Because
X itself is an open set, any set has at least one open neighborhood.

Definition E.4. We say that a set of opens, B, is a basis for the
topology if any open set U of X can be written as a union of members
of %B. Equivalently, B is a basis for a topology if for any neighborhood
U of any point p € X, thereisa V C U, with V € B and p e V.

Many questions about open sets naturally can be phrased in terms
of a basis for a topology, just as in the metric situation many questions
can be rephrased in terms of open balls.

We will often cover our topological spaces with open sets and study
questions over the respective open sets. We say that a collection of open
sets U;,i € I is an open cover of a topological space X if X = J,; U;.

We record the following proposition:

Proposition E.5. Let X be a topological space and Z a subset. Suppose
that X =, U; is an open covering of X. Then Z is closed in X if and
only if Z NU; is closed in U; for all 1.

ProOF. The fact that all Z N U; are closed in U; is clear from the
definition of a subspace topology. For the converse, consider

X\Z:(X\Z)ﬂUUi:U(UZ-\(ZﬂU,»)).

]

Then, by assumption, U; \ (Z N U;) is open in U;, hence by Definition
E.3 of the form U; N V; for some open subset V; of X. But this is an
intersection of two open sets, and hence itself open in X, and any
arbitrary union of open subsets of X is open in X. U
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E.3. Continuous functions

A topology allows us to talk about continuous functions. We moti-
vate the definition, by rephrasing the usual €, d-definition.

Lemma E.6. A function f : R" — R™ is a continuous function, in
the traditional sense, if and only if f~1(U) is open for any open set U.

Proor. We first prove that for a continuous function, the inverse
image of an open set U is an open set. Indeed, let z € f~}(U), and write
y = f(z). Since U is open, there is an open neighborhood B(y,¢) C U
of y, for some ¢ > 0. By the definition of continuity, there is a 6 > 0
such that f(B(x,d)) C B(y,€) C U, in particular B(z,d) C f~1(U).
This means that any z € f~1(U) has an open neighborhood inside of
J7HU), and hence f~'(U) is itself a union of open sets and thus open.

For the converse, suppose that f~(U) is open for every open set U.
For any ball B(y, ¢), we know that f~!(B(y,€)) is open. Any z such
that f(z) = y lies in this inverse image, and hence there is an open ball
B(z,d8) C f~(B(y,¢)). Then again f(B(x,d)) C B(y,e€).

O

This hopefully motivates the following definition of continuous maps
between general topological spaces.

Definition E.7. A map f: X — Y of two topological spaces is said
to be continuous if for any open set V of Y, the inverse image f~1(V)
is open in X.

The following lemma, which follows directly from the above defini-
tion, shows that continuity is inherited on subspaces:

Lemma E.8. If f : X — Y s continuous map, and A C X, B CY
are subsets endowed with their subspace topology, and f(A) C B, then
the restricted map f|a: A — B is continuous.

It is neither true that the image of an open set is open, nor is it
true that the image of a closed set is closed. It does however happen in
some important cases, and we will name the latter quality.

Definition E.9. A continuous map f : X — Y is said to be closed if
the image of every closed set is closed.

The prototype example is the case when X is a compact set in R”,
i.e. closed and bounded, and Y C R™: the image of a closed (hence
compact) subset is compact, in particular closed. In algebraic geometry
the role of compactness is played by projectivity: the main theorem of
elimination theory (Chapter 4, Theorem 4.52) says that regular maps
from projective varieties are closed in the Zariski topology.
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E.4. Closure and dense sets

The notions of closures and dense sets play an important role in
topology, especially in understanding the interaction between subsets
and their ambient topological space.

Definition E.10. The closure of a subset A C X in a topological space
X, denoted A, is the smallest closed set containing A.

It can equivalently be defined as the intersection of all closed sets
in X containing A, i.e.,

(11) A= N Z.

Z is closed and ACZ

Notice that since X itself is closed, the family in (11) is non-empty,

so the intersection is well defined. Also, the closure A is always a closed
set, and A C A. If A is already closed, then A = A.

Lemma E.11. Let A C X and let U C X be an open set. Then:
ANU #0 < ANnU # 0.

PROOF. Since A C A, the implication < is clear. Suppose now
that ANU # 0 and suppose for contradiction that AN U = (). This
means, by (11), that A is included in the closed set X \ U, and hence
AC(X\U). But then ANU C (X\U)NU = 0. O

Definition E.12. A subset A C X is called dense in X if its closure is
the entire space X, i.e.,

A=X.

Dense subsets are significant because they allow us to approximate
elements of the space using the subset. Then Lemma E.11 shows that a
dense set intersects any open set non-trivially, and it can hence detect
elements of open sets, despite possibly not being open itself.

E.5. Topology of real plane curves

This optional section records the basic topological picture behind
real plane curves. It is meant as background for examples, rather than
as a complete treatment of real algebraic curves.

Let f(z,y) = 0 define a plane algebraic curve in R?. The local
structure of such a curve is governed by the implicit function theorem,
which states that if a point (zg, yo) satisfies f(xg, yo) = 0 and the partial
derivative f,(xo,yo) # 0, then there exists an open neighborhood U of
(70, 70) in R? and a smooth function ¢ : I — R, where I is an open
interval in R, such that in U, the curve is locally the graph of ¢, i.e.,
it is given by y = ¢(x). Similarly, if f,(x,yo) # 0, the curve can be
locally parameterized as z = ¢ (y) for some smooth function .
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This ensures that away from singular points, the curve is locally
diffeomorphic to an open interval in R, meaning that there are no
self-intersections or singularities in these neighborhoods. In particular,
at regular points, the curve is locally homeomorphic to an open subset
of a line, implying that each smooth component is a one-dimensional
manifold.

To analyze the global topology, consider the projective completion
of the curve in P?(R). That is, we homogenize f(z,y) to a polynomial
F(z,y, z) in three variables and consider its zero set in real projective
space:

C={[x:y:2] €P*R)|F(x,y,z) =0}

The projective plane P?(R) is compact, and if the curve C' is smooth in
P%(R), then C' is a smooth compact one-dimensional real manifold.

Proposition E.13. Let C C P3(R) be a smooth projective curve. Then
every connected component of C(R) is homeomorphic to a circle.

PROOF. At every real point, smoothness and the implicit function
theorem identify a neighborhood in C'(R) with an open interval. Thus
C(R) is a one-dimensional manifold without boundary. It is closed in
the compact space ]P2(R), hence compact. Every connected compact
one-dimensional manifold without boundary is homeomorphic to St. I

Proposition E.14 (Parity principle). Let C' be an integral real plane
algebraic curve which is smooth along an oval O C P?(R) — an embedded
circle bounding a disc A — and let G be a real homogeneous polynomial
not vanishing identically on C. For P € O let tp be the order of
vanishing of G restricted to C' at P, the branchwise order of Chapter 3

(Section 3.4). Then
Z Lp 1S even.

PeO

Proor. Follow the sign of G around the oval. A homogeneous
polynomial is not a function on P?*(R) — its sign may flip when the
representative vector is scaled by a negative number — so first lift to the
sphere: under the double cover S? — P?(R), the simply connected disc A
is evenly covered, so its preimage is two disjoint discs 31, ﬁg C S?%, each
mapped homeomorphically onto A and swapped by the antipodal map;
the oval O = OA correspondingly lifts to two disjoint embedded circles
O; = 0A; and Oy = 0Ay = —0Oy, on each of which G(v) (evaluated on
the representative vector v € S?) is an honest continuous function with
finitely many zeros. Fix either one, say O;: since G is homogeneous of
some degree e, G(—v) = (—1)°G(v), so the values of G on Oy are, point
by point under the antipodal correspondence, a fixed sign (—1)¢ times
the values on O; — a global rescaling that does not change the number
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of sign changes travelling around the loop. So it suffices to count sign
changes on O;.

At a zero P, take affine coordinates centered at P such that a local
equation F' of C satisfies F,(P) # 0, and put ¢t = z. The analytic
implicit function theorem gives a convergent real series y = ®(¢) with
®(0) = 0. Its Taylor series is the unique formal solution of F'(¢, ®(t)) = 0,
by Corollary D.18. Thus, if g is the dehomogenization of GG, the formal
branch order ¢p is exactly the analytic order of g(¢, ®(¢)). Passing from
an affine representative to the chosen sphere lift multiplies this function
by the e-th power of a nowhere-zero real-analytic function, so it does
not change the order. On the lift we therefore have

Gle = t'F - (unit),

with the unit a convergent real power series nonvanishing at P. So,
travelling along the oval through P, the sign of G flips exactly when ¢p
is odd. Around the whole circle a continuous function changes sign an
even number of times; hence the number of points with ¢p odd is even,
and ), ¢p has the same parity as that number. O

Remark E.15. Transversal crossings have tp = 1: for them the propo-
sition is the familiar “what goes into the disc must come out”. Tan-
gencies and singular points of the second curve enter with their order,
so the bookkeeping is automatic — exactly the form used in the proof
of Harnack’s theorem in Chapter 3 (Theorem 3.39), which needs no
transversality or perturbation arguments as a result.

Remark E.16 (Why singular auxiliary curves cause no problem). Let
D = V(G), with its given equation, which need not be reduced. In
affine coordinates centered at P € O, write its equation as g(z,y) and
let m = mp(D) be the least total degree of a nonzero term. In the
formal parametrization of the smooth branch of C, both z(¢) and y(t)
lie in (¢). Every term of g(z(t),y(t)) therefore lies in (¢)™, proving
directly that tp(C, D) > m. In particular, a singular auxiliary equation
has m > 2 and consumes at least two units of the Bézout count by
itself. A smooth tangency does the same. Only a transverse intersection
contributes 1, and then the sign-change argument forces another odd-
order intersection on the same oval. This is the multiplicity-aware form
used in the proof of Harnack’s theorem.

E.6. The topology of complex curves

Several results in the main text carry a topological shadow: the
degree—genus formula (Theorem 7.33), Harnack’s bound on ovals (Chap-
ter 3, Theorem 3.39), the genus in Riemann—-Roch (Chapter 7, Sec-
tion 7.4), and the Riemann-Hurwitz formula (Theorem 7.31). This
section describes that shadow over k = C, without proofs; nothing in
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the main text depends on it, but it explains where much of the intuition
— and the word genus — comes from.

A smooth projective integral curve C over C is, in the Euclidean
topology, a compact orientable surface: near any point, one analytic co-
ordinate is two real coordinates. The classification of compact orientable
surfaces says that such a surface is determined up to homeomorphism
by a single natural number, its genus g — the number of handles. The
sphere has g = 0, the torus ¢ = 1, and each further handle adds one to
g.

The genus is computed by the FEuler characteristic: for any tri-
angulation of the surface with V' vertices, F edges and F' faces, the
number

X =V-—E+F =2-2

is independent of the triangulation. The pattern 2 — 2¢ is exactly the
quantity — deg K¢ appearing throughout Chapter 7: the canonical class
is the algebraic incarnation of the Euler characteristic, with the sign
reversed.

The topological genus of C'(C) agrees with the algebraic genus of
Chapter 7, the dimension of the space of everywhere-regular differentials.
For a smooth plane curve of degree m both equal (m — 1)(m — 2):
lines and conics are spheres, smooth cubics are tori — the group law of
Chapter 3 (Section 3.3) is, over C, the addition on a torus C/A — and a
smooth quartic is a surface with three handles.

The Riemann—Hurwitz formula (Chapter 7, Theorem 7.31) is, in
this picture, bookkeeping of triangulations. If f: C' — C” is a degree n
branched covering, triangulate C’ so that all branch points are vertices
and lift the triangulation to C': every edge and face lifts n times, and
a vertex under which f ramifies with indices eg has its n preimages
merged into fewer, losing »,(eq — 1) vertices. Hence

X(C) = nx(C) =) (eq—1),

Q

which is the Riemann—Hurwitz formula with both sides written as 2 —2g.

Finally, suppose C' is defined over R. Complex conjugation acts
on the surface C(C), and the real locus C(R) is its fixed-point set,
a disjoint union of r circles. The quotient @ = C(C)/(z ~ 2) is a
compact surface whose boundary has r components. Away from C(R)
the quotient map is an unramified double cover C'(C)\ C(R) — Q \ 0Q,
and C(C) is obtained by gluing along the r fixed circles; when C(R)
separates C'(C) this is exactly the double of @) along its boundary (in
general it is not, since () may be non-orientable). Since a union of
circles has Euler characteristic zero,

2—29=x(C(C)) =2x(Q).
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If @ is orientable of genus h, then x(Q) = 2 — 2h — r and hence g =
2h+r—1. If it is nonorientable with h crosscaps, then x(Q) =2—h—r
and hence g = h 4+ r — 1. In either case

r<g+1.

This is the topological form of Harnack’s bound from Chapter 3; equality
is attained by the M-curves discussed there.
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Weil divisor, 245 Zariski tangent space, 184

Whitney umbrella, 180 Zariski topology, 38, 122
zero set, 37

z-regular series, 333 zeta function, 274
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